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Chapter 1

Categories and Functors

The subject of algebraic topology is historically one of the first in which huge
diagrams of functions became a standard feature. The language of category
theory is intended to provide tools for understanding such diagrams, for
working with them, and for studying the relations between them.

1.1 Diagrams

Before getting to categories, let’s engage in an informal discussion of di-
agrams. Roughly speaking, a diagram is a collection (possibly infinite)
of ‘objects’ denoted A,B, X, Y , etc., and (labelled) ‘arrows’ between the
objects, as in the examples

A
f //

h
&&NNNNNNNNNNNNN B

g

��
C

and

X1
f12 //

f13

!!B
BB

BB
BB

B

h1

��

X2

f24

!!C
CC

CC
CC

C

h2

��

X3
f34 //

h3

��

X4

h4

��

Y1
g12 //

g13

!!B
BB

BB
BB

B Y2

g24

!!C
CC

CC
CC

C

Y3
g34 // Y4.

Each arrow has a domain and a target – thus X
f //Y is a simple diagram

with a single arrow f whose domain is X and whose target is Y . If g is
another arrow with domain Y , then we can form the ‘composite arrow’ g ◦f

9



10 1. Categories and Functors

with domain X and target Y . The triangle

X
f //

h
&&NNNNNNNNNNNNN Y

g

��
Z

is commutative if h = g ◦ f . If the diagram above is commutative, then
we say that h factors through f and through g; we also say that h factors
through Y . If X and Y are objects in a diagram, we may be able to use
the various arrows and their composites to obtain many potentially distinct
arrows from X to Y ; for example, in the cube diagram, there are precisely 6
different composites from X1 to Y4. Each of these paths represents an arrow
X1 → Y4, but it can happen that different paths become, on composition,
the same arrow. If it turns out that, for each pair X, Y of objects in the
diagram, all of the possible composite paths from X to Y are ultimately
same arrow, then we say that the diagram is commutative.

We can expand a given (not necessarily commutative) diagram D by
drawing as arrows all of the composites of the given arrows, as well as ‘iden-
tity arrows’ from each ‘vertex object’ to itself, which compose like identity
maps. We’ll refer to the expanded diagram as D.

Exercise 1.1 Show that D is commutative if and only if D is commutative.

It is frequently helpful to express complicated definitions and properties
in terms of diagrams.

Here’s an example. Let F be a field, and let F ⊆ E be a field extension.
Then there is an inclusion map f : F → E, which just carries an element
α ∈ F to the same element, but thought of as being an element of E. Now
an algebraic closure for F is an algebraic field extension a : F → A such
that for any other algebraic extension f , there is a unique map f̄ making
the diagram

F
a //

f
��

A

E
∃! f̄

==

commutative. Here you should observe that we use dotted arrows to denote
arrows that we do not know exist. Also, this definition gives the algebraic
closure as a solution to a ‘universal problem.’Discuss universal prob-

lems further.... Exercise 1.2
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(a) Take some time to convince yourself that the given definition of alge-
braic closure actually does define what you think of as algebraic closure.

(b) The isomorphism theorems of elementary group theory can be written
down in terms of diagrams. Do it!

(c) Rewrite the statement that the cube-shaped diagram above is commu-
tative without using any diagrams at all. 1

1.2 Categories

Informally, a category is simply a ‘complete’ list of all the things you plan
to study together with a complete list of all the allowable maps between
those things. So an algebraist might work in the category of groups and
homomorphisms, while a topologist might work in the category of topological
spaces and continuous functions, and a geometer could work in the category
of subsets of the plane and rigid motions.

Here’s the formal definition.

Definition 1 A category C consists of two things: a collection2 ob(C),
called the objects of C, and, for each X, Y ∈ ob(C), a set morC(X, Y ), called
the set of morphisms from X to Y . These are subject to the following
conditions:

1. If X, Y, Z ∈ ob(C), f ∈ morC(X, Y ), g ∈ morC(Y, Z), then there is
another morphism g ◦ f ∈ morC(X, Z) (which you should think of as
the composite of f and g).3

2. The composition operation is associative: f ◦ (g ◦ h) = (f ◦ g) ◦ h.
Diagramatically, this says that the diagram

W
h //

g◦h
''NNNNNNNNNNNNN X

g

��

f◦g

&&NNNNNNNNNNNNN

Y
f

// Z

is commutative.
1Thanks to Jason Trowbridge for this idea.
2The vague word ‘collection’ is intended to gloss over some technical set-theoretical

issues here. The idea is that the collection of objects should be allowed to be larger than
any set, so we can’t call it a set of objects. Many authors use a class of objects, which
is a well defined concept in set theory (or logic); but one of the go-to books on category
theory (Mac Lane) uses a set-theoretical trick to get around classes.

3This rule makes it meaningful to ask whether a given diagram of objects and arrows
in C is commutative or not.
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3. For each X ∈ ob(C), there is a special morphism idX ∈ morC(X, X)
which satisfies idX ◦ f = f for any f ∈ morC(W,X) and g ◦ idX = g
for any g ∈ morC(X, Y ). In diagram form:

W
f //

f
''NNNNNNNNNNNNN X

idX

��

g

&&NNNNNNNNNNNNN

X g
// Y.

Here are some simple examples to think about.

(a) The category whose objects are groups, and whose morphisms
are group homomorphisms.

(b) The category whose objects are topological spaces, and whose
morphisms are continuous functions.

(c) The category whose objects are the numbers 1, 2, 3, . . ., and such
that there is a unique morphism n → m if n divides m, and no
morphisms n→ m if n does not divide m.

(d) The category whose objects are the real numbers, and such that
there is a unique morphism x → y if x ≤ y, and no morphism if
x > y.

There is a lot of shorthand that is often used when confusion is unlikely.
For example, we usually write X ∈ C instead of X ∈ ob(C); and rather than
f ∈ morC(X, Y ), we write f : X → Y .

Exercise 1.3

(a) Give five examples of categories besides the ones already mentioned.

(b) Find a way to interpret a group G as a category with a single object.

(c) Let X be a topological space. Show how to make a category whose
objects are the points of X, and such that the set of morphisms from
a to b is the set of all paths ω : [0, d] → X (where d ≥ 0) such that
ω(0) = a and ω(d) = b.

(d) Suppose D is a diagram in the sense of Section 1.1. Show that D is a
category.

Lots of basic mathematical ideas are ‘best’ expressed in the language of
categories. For example: a morphism f : X → Y is an equivalence if there
is a morphism g : Y → X such that g ◦ f = idX and f ◦ g = idY . It is the
usual practice to write g = f−1 in this case.
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Exercise 1.4 Show that if such a g exists, it is unique.

Problem 1.5 Let’s say X ∼ Y if there is an equivalence f : X → Y .

(a) Show that ∼ is an equivalence relation.

(b) Interpret ‘equivalence’ in each of the categories that have been discussed
in the text so far, including the ones you found in Exercise 1.3.

Problem 1.6 Let C be a category and let f : X → Y be a map which has a left
inverse g : Y → X, and suppose g also has a left inverse. Show that f and g are
two-sided inverses of each other.

Another simple – but extremely useful – idea is that of a retract. If
A,X ∈ C, then A is a retract of X if there is a commutative diagram

A
i
//

idA

""
X r

// A

If f : A→ B and g : X → Y , then f is a retract of g if there is a commutative
diagram

A
i //

f

��

idA

""
X

g

��

r // A

f

��
B

j //

idB

<<Y
s // B

Exercise 1.7 Whenever we use the term ‘retract’ we should be referring to the
definition above, where an object A was a retract of another object X in some
category. By setting up an appropriate category, show that our definition of f
being a retract of g can be thought of as an instance of that general categorical
definition. What is does it mean, in terms of the category C for two objects to be
equivalent in your new category?

Hint Obviously, f and g must be among the objects in your category!

Exercise 1.8 Find examples of retracts in algebra, topology, and other contexts.

Problem 1.9 Let f : A → B and g : X → Y be morphisms in a category C.
Assume that f is a retract of g.

(a) Show that if g is an equivalence, then f is also an equivalence.

(b) Show by example that f can be an equivalence even if g is not an
equivalence.
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1.3 Functors

As you have no doubt experienced, it seldom happens that any serious math-
ematical study is performed entirely inside a single category. For example,
when Galois set out to study fields, he was forced to also work in the cat-
egory of groups; it was the relationship between these two categories that
led to new insights. Another algebraic example is given by group actions,
in which the category of groups is studied using the category of sets; play-
ing these two categories off of one another is how the Sylow theorems are
generally proved.

A functor is a formalism for comparing categories; you can think of a
functor intuitively as a morphism from one category to another one. Just as a
homomorphism respects the algebraic structure of a group, and a continuous
map respects the topological structure of a space, a functor must respect the
key features of categories. Functors take objects to objects and morphisms
to morphisms; they respect composition, and preserve identity morphisms.

There are actually two kinds of functors – those which reverse the direc-
tion of morphisms, and those which don’t.

Definition 2 A covariant functor F : C → D consists of a function

F : ob(C)→ ob(D)

and, for each X, Y ∈ ob(C), a function

F : morC(X, Y )→ morD(F (X), F (Y )).

These must satisfy the following conditions:

(a) F (g ◦ f) = F (g) ◦ F (f)

(b) F (idX) = idF (X) for any X ∈ ob(C).

Notice that if F : C → D is a covariant functor and f : X → Y is a
morphism in C, then F (f) : F (X) → F (Y ); thus, F carries the domain
of f to the domain of F (f), and similarly for the targets. In other words,
F (f) points in ‘the same direction’ as f . This is the meaning of the word
‘covariant.’

Exercise 1.10

(a) Let D be a diagram in a category A. Show that D is commutative if
and only if for any two objects X, Y ∈ D, morD(X, Y ) has at most one
element.
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(b) Show that if you apply a covariant functor F : A → B to a commutative
diagram in A, the result is a commutative diagram in B.

Problem 1.11 Let F : C → D be a functor. Show that if f : X → Y is an
equivalence in C, then F (f) is an equivalence in D. Is it possible that F (f) is an
equivalence without f being an equivalence?

Exercise 1.12 Let G be a group, and think of it as a category with one mor-
phism, as in Exercise 1.3. Give an interpretation for functors F : G→ Sets in terms
of familiar concepts in algebra.

Let’s use these ideas to prove something topological.4

Problem 1.13 Let i : S1 ↪→ D2 be the inclusion of the circle into the disk. An
early success of algebraic topology concerned the existence of a continuous function
r : D2 → S1 such that the composite r ◦ i : S1 → S1 is the identity (in other words:
is S1 a retract of D2?). The fundamental group is a covariant functor

π1 : Topological Spaces→ Groups

such that π1(S1) = Z and π1(D2) = 0. Using this functor, show that there can be
no such function r.

The second kind of functor is just the same, except that it reverses the
direction of arrows.

Definition 3 A contravariant functor F : C → D consists of a function

F : ob(C)→ ob(D)

and, for each X, Y ∈ ob(C), a function

F : morC(X, Y )→ morD(F (Y ), F (X)).

These must satisfy the following conditions:

(a) F (g ◦ f) = F (f) ◦ F (g)

(b) F (idX) = idF (X) for any X ∈ ob(C).

In contrast to the covariant functors, if F : C → D is a contravariant
functor and f : X → Y in C, then F (f) : F (Y )→ F (X). Thus a contravari-
ant functor carries the domain of f to the target of F (f), and carries the
target of f to the domain of F (f) – it ‘reverses the direction’ of arrows.

Exercise 1.14 Let F : C → D be a contravariant functor.

(a) Show that if you apply F to a commutative diagram in C, the result is
a commutative diagram in D.

4i.e., interesting!
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(b) Show that if f : X → Y is an equivalence in C, then F (f) is an equiva-
lence in D.

Exercise 1.15 Show that the composite of two functors is a functor. What
happens if one or both of the functors is contravariant?

Exercise 1.16 Can there be a functor F : C → D that is both covariant and
contravariant? What special properties must such a functor have?

Exercise 1.17 Show that there is a universal example for contravariant functors
out of a category C. That is, show that there is a category Cop and a contravariant
functor C → Cop so that every other contravariant functor C → D has a unique
factorization C → Cop → D, where the functor Cop → D is covariant.

The category Cop is known as the opposite category of C. Some authors
choose not to use contravariant functors at all, and instead use covariant
functors Cop → D.

Let’s look at some simple functors.

Exercise 1.18 Consider the categories Ab of abelian groups (and homomor-
phisms), and Sets of sets (and functions). Since an abelian group is a set together
with extra structure, we can define F : Ab→ Sets by

G 7→ [G, but completely forgetting the group structure].

Complete the definition of F on morphisms, and show that F is a functor.

Any functor of this kind, in which the target category is a dumbed-down
version of the domain, and the functor consists of just getting dumber, is
called a forgetful functor.

Exercise 1.19 Try to make a formal definition of ‘forgetful functor.’

Exercise 1.20 Let V denote the category of all vector spaces (over the real
numbers, say) and all linear transformations. Thus

morV(V,W ) = Hom(V,W ) = {T : V →W |T is R−linear}.

(a) Define F : V → V by the rules

F (V ) = Hom(R, V ) and F (f) : g 7→ f ◦ g

Show that F is a covariant functor.

(b) Define G : V → V by the rules

G(V ) = Hom(V, R) and G(f) : g 7→ g ◦ f.

Show that G is a contravariant functor.

The functors described in Exercise 1.20 are specific examples of what
are, for us, the two most important general kinds of functors.
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Proposition 4 Let C be a category, and let A,B ∈ ob(C).

(a) For f : X → Y , write f∗ : morC(Y, B) → morC(X, B) for the
function f∗ : g 7→ g ◦ f . Then the rules

F (X) = morC(X, B) and F (f) = f∗ : F (Y )→ F (X)

define a contravariant functor from C to Sets.

(b) For f : X → Y , write f∗ : morC(A,X) → morC(A,X) for the
function f∗ : g 7→ f ◦ g. Then the rules

G(X) = morC(A,X) and G(f) = f∗ : G(X)→ G(Y )

define a covariant functor from C to Sets.

A functor that is constructed in either of these ways is called a repre-
sented functor – that is, the functor F is represented by the object B, and
the functor G is represented by the object A.

Problem 1.21 Prove Proposition 4.
Hint Simply generalize your work from Exercise 1.20.

Problem 1.22 Let f : A→ B be a morphism in the category C.

(a) Suppose the induced map f∗ : morC(X, A)→ morC(X, B) is a bijection
for every X. Show that f is an equivalence.

(b) Suppose the induced map f∗ : morC(B,X)→ morC(A,X) is a bijection
for every X. Show that f is an equivalence.

Hint Try plugging in X = A and X = B.

1.4 Natural Transformations

Category theory was invented by Saunders Mac Lane and Samuel Eilenberg
in the early 1940’s, largely motivated by the desire to be precise about what
is meant by (or should be meant by) a ‘natural construction.’ For many
years before then, mathematicians had used the intuitive notion of a natural
construction to mean that the construction is done in exactly the same way
for all spaces, groups, or whatever. For example, for any vector space V ,
you can construct the dual vector space V ∗ = Hom(V, R); since this is done
in the same way for every vector space, it is ‘naturally defined’ and so it
will ‘of course’ (ha!) convert commutative diagrams to other commutative
diagrams. This idea is formalized in the idea of a functor. Now how do we
relate two different ‘natural’ constructions to one another?
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Definition 5 Let F : C → D and G : C → D be two covariant 5 functors.
A natural transformation Φ : F → G is a rule that associates to each
X ∈ ob(C) a morphism

ΦX : F (X)→ G(X)

with the property that for any morphism f : X → Y in C, the diagram

F (X)
ΦX //

F (f)

��

G(X)

G(f)

��
F (Y )

ΦY // G(Y )

is commutative.

It is easy to find examples of natural transformations between repre-
sented functors.

Problem 1.23 Let φ : A→ B be a morphism in C.

(a) Define two functors C → Sets by the rules F (X) = morC(X, A) and
G(X) = morC(X, B). Show that ΦX = φ∗ : F → G is a natural
transformation.

(b) Define two functors C → Sets by the rules H(X) = morC(A,X) and
I(X) = morC(B,X). Show that ΦX = φ∗ : I → H is a natural trans-
formation.

Exercise 1.24 This problem refers to the functors F (V ) = hom(R, V ) and
G(V ) = hom(V, R) of Exercise 1.20.

(a) Show that for every vector space V , V ∼= F (V ). Define a natural
isomorphism Φ : F → Id.

(b) Show that for every finite dimensional vector space V , V ∼= G(V ). Show
that there is no natural isomorphism Θ : G → Id, even if you restrict
your attention just to finite dimensional vector spaces.

In fact, the converse of Problem 1.23 is true – this is known as the Yoneda
Lemma.

Proposition 6 Let A,B ∈ C.

(a) Define H, I : C → Sets by the rules H(X) = morC(A,X) and
I(X) = morC(B,X). Then there is a bijection

{Natural Transformations I → H} → morC(A,B).
5They could also both be contravariant. I’ll leave the formulation to you.
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(b) Define F,G : C → Sets by the rules F (X) = morC(X, A) and
G(X) = morC(X, B). Then there is a bijection

{Natural Transformations F → G} → morC(A,B).

Your next problem is to prove the Yoneda Lemma.

Problem 1.25 Let F,G, H, I : C → Sets be the functors defined in Problem
1.23.

(a) If Φ : F → G is a natural transformation, show that there is a unique
map φ : A→ B such that ΦX = φ∗ for every X ∈ C.

(b) If Φ : I → H is a natural transformation, show that there is a unique
map φ : A→ B such that ΦX = φ∗ for every X ∈ C.

Notice that your proof of (b) is formally very similar to your proof of (a). Can you
be precise about how the two proofs are related?
Hint In both cases, the domain of φ is A, and the target is B.

Problem 1.26 Let A,B ∈ C, and use them to define functors

F (X) = morC(X, A) and G(X) = morC(X, B).

(a) Suppose there is a natural isomorphism Φ : F → G. Show that A ∼= B.

(b) Show that (a) is false without the word ‘natural’ – that is, make up
an example where F (X) ∼= G(X) for all X, but where, nonetheless,
A 6∼= B.

Hint Your category must have at least two objects; can it have exactly
two objects?

(c) Prove that A and B are isomorphic if the (contravariant) functors
morC(A, ? ) and morC(B, ? ) are naturally equivalent.

Natural Transformations in Dumber Categories. Before ending this
section, we mention a wrinkle on the definition of a natural transformation.
The intuitive idea of a natural transformation is that it is some construction
which is done ‘in the same way for all objects.’ With this definition, consider
the category Rings of all rings and their homomorphisms. For each ring R,
we can define

φR : R→ R by the rule x 7→ x2.

This rule clearly fits in to the intuitive idea of a natural transformation
Φ : I → I, where I : Rings → Rings is the identity functor. But it is not a
natural transformation, because φR is not a ring homomorphism.
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To make φ a natural transformation, we need to move to a category in
which the maps are not required to be ring homomorphisms. One solution
would be to let Rings0 be the category whose objects are rings and whose
morphisms are maps of sets. Then there is a forgetful functor F : Rings→
Rings0, and φ is a natural transformation from F to itself.

Thus we will sometimes find it useful allow our natural transformations
Φ : F → G (where F,G : C → D) to give maps φX : F (X)→ G(X) that are
not maps in D but maps in some larger category that contains D.

1.5 Duality

In studying categories, you should keep your eyes open for instances of du-
ality. The dual of a category-theoretical expression is the result of reversing
all the arrows, changing each reference to a domain to refer to the target
(and vice versa), and reversing the order of composition.

Exercise 1.27

(a) The notation f : X → Y is shorthand for the sentence: ‘f is a morphism
with domain X and target Y .’ What is the dual of this statement?

(b) Find instances of duality in the previous sections.

For example, consider lifting problem: you are given maps f : A→ Y
and p : X → Y , and you would like to find a map λ : A → X such that
p ◦ λ = f . This problem is neatly expressed in the diagram

X

p

��
A

f //

λ
33

Y

(when expressing problems in this way, the map you hope to find is usually
dotted or dashed). The dual problem is expressed by the diagram

V
ε

}}
B U

goo

q

OO

This is known as an extension problem, because you hope to extend the
map g to the ‘larger’ thing V .6

6Norman Steenrod, one of the architects of modern Algebraic Topology, used the ex-
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Problem 1.28 Verify that the dual of each rule for a category is also a rule for
a category. Likewise for functors and natural transformations.

Because of Problem 1.28, the dual of a valid proof involving categories,
functors and natural transformations is also a valid proof. Thus, the dual
of every theorem of pure category theory is automatically also a theorem.

Domain- and Target-Type Objects. It often happens that an object
of a category is defined in terms of certain category-theoretical properties.
These properties usually give special information about the maps out of
the object, or else they give special information about the morphisms into
that object. In the first case, we call the construction a construction of
domain type; in the second case it is a construction of target type. We
will sometimes refer to the results of these constructions as being objects
of ‘domain type’ or of ‘target type.’ The distinction between ‘domain type’
and ‘target type’ objects or constructions is important to observe. The dual
of a domain type construction is a target type construction and vice versa.

1.6 Products and Sums

Let X, Y ∈ C. The product of X and Y is an object P together with two
morphisms prX : P → X and prY : P → Y (called projections) with the
following universal property: if f : Z → X and g : Z → Y are any two
morphisms, then there is a unique morphism t : Z → P so that prX ◦ t = f
and prY ◦ t = g. This definition can be expressed diagramatically as follows:

Z
f

}}

g

!!
∃! t
��

X PprX

oo
prY

// Y

There is no guarantee that two given objects in a category C actually have a
product, or that there will only be one product.

Problem 1.29 Suppose X, Y ∈ C, and the objects P and Q are both products
for X and Y . Show that P ∼= Q.

tension and lifting problems to frame the entire subject. It can be argued that a great
deal of mathematics is about lifting and extension problems. Exercise: Show how the
problem: ‘decide whether f : X → Y is a homeomorphism’ can be written in terms of
extension and/or lifting problems.
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Since any two products are equivalent, we often just choose one of them,
and denote it by X × Y .

In this diagram, the object being defined is P , and the dotted arrow
indicates a hypothetical arrow. This is also common practice in defining
concepts using diagrams. Since the object P is defined in terms of its prop-
erties as a target (i.e., it is the target of the hypothetical arrow), the product
is a target-type construction.

Exercise 1.30 Let X, Y ∈ C, and suppose X × Y exists. Explicitly define a
bijection

morC(Z,X × Y )
∼= // morC(Z,X)×morC(Z, Y ).

Because of this, we will generally write maps F : Z → X×Y in the form
(f, g), where f = pr1 ◦ F and g = pr2 ◦ F . One particularly important map
is the diagonal map

∆ : X → X ×X defined by ∆ = (idX , idX).

More generally, if J is some set, then we can define the J-fold product of
X with itself, and (if it exists) there is a diagonal map ∆J : X →

∏
j∈J X,

which is the unique map such that prj ◦∆J = idX for each j ∈ J .

Exercise 1.31

(a) Show that if one of the products X × (Y × Z) and (X × Y )× Z exists
in C, then so does the other, and they are isomorphic.

(b) Let f : A → X and g : B → Y , and suppose that the products A × B
and X × Y can be formed in C. Give an explicit definition for the
product map

f × g : A×B → X × Y.

Suppose that C is a category with the property that every pair of objects
X, Y ∈ C has a product. Then by choosing one product X×Y for each pair,
we see that Exercise 1.31(b) implies that the rules (X, Y ) 7→ X × Y and
(f, g) 7→ f × g define a functor of two variables

× : C × C → C.

Remark 7 Some authors use the notation f × g to denote the map Z →
X × Y with components f and g. But this is wrong!Expand on this!

Exercise 1.32 Formulate precise definitions of the product C × D of two cate-
gories and of a functor of two variables.
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Problem 1.33 Let X and Y be objects in a category C.
(a) Show that, for any map f : X → Y , the diagram

X
∆ //

f

��

X ×X

f×f

��
Y

∆ // Y × Y

commutes.
(b) Show that the diagram

X × Y
∆ //

id
**TTTTTTTTTTTTTTTTTT (X × Y )× (X × Y )

(pr1,pr2)

��
X × Y

is commutative.

It is tempting to prove these by chasing elements around, which is fine if your
objects are sets. But you should prove these diagrams commute only using the
category theoretical definitions of the maps involved.

Exercise 1.34 Explain how to view the diagonal map as a natural transforma-
tion.

Let’s look at some specific examples of products.

Exercise 1.35

(a) Show that the product of two sets X and Y is simply the ordinary
cartesian product

X × Y = {(x, y) |x ∈ X, y ∈ Y }.

(b) What is the product of two abelian groups G and H?

Let’s look at the dual concept.

Problem 1.36

(a) Formulate the (dual) definition of a coproduct, which is denoted XtY .
Coproducts are also known as (categorical) sums.

(b) Prove that if X, Y ∈ ob(C), then

mor(X t Y, B) ∼= mor(X, B)×mor(Y,B).

Write down the isomorphism explicitly. Thus we can (and will) describe
maps F : X t Y → B with the notation (f, g), where f : X → B and
g : Y → B.

Hint This is formally dual to Exercise 1.30, so you should be able to
prove this by simply inverting all the arrows in your previous proof.
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(c) Write down the definition of f t g : A tB → X t Y .

(d) Explain how to view t as a functor.

(e) The dual of the diagonal map is called the folding map, and we will
denote it by the symbol ∇. Define it explicitly in category theoretic
language, and explain how to view it as a natural transformation.

The coproduct, being dual to the product, is a domain-type construction.

Exercise 1.37

(a) Show that the sum of two sets X and Y is simply the disjoint union of
X and Y . Conclude that XtY and X×Y are not generally equivalent.

(b) What is the folding map in the case X = {a, b, c}?

(c) What is the sum of abelian groups G and H? Construct a nice map
w : G tH → G×H; what can you say about it?

Exercise 1.38

(a) Give number-theoretical intepretations of products and sums in the
category of positive integers 1, 2, 3, . . . with morphisms corresponding
to divisibility.

(b) Repeat (a) with the category of real numbers with morphisms corre-
sponding to inequalities x ≤ y.

(c) Is there a category structure on the set N so that the categorical product
is the same as the numerical product?

1.7 Initial and Terminal Objects

An object τ ∈ C is called a terminal object if the set morC(X, τ) has
exactly one element, no matter what X ∈ C we plug in.7 Dually, an object
ι ∈ C is called an initial object if the set morC(ι, Y ) has exactly one element,
no matter what Y ∈ C we plug in.

Exercise 1.39 Find initial and terminal objects in the following contexts.

(a) The category of sets and functions.

(b) The category of topological spaces and continuous functions.

(c) The category of groups and homomorphisms.

Problem 1.40

7So a terminal object is a target-type concept.



1.7 Initial and Terminal Objects 25

(a) Suppose C is a category with a terminal object τ , and let X, Y ∈ C, and
suppose that a product P for X and Y exists in C. Show that P solves
the problem expressed in the diagram

Z
f

((
∃! t

&&
g

$$

P prX //

prY

��

X

��
Y // τ.

(There is never any need to label a map into a terminal object!)
(b) Formulate and prove the dual to part (a).

A pointed category is a category C in which there is an object, gener-
ally8 denoted ∗, which is simultaneously initial and terminal. If X, Y ∈ C,
where C is a pointed category, then there is a unique morphism of the form
X → ∗ → Y ; it is called the trivial morphism, and it will be uniformly
denoted ∗.

In a pointed category, the sum of X and Y is sometimes denoted X ∨Y ,
and referred to as the wedge sum of X and Y .

An important example of a pointed category is the category S∗ of pointed
sets. An object of S∗ is a set X with a particular point x0 chosen and iden-
tified; it is referred to as the basepoint of X. A morphism from (X, x0) to
(Y, y0) is a function f : X → Y with the additional property that f(x0) = y0.
In practice, we do not give individual names to the basepoints, but just call
them all ∗.
Exercise 1.41 Verify that S∗ is a pointed category. What is a sum in S∗? What
is a product?

Problem 1.42 Let C be pointed category in which products and coproducts
exist for all pairs of objects.

(a) Give categorical definitions for the X and Y ‘axis’ maps inX : X →
X × Y and inY : Y → X × Y .

(b) In a pointed category, there is a particularly nice morphism w : X1 ∨
X2 → X1 ×X2. Define it in terms of category theory, and check that
the diagram

X1 ∨X2
f∨g //

w

��

Y1 ∨ Y2

w

��
X1 ×X2

f×g // Y2 × Y2

8Though in algebraic contexts, it is often 0 or {1} or something even more substantial.
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is commutative for any f : X1 → Y1 and g : X2 → Y2. Why is it
necessary for the category to be pointed before you can define w?

(c) State (and prove?) the dual statements.

Exercise 1.43 In what sense do the maps w constitute a natural transforma-
tion?

Problem 1.44 Show that for any f : X → Y in a pointed category and ∗ : W →
X, then f ◦ ∗ = ∗ : W → Y . Also show that if ∗ : Y → Z, then ∗ ◦ f = ∗ : X → Z.
Conclude that the functors morC( ? , Y ) and morC(A, ? ) take their values in the
category of pointed sets and pointed maps.

Exercise 1.45

(a) Show that the trivial group {1} is simultaneously initial and terminal
in the category of groups and homomorphisms. Show that the vector
space 0 is simultaneously initial and terminal in the category of vector
spaces (over R, if you like) and linear transformations.

(b) Show that in the category of abelian groups and homomorphisms, the
map w : G∨G→ G×H is an isomorphism for any G and H. Also show
that the analogous statement is true in the category of vector spaces
and linear transformations.

Since sums are domain-type constructions and products are target-type
constructions, the maps from a sum to a target should be fairly easy to
understand.

Problem 1.46

(a) Show that, in any category C, there is a natural bijection between the
morphism set morC(X1 tX2, Y1 × Y2) and the set M of all matrices[

f11 f12

f21 f22

]
with fij ∈ morC(Xj , Yi).

(b) Now suppose that C is a pointed category in which the canonical maps
w : X∨Y → X×Y is an isomorphism for each pair of objects X, Y ∈ C.
Show that composition

morC(Y1 t Y2, Z1 × Z2)×morC(X1 tX2, Y1 × Y2) //

∼=
��

morC(X1 tX2, Z1 × Z2)

morC(Y1 × Y2, Z1 × Z2)×morC(X1 tX2, Y1 × Y2)

44

corresponds to matrix multiplication in M .9

(c) Show that linear transformations R2 → R2 are in one-to-one correspon-
dence with 2× 2 matrices with real entries.

9What exactly do I mean by ‘matrix multiplication’?
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1.8 Group and Cogroup Objects

A group is a set G with a multiplication (which can be thought of as the
map µ : G × G → G given by (x, y) 7→ x · y) and, for each element, an
inverse (which can be thought of as the map ν : G→ G given by x 7→ s−1),
which are required to satisfy various properties. The main observation of
this section is that all of these properties can be formulated abstractly in
terms of diagrams.

Definition 8 Let C be a pointed category, and G ∈ C. Then G is a group
object if there are maps

µ : G×G→ G (multiplication), and
ν : G→ G (inverse)

which satisfy the following properties:

1. (Identity) The following diagram commutes:

G
(∗,idG) //

idG ++

G×G

µ

��

G
(idG,∗)oo

idGss
G.

2. (Inverse) The following diagram commutes:

G

∗ ++

(ν,idG) // G×G

µ

��

G
(idG,ν)oo

∗ssG

3. (Associativity) The following diagram commutes:

G×G×G
µ×idG //

idG×µ
��

G×G

µ

��
G×G

µ // G.

It is sometimes useful to study objects with are not quite group objects.
For example, if we drop the inverse conditions, we obtain a monoid object.
Further, we can forgo associativity; objects with this limited structure are
called ???. look this up
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Problem 1.47 Let C be a category such that every pair X, Y ∈ C has both a
product and a coproduct. Show that M ∈ C is a ??? if and only if in every diagram

X ∨ Y
f //

��

M

X × Y

;;

the dotted arrow can be filled in to make the triangle commute.

Exercise 1.48 Are group objects domain-type or target-type gadgets? Suppose
G is a group object in C. What conditions must you impose on a functor F : C → D
in order to conclude that F (G) ∈ D is also a group object?

Let’s check that these things are correctly named.

Exercise 1.49

(a) Check that, in the category of pointed sets, a group object is just an
ordinary group.

(b) Let G be the category of groups and homomorphism. Show that a group
G ∈ G is a group object if and only if G is abelian.

(c) Write GLn(R) to denote the set of all n × n invertible matrices. It is
a subset of Rn2

, so we can give it the subspace topology. Show that
matrix multiplication makes GLn(R) into a group object in the category
of pointed topological spaces.

Exercise 1.50 You know that in the category of pointed sets and their maps,
the inverse map ν for a group object G is uniquely determined by its multiplication
µ. Prove that this is true for group objects in any category.

The reason group objects are so important is that they provide a group
structure to morphism sets.

Problem 1.51 Let C be any pointed category and let G ∈ C be a group
object.

(a) Show that the composite map M in the diagram

morC(X, G)×morC(X, G) M //

∼=
��

morC(X, G)

morC(X, G×G)

µ∗

33hhhhhhhhhhhhhhhhhh

makes morC(X, G) into a group object in the category of pointed sets
(i.e., morC(X, G) is a group with multiplication M).
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(b) Draw a diagram that shows all the maps involved in the definition of
the product of α, β ∈ morC(X, G), and how they fit together. (In other
words, write down explicitly what α · β is.)

(c) Let f : X → Y be a morphism in C. Show that f∗ : morC(Y,G) →
morC(X, G) is a group homomorphism.

Hint Use Problem 1.33 and part (b).

Let’s think about what you have just proved. We have two functors:

F : C → S∗ and forget : G → S∗.

which can be arranged like so:

G
forget
��

C

33

F
// S∗.

You have proved that the dotted arrow can be filled in, and thereby proved
the following theorem.

Theorem 9 If G is a group object in a pointed category C, then the con-
travariant functor F (X) = morC(X, G) factors through the forgetful func-
tor from the category G of groups and homomorphisms to the category of
pointed sets S∗.

We usually use the same symbol, F , for the dotted functor C → G. It is
sometimes said in this situation that F ‘takes its values in the category G.’
This phrasing, thought not entirely accurate, makes sense because G can be
considered to be a subcategory of S∗ (via the forgetful functor).

Exercise 1.52 Let G be a group object in a category C. Work out the product
pr1 · pr2 ∈ morC(G×G, G). You should be able to express it as a specific map you
already know.

Now let’s dualize.

Problem 1.53 Write down the definition of a cogroup object. What is a cogroup
object in the category of groups and homomorphisms? What about abelian groups
and homomorphisms? What is a cogroup object in the category of pointed sets?
What if you replace ‘cogroup’ with ‘comonoid’?

By dualizing our discussion of group objects, we can immediately derive
the following result.

Theorem 10 If C is a cogroup object in a pointed category C, then the
covariant functor G(Y ) = morC(C, Y ) takes its values in the category of
groups and homomorphisms.
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Problem 1.54 Prove Theorem 10.

Suppose C is a cogroup object and G is a group object. Then the set
mor(X, Y ) has two ways to multiply. More precisely, morC(C,G) is a group
because C is a cogroup object – we’ll write α♠β for this product; and
morC(C,G) is a group because G is a group object – we’ll write α♥β for
this product.

Problem 1.55 Show that, with the setup above, the products ♠ and ♥ are the
same. That is, show that for any f, g ∈ morC(C,G), f♠g = f♥g.
Hint Write down the compositions which define f♠g and f♥g in a single commu-
tative diagram. Use Problem 1.42.

In view of Problem 1.55, we will never again use suits to denote products,
and will be content to write f · g, or simply fg for these products.

1.9 Homomorphisms

As you know from your study of algebra, when you are studying groups, you
inevitably find yourself studying homomorphisms. Our goal in this section
is to establish definitions for homomorphisms of group and cogroup objects,
and to prove some simple but important facts about them.

Definition 11 Let G and H be group objects in a pointed category C. A
map f : G→ H is a homomorphism if the diagram

G×G
µG //

f×f

��

G

f

��
H ×H

µH // H

commutes.10

Exercise 1.56 Show that when C is the category of pointed sets, a homomor-
phism of group objects is just the same as a homomorphism of groups.

Exercise 1.57 Show that if f : G→ H is a homomorphism of group objects in
C, then f preserves inverses, in the sense that the diagram

G
f //

νG

��

H

νH

��
G

f // H

10This is actually a perfectly good definition for a monoid homomorphism.
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is commutative.

If G and H are group objects, and f : G → H is some map, then we
automatically get an induced map

f∗ : morC(X, G)→ morC(X, H).

From what we know already, the sets morC(X, G) and morC(X, H) are
groups; but what can we say about the map f∗? In general, there is nothing
we can say, but if f is a homomorphism of group objects, then f∗ is a group
homomorphism.

Theorem 12 If f : G → H is a homomorphism of group objects in the
pointed category C, then the induced map

f∗ : morC(X, G)→ morC(X, H).

is a homomorphism of groups for every X ∈ C.
Problem 1.58 Prove Theorem 12. Is the converse true?

As usual, it is up to you to formulate the duals.

Problem 1.59 Define homomorphisms of cogroup objects, and prove that they
induce group homomorphisms on mapping sets.

1.10 Abelian Groups and Cogroups

Since abelian groups are especially easy to work with, we establish the notion
of commutative groups and cogroups.

Abelian Objects. In any category, we can define a twist map for co-
products T : X t Y → Y tX, which ‘switches the terms.’

Problem 1.60 Write down a categorical description of T . Also define the twist
map T : X×Y → Y ×X for products. Show that both twist maps are equivalences.

Definition 13 A cogroup object C is cocommutative, or simply com-
mutative, if the diagram

C
φ

{{ww
ww

ww
ww

w
φ

##G
GG

GG
GG

GG

C ∨ C
T

// C ∨ C

is commutative.
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Problem 1.61 Show that C is a cocommutative cogroup if and only if morC(C, Y )
is an abelian group for every Y .

Problem 1.62 Dualize this discussion: define a commutative group object, and
verify that morC(X, G) is abelian if and only if G is such an object.

Products of Groups. As you know, the set-theoretical product of two
groups can be made into a group using coordinatewise multiplication. The
same can be done with group objects. Let G and H be group objects in the
pointed category C, and denote their multiplications by µG and µH . Then
G×H can be made into a group object in C using the multiplication given
by

(G×H)× (G×H) id×T×id //

µG×H --

(G×G)× (H ×H)

µG×µH

��
G×H

and inverse νG×H = νG × νH .

Problem 1.63

(a) Show that the maps µG×H and νG×H make G×H into a group object
in C.

(b) Show that the inclusions G → G ×H and H → G ×H are homomor-
phisms.

(c) Show that the projections G×H → G and G×H → H are homomor-
phisms.

The definition of the product in G × G involves the map T : G × G →
G×G, which was introduced in order to define commutative groups.

Problem 1.64 Show that a group object is commutative if and only if the
multiplication µ : G×G→ G is a homomorphism. What is the dual statement?

1.11 Adjoint Functors

Let C and D be two categories, and let R : C → D and L : D → C be two
(covariant) functors. Then for X ∈ D and Y ∈ C, we can form

morC(L(X), Y ) and morD(X, R(Y )),

which defines functors
M,N : D × C → Sets
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which are contravariant in the first coordinate and covariant in the second.
In general, of course, there need not be any relationship between these two
sets. But in many important cases, there is a natural isomorphism Φ : M →
N ; that is, for each X ∈ D and Y ∈ C, there is an equivalence

ΦX,Y : morC(L(X), Y )→ morD(X, R(Y )),

and these equivalences respect maps between domains and maps between
targets. When this occurs, we say that the functors L and R are adjoint to
one another. More precisely, L is the left adjoint and R is the corresponding
right adjoint. Whenever we introduce an adjoint pair of functors as L and
R, we are making the tacit assertion that L is the left adjoint and R is the
right adjoint.

We will use the notation α̂ = ΦX,Y (α). Thus, if α : LX → Y , then
α̂ : X → RY .

Exercise 1.65 Let f : X → X ′ and g : Y → Y ′. Write down the diagrams
which must commute in order for Φ to be a natural transformation.

Problem 1.66 Let L and R be adjoint.

(a) Show that if one of the squares

LA
α //

Lf

��

X

g

��
and

A
α̂ //

f

��

RX

Rg

��
LB

β // Y B
β̂ // RY

commutes, then so does the other one.
(b) Let F,G be functors. Show that Φ : LF → G is a natural transforma-

tion if and only if Φ̂ : F → RG is a natural transformation.

Exercise 1.67 If X is a set, then we can form the free abelian group F (X) =⊕
x∈X Z. On the other hand, if G is an abelian group, then we can forget the group

structure of G, and just remember the underlying set S(G).

(a) Show that the functors F : Sets → Groups and S : Groups → Sets are
adjoint to one another. Which is the left adjoint and which is the right
adjoint?

(b) Use the same scheme to express other ‘free objects’ that you know about
in terms of adjoints.

Let’s start with functors R : C → D and L : D → C which are adjoint.
Taking X = L(Y ), we have a natural isomorphism

Φ : morD(L(Y ), L(Y ))→ morC(Y, RL(Y )).

Applying this to the identity idL(Y ) gives us a map σ : Y → RL(Y ).
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Problem 1.68 Show that there is a commutative diagram

morC(X, Y ) L // morC(L(X), L(Y ))

∼= Φ

��
morC(X, Y )

σ∗ // morC(X, RL(Y )).

Thus, the effect of L on morphisms can be identified with a map defined by com-
position of morphisms.

Exercise 1.69 Problem 1.68 shows that the maps L and σ∗ are equivalent
maps. In Section 1.2 we defined what equivalence means in categorical terms –
what category are we working in here?

Dually, if we take Y = R(X), then we have an isomorphism

Φ : morC(R(X), R(X))→ morD(LR(X), X),

and we define λ : LR(X)→ X to be the image of idR(X).

Problem 1.70 Dualize the previous problem.

1.12 Projects

These should be nontrivial open ended projects related to the material in
the chapter.

1. Write down the basic setup of Galois theory in category theoretical
language. Carefully define all categories and functors involved.

2. Why do not require that we have a set of objects in a category? Why
is it okay to require a set of morphisms? Why is it desirable to require
a set of morphisms? Is there a category whose objects are categories
and whose morphisms are functors?

3. Refer back to our discussion of forgetful functors. This involved the
phrase ‘dumbed down,’ which is admittedly not very precise. Fig-
ure out a way to make it precise, and so give an formal definition of
‘forgetful functor.’

4. Algebraic theories....

5. We have talked about adjoint functors, and you know about the adjoint
of a matrix. Are these things related?



Chapter 2

Limits and Colimits

There are two important ways to define new objects using ones you already
have. The first of these is called taking the limit of a diagram – a limit is
defined by its properties as the target of morphisms. The dual is the colimit,
which is defined in terms of its properties as the domain of morphisms.

2.1 Diagrams and Their Shapes

We begin our discussion by revisiting diagrams from our more sophisticated
category theoretical point of view. Let’s first say that two diagrams have
the same shape if one is obtained from the other by simply reassigning
the objects and morphisms, but leaving the overall picture the same. For
example, the diagrams

X
f // Y Z

goo and A
i // B C

joo

in the category C are two different diagrams with the same shape, namely
• → ?← ◦. This last diagram could be called the common shape diagram
for the two example diagrams.

Now, we have seen in Exercise 1.1 that we can, without causing any
trouble, take any diagram and augment it by including all composite arrows
and identity arrows that are not already present in the diagram, and the
result is a category. If we apply this construction to the shape diagram
• → ? ← ◦, we obtain a category I. The key observation is that the

diagram X
f //Y Z

goo determines a functor

F : I → C

35
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given explicitly by

F (•) = X F (• → ?) = f
F (?) = Y F (?← ◦) = g
F (◦) = Z,

and of course F carries identities to identities. Now we can give our formal
definition of a diagram.

Definition 14 Let I and C be two categories. A diagram in C with shape
I is a (covariant) functor F : I → C.

When ob(I) is too large to be a set, serious set-theoretical questions
arise when working with I-shaped diagrams. Therefore, the usual practice
is to work only with small diagrams – diagrams whose shape ‘only’ has a
set of objects. In this book we will never work with large diagrams.

Exercise 2.1 Determine the shape of the diagram1

A //

&&NNNNNNNNNNNNN B

��
C

if the diagram is

(a) guaranteed to be commutative;

(b) not necessarily noncommutative.

Exercise 2.2 Let G be a group, and consider it as a category with one object,
as in Exercise 1.3. Interpret ‘diagram with shape G’ in

(a) The category of sets and maps.

(b) The category of groups and homomorphisms.

(c) The category of topological spaces and continuous maps.

We call a shape category I finite if there is some N ∈ N such that in
any composition f1 ◦ f2 ◦ · · · ◦ fm with m > N , at least one of the fi is an
identity map.

Exercise 2.3 Consider the group G = Z/2 as a category with one object and
two morphisms. Is G a small shape category?

We will want to study the collection of all diagrams with a given shape
I. To do this, we form the diagram category

CI = {functors I → C}
1in the sense of Section 1.1
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The morphisms in this category are (of course) natural transformations be-
tween functors. How many natural transformations are there from one func-
tor to another?

Exercise 2.4

(a) Let I be a small category and let F,G ∈ CI . Express the collection
of all natural transformations from F to G is a subset of some set. It
follows that this collection is a set.

(b) Conclude that if I is small, then CI is actually a category.

(c) Find an example of a ‘large’ category I and F,G ∈ CI so that the
collection of natural transformations F → G is not a set.

2.2 Limits and Colimits

Let’s start with the diagram X → Y ← Z of the previous section. It
frequently happens that we are given a diagram of this form, and we are
interested in finding objects Q with maps Q→ X and Q→ Z such that the
diagram

Q

&&

��

X

��
Z // Y

commutes. A particular example P → X and P → Z is a limit for the
diagram if, for each other example Q → X and Q → Z, there is a unique
map Q→ P making the diagram

Q

&&

��

��
P //

��

X

��
Z // Y

commute. That is, the limit of the diagram is any object (with morphisms
to X and Z) that solves the universal problem posed by the diagram above.
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Exercise 2.5 Let U be the category of whose objects are objects Q ∈ C together
with maps Q→ X and Q→ Z making the diagram above commute; the morphisms
are maps f : Q→ R such that the diagram

X Qoo //

f

��

Z

X

++

Roo // Z

ssY

commutes. Show that P (with the maps to X and Z) is a limit for the diagram
X → Y ← Z if and only if it is an terminal object in U .

We can recast this definition in another way. Any object Q ∈ C gives
rise to a constant functor

Q : I → C

given by Q(any object) = Q and Q(any morphism) = idQ. This defines a
functor

∆I : C → CI given by ∆I(Q) = Q,

which is known as the diagonal functor. In our example, the commu-
tativity of the square diagram is equivalent to the commutativity of the
diagram

Q

��

Q

��

Q

��
X // Y Zoo

or, in other words, the existence of a morphism (natural transformation)
∆Q → F in the category CI . If P is the limit of the diagram, then we have
a commutative diagram

Q

�� �O
�O
�O

Q

��

Q

��

Q

��
P

�� �O
�O
�O

P

��

P

��

P

��
F X // Y Z.oo

This leads to the following general definition.



2.2 Limits and Colimits 39

Definition 15 Let F : I → C be a functor. A limit for F is an object
P ∈ C and a natural transformation P → F such that for any other natural
transformation Q → F , there is a unique map f : Q → P making the
diagram

P

��
Q //

f
44

F

commutative.

It is very common to write ‘P is a limit for the diagram F ’ and make no
mention at all of the transformation P → F .

Exercise 2.6 Consider the diagram category I with two objects • and ?, with
only identity morphisms. Let C denote the category of real vector spaces and linear
transformations, and let F (•) = 0 and f(?) = R.

(a) Show that the limit of F : I → C is R; what is the natural transforma-
tion ∆R → F?

(b) Let V be any nontrivial vector space. Show that there are uncountably
many natural transformations T : ∆V → ∆R making the diagram

∆R

��
∆V

//

T
33

F

commutative.

(c) Show that exactly one of these is of the form ∆f for some linear trans-
formation f : V → R.

Problem 2.7 Let P be a limit for the diagram F : I → C (so we are given a
natural transformation L : ∆P → F ). Show that there is an isomorphism

morCI (∆Q, F ) ∼= morC(Q,P ).

In some categories, every diagram of this form has a limit, but in other
categories (including some that are central to homotopy theory) limits need
not always exist.

Exercise 2.8 Suppose that the empty diagram ∅ has a limit. Show that it is a
terminal object in C. Find a way to view a product as the limit of a diagram.

Exercise 2.9 Construct an example of a category and a diagram which has no
limit.
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Exercise 2.10 A discrete category is one in which the only morphisms are
identities. What is the limit of a diagram whose shape is discrete?

Problem 2.11 Dualize the discussion above: define the colimit of a diagram
F : I → C.kind of big to be left to

the reader Problem 2.12 Show that any two limits of a given diagram F : I → C are
equivalent in C. Also prove the dual statement about the uniqueness of colimits.

Hint Let P and Q be two limits of F ; use the universal property of the limit to
find maps P → Q and Q → P . Alternatively, construct a natural isomorphism
between the functors morC( ? , P ) and morC( ? , Q).

Domains and Targets. Colimits C are defined in such a way that we
are given information about morphisms C → Z; so colimits are domain-type
constructions. Dually, limits are defined so that we have information about
morphims Z → L; and hence limits are target-type constructions.

Exercise 2.13 Show that the colimit of the empty diagram ∅→ C is an initial
object in C. Show that the limit of the identity idC is an initial object in C.

Exercise 2.14 Suppose I has an initial object, ∅, and let F : I → C. Show
that F has a limit. State and prove the dual result.

Exercise 2.15 What is the colimit of a diagram whose shape is discrete?

2.3 Naturality of Limits and Colimits

Let F : I → C and G : I → C be two diagrams and let Φ : F → G be a
natural transformation between them; and suppose that both diagrams have
colimits in C, call them X and Y , respectively. Then the definition implies
that we have the following picture

F //

��

G // ∆Y

∆X
∃ !∆f

66

for a uniquely determined morphism f : X → Y . We call the unique map
f : X → Y determined by this diagram the map of colimits induced by the
map of diagrams.

Problem 2.16 Explain how a natural transformation of diagrams induces a map
between the limits of those diagrams.
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Problem 2.17 Let C be a category in which every diagram with shape I has
a colimit. For each F ∈ CI , choose, once and for all, a colimit for F , and call it
colim F .2

(a) Show that the assignment F 7→ colim F defines a functor CI → C.
(b) Show that the functors CI → C and C → CI given by

F 7→ colim F and X 7→ ∆X

are adjoint to one another. Which is the right adjoint and which is the
left adjoint?

You have proved the following theorem.

Theorem 16 Let C be a category. Then the following are equivalent:

1. Every I-shaped diagram in C has a colimit.

2. The functor ∆ : C → CI has a left adjoint.

Exercise 2.18 Formulate the dual of Theorem 16. Do you need to prove it?
Explain.

Theorem 17 Let L : C → D and R : D → C be an adjoint pair of functors.

(a) Suppose that every diagram in CI has a colimit. Then for every
F ∈ CI , L(colim F ) is a colimit for L ◦ F ∈ DI .

(b) Suppose that every diagram in DI has a limit. Then for every
F ∈ DI , R(lim F ) is a limit for R ◦ F ∈ CI .

Problem 2.19 Prove Theorem 17.

2.4 Special Kinds of Limits and Colimits

Some diagram shapes are particularly useful, and their limits and colimits
have special names.

2.4.1 Pullback

We began our discussion of limits with a particularly simple example. This
example is extremely important, and it has a special name – the pullback.
In our more efficient terminology, the pullback of a diagram X → Y ← Z
is the limit of the corresponding diagram (functor) F : I → C, where I is
the shape category • → ? ← ◦ (we will call any diagram with this shape a

2We consider the object colim F as coming with structure maps to the diagram F .
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prepullback diagram). If P is a pullback for the diagram X → Y ← Z,
then the structure maps for P and the given diagram fit together into the
commutative square

P //

��

X

��
Z // Y

which we call a pullback square.

Problem 2.20 Suppose that

P
p //

i

��

X

j

��
Z

z // Y

is a pullback square. Show that if j is an equivalence, then so is i.

Hint Use the map j−1 ◦ z to find a map K : Z → P .

Exercise 2.21 Suppose that C has a terminal object τ . Show that products of
X and Y are the same as pullbacks for the diagram X → τ ← Y .

Let’s look at some specific examples.

Problem 2.22 Show that in the category of sets and functions

{(a, b) | f(a) = g(b)}
prA //

prB

��

A

f

��
B

g // C

is a pullback square. What is the pullback of A→ ∗ ← B?

Exercise 2.23

(a) Consider the category whose objects are the integers 1, 2, 3, . . . and with
arrows given by divisibility. Give number-theoretical descriptions of
pullbacks in this category.

(b) Repeat (a) but using the category whose objects are real numbers and
whose morphisms correspond to inequalities x ≤ y.

Exercise 2.24 Determine the pullback of the diagram

{1} // B A
foo

in the category of groups and homomorphisms.
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There is another kind of limit, which is closely related to pullback. It
arises when you are given two morphisms f, g : X → Y , and you want to
study morphisms w : W → X such that f ◦ w = g ◦ w. An equalizer for f
and g is a morphism e : E → X such that f ◦ e = g ◦ e, and for any other
such map w : W → X, there is a unique map W → E as in the diagram

W

w
''NNNNNNNNNNNNN

∃ !
��

E
e // X

f
++

g

33 Y

Exercise 2.25

(a) What is the shape category for the equalizer?
(b) If products exist in our category, then we can form the diagram

Q //

q

��

Y

∆

��
X

(f,g) // Y × Y.

Show that this is a pullback square if and only if Q (with given map
q : Q→ X) is an equalizer for f and g.

(c) Show that if pullbacks always exist in C, then so do equalizers. Is the
converse true?

2.4.2 Pushout

The pushout is dual to the pullback. More precisely, a pushout is a colimit
of a prepushout diagram – i.e., a diagram with shape • ← ? → ◦. A
pushout square is a commutative square

Y //

��

Z

��
X // P

in which the objcet P (together with the maps Z → P and X → P ) is a
colimit of the diagram X ← Y → Z.

Problem 2.26 State and prove the dual of 2.20.

Exercise 2.27 Work in the category Sets of all sets and all functions between
sets. Suppose that A ⊆ B and A ⊆ C, and that i : A → C and p : A → B are
inclusion functions.
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(a) Determine the pushout of the diagram B A
poo i //C .

(b) Let ∗ denote a one-point set. Determine the pushout of the diagram

B A
poo i //∗ .

Problem 2.28 Let X be a topological space, and suppose X = A ∪ B, where
A,B ⊆ X are closed subspaces. Show that the diagram

A ∩B //

��

A

��
B // X

is a pushout square.

Exercise 2.29 Suppose C has an initial object, and let X, Y ∈ C. Show that
the pushouts of the diagram X ← ι→ Y are the same as coproducts X t Y .

Exercise 2.30

(a) Consider the category whose objects are the integers 1, 2, 3, . . . and with
arrows given by divisibility. Give number-theoretical descriptions of
pushouts in this category.

(b) Repeat (a) but using the category whose objects are real numbers and
whose morphisms correspond to inequalities x ≤ y.

Exercise 2.31 Determine the pushout of the diagram

{1} B
f //oo A

in the category of groups and homomorphisms. Compare with Exercise 2.24; what
should the object you constructed here be called?

Problem 2.32 Define the dual notion of coequalizer, and compare coequalizers
with pushouts.

2.4.3 Telescopes and Towers

Telescopes and towers are the diagrams that generalize infinite ascending
unions and infinite nested intersections.

A telescope diagram is a diagram of the form

X1 → X2 → · · · → Xn → · · · .

To view this kind of diagram formally – as a functor from a shape category
– let N be the category with objects {1, 2, . . .} and with a unique morphism
i→ j if i ≤ j and no morphism at all if i > j. Then The rule i 7→ Xi is the
object part of a functor N→ C.



2.4 Special Kinds of Limits and Colimits 45

The colimit of such a diagram is often referred to as the direct limit of
the diagram. Roughly speaking, it is the object X∞ which belongs at the
‘end’ of the sequence.

For the dual, we reverse the arrows and look at

Y1 ← Y2 ← · · · ← Yn ← · · · .

Formally, this is a functor F : Nop → C. We will call such a diagram a
tower; a limit for a tower is frequently called an inverse limit.

Exercise 2.33 Reformulate the definition of direct and inverse limits in terms
of commutative diagrams.

Problem 2.34 Let X1
f1 //X2

f2 // · · ·
fn−1 //Xn

fn // · · · be a telescope dia-
gram. We define the shift map

shift :
∐
n≥0

Xn →
∐
n≥1

Xn

by the formula shift = (in2 ◦ f1, in3 ◦ f2, . . . , inn+1 ◦ fn, . . .). Show that in the
pushout square

(
∐

Xn) t (
∐

Xn)
(shift,id) //

∇
��

pushout

∐
Xn

��∐
Xn

// P

the pushout P is a direct limit for the telescope. Formulate the dual result.

Problem 2.34 shows that colimits of telescopes can be constructed if you
can construct infinite coproducts and pushouts. (If you look carefully, you
will see that the pushout diagram here is secretly a coequalizer diagram.).
It is possible to show that in any category C, if you can construct arbitrary
coproducts and coequalizers, then you can construct all colimits.

Problem 2.35 Let X1
f1 //X2

f2 // · · ·
fn−1 //Xn

fn // Xn+1

fn+1 // · · · be
a telescope diagram, and let X∞ its colimit. If k ≤ l, write fk,l for the unique map
in this diagram from Xk to Xl. Let r : N → N be an increasing function and set
up the commutative ladder

· · ·
fn−1 // Xn

fn,r(n)

��

fn // Xn+1
fn+1 //

fn+1,r(n+1)

��

· · ·

· · ·
fr(n−1),r(n) // Xr(n)

fr(n),r(n+1) // Xr(n+1)

fr(n+1),r(n+2) // · · · .

Show that X∞ is also the colimit of the bottom row, and that the induced map
X∞ → X∞ is the identity map.
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Exercise 2.36 Generalize the result of Problem 2.35 to other diagram shapes.

2.5 Formal Properties of Pushout and Pullback
Squares

We conclude with some formal properties of pushout and pullback squares.
These rules, and their homotopy-theoretical analogs, will be crucial through-
out our study of homotopy theory.

Problem 2.37 Consider the diagram

A //

f

��

B

g

��
C // D.

(a) Suppose the diagram is a pushout and that f is an equivalence. Show
that g is also an equivalence.This is the dual of an

earlier problem. (b) Suppose f and g are both equivalences. Show that the square is a
pushout.

(c) State and prove the duals of (a) and (b).

Theorem 18 Consider the diagram

A1
f1 //

h1

��
/.-,()*+I

A2
f2 //

h2

��
76540123II

A3

h3

��
B1 g1

// B2 g2

// B3,

and denote the outside square by (T ).

(a) If (I) and (II) are pushouts, then (T ) is also a pushout.

(b) If (I) and (T ) are pushouts, then (II) is also a pushout.

Problem 2.38 Prove Theorem 18.3

The dual statements are also true, of course.

Theorem 19 Consider the diagram

A1
f1 //

h1

��
/.-,()*+I

A2
f2 //

h2

��
76540123II

A3

h3

��
B1 g1

// B2 g2

// B3,

3Should break into steps.
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and denote the outside square by (T ).

(a) If (I) and (II) are pullbacks, then (T ) is also a pullback.

(b) If (II) and (T ) are pullbacks, then (I) is also a pushout.

We end the chapter with our first investigation into diagrams more com-
plicated than pushouts and pullbacks. Consider the diagram

A1 A2
oo // A3 A

B1

��

OO

B2
//oo

��

OO

B3

��

OO

pushout ///o/o/o/o B

��

OO

C1 C2
oo // C3 C

D

X Yoo // Z W
~~
/.-,()*+?
>>

Taking pushouts of the rows gives a prepushout diagram A ← B → C.
Taking pushouts of the columns gives a prepushout diagram X ← Y → Z.
Let D and Z be the respective pushouts. How do they compare?

Theorem 20 The pushouts D and W are both colimits for the whole 3× 3
diagram, and hence are equivalent to each other.

Problem 2.39 Prove Theorem 20

We will also need the dual result, which concerns the limits of diagrams
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of the form

A1

��

// A2

��

A3

��

oo A

B1
// B2 B3
oo pullback///o/o/o/o B

��

OO

C1

OO

// C2

OO

C3

OO

oo C

D

X // Y Zoo W
~~
/.-,()*+?
>>

In this case, the pullbacks of the rows form a prepullback diagram C → A←
B, and we let D be the pullback; likewise, we define W to be the pullback
of X → Y ← Z.

Theorem 21 The pullbacks D and W are both limits for the whole 3× 3
diagram, and hence are equivalent to each other.

Theorem 20 has a vast generalization. Suppose we have a diagram

F : I × J → C.

If we fix j ∈ J we obtain a Fj : I → C given by Fj(i) = F (i, j); and
these diagrams are related by natural transformations corresponding to the
morphisms in J . Forming colimits over I yielding a new diagram

colim IF : J → C,

and the colimit of this new diagram is an object colim J colim IF ∈ C.
Theorem 22 For any F : I × J → C,

(a) colim J colim IF ∼= colim F ∼= colim Icolim JF , and

(b) limJ limI F ∼= lim F ∼= limI limJ F .

Problem 2.40 Prove Theorem 22.
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Chapter 3

Categories for Topology

In topology, it is often true that theorems are true for ‘most’ spaces, but
that they fail for certain off-the-wall spaces. This can lead to a bewilder-
ing proliferation of hypotheses. Our solution to this annoyance will be to
work entirely inside a ‘convenient’ category of topological spaces in which
we can apply our basic constructions without fear. Of course, this category
cannot possibly contain all spaces, but we would like it to contain the ‘vast
majority’ of all spaces; in particular, it is crucial that our category of spaces
contain all CW complexes. Furthermore, it should be closed under forma-
tion of limits and colimits, and certain fundamental constructions involving
mapping spaces should behave well in our category.

3.1 Spheres and Disks

We begin with spheres and disks. The n-dimensional sphere is the space

Sn = {x ∈ Rn+1 | |x| = 1}.

This standard sphere is of course homeomorphic to any subspace of Rn+1

having the form {x ∈ Rn+1 | |x − a| = r} for any fixed center point a and
radius r > 0. (Exercise Write down the homeomorphism! ). The n-sphere
is the boundary of the (n + 1)-dimensional disk

Dn+1 = {x ∈ Rn+1 | |x| ≤ 1}.

The northern hemisphere of Sn is the set

Dn
N = {x ∈ Rn+1 | |x| = 1 and xn+1 ≥ 0}

51
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and the southern hemisphere is

Dn
S = {x ∈ Rn+1 | |x| = 1 and xn+1 ≤ 0}.

The function jN : Dn → Dn
N given by

jN : (x1, x2, . . . , xn) 7→
(

x1, x2, . . . , xn,
√

1− (x2
1 + · · ·+ x2

n)
)

is a homeomorphism; similarly the formula

jS : (x1, x2, . . . , xn) 7→
(

x1, x2, . . . , xn,−
√

1− (x2
1 + · · ·+ x2

n)
)

defines a homeomorphism jS : Dn → Dn
S .

Problem 3.1 Let i : Sn ↪→ Dn+1 be the inclusion of the boundary. Show that

Sn � � i //
� _

i

��

Dn+1

jN

��
Dn+1

jS // Sn+1

is a pushout square.

The unreduced suspension of a space X is the space Σ0X which is
obtained from X× I by collapsing the X×{0} to a single point [0] and also
collapsing X × {1} to a single point [1].

Problem 3.2 Show that Σ0S
n ∼= Sn+1 for each n.

Hint Draw a picture with both Sn × I and Sn+1 for the cases n = 0, 1.

Let X = Sn − {N}, where N = (0, 0, . . . , 0, 1) ∈ Sn is the north pole
of the sphere. We can define a function σ : X → Rn by the following rule:

1. if x ∈ X, then x 6= N , and there is a unique line ` joining x and N ;

2. since the point x is ‘lower’ than the point N , the line ` will cross the
plane Rn ⊆ Rn+1 (in exactly one point);

3. call this point you just found σ(x).

This function σ is usually called stereographic projection. The amaz-
ingly useful property of this map is that it is a homeomorphism from Sn −
{N} → Rn.

Problem 3.3 Prove that σ : Sn − {N} → Rn is a homeomorphism. More
generally, let K be any space homeomorphic to Sn, and let x ∈ K. Show that
K − {x} ∼= Rn.
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3.2 CW Complexes

The spaces we will primarily be concerned with are called CW complexes;
these spaces are built, step by step, from spheres and disks. We will show
later that, for our purposes, there is almost no loss of generality in restrict-
ing our attention to CW complexes. But for now, we aim to establish the
formalities of their step by step construction, provide some important ex-
amples, and derive some useful basic results about them.

Definition 23 To begin with, we say that any discrete space X is a CW
complex with dimension zero. Inductively, suppose Xn is a CW complex
with dimension at most n. Let αn :

∐
k Sn → Xn be any map from a disjoint

union of copies of Sn to Xn (possibly an empty disjoint union!), and define
Xn+1 to be the pushout

∐
k Sn

‘
k i

//

f

��

∐
k Dn+1

��
Xn

jn // Xn+1

where i : Sn ↪→ Dn+1 is the inclusion of the boundary of the disk. Then
Xn+1, or anything homeomorphic to Xn+1, is a CW complex with di-
mension at most n + 1. This inductively defines what we mean by a finite-
dimensional CW complex. The images of the interiors of the disks used to
construct X are called the cells of X; the image of an (open) n-dimensional
disk is called an n-cell.1

Suppose we apply this construction infinitely many times, yielding a
sequence of CW complexes X0, X1, . . . , Xn, . . . and maps jn : Xn → Xn+1

between them. Then we may form the diagram

X0
j0 // X1

j1 // · · · jn−1 // Xn
jn // Xn+1

jn+1 // · · · .

Let X be the colimit of this diagram (i.e., the union of the Xn); then X, or
anything homeomorphic to X, is called a CW complex.

The space Xn ⊆ X is called the n-skeleton of X

A subcomplex of a CW complex X is a subspace K ⊆ X which is a
CW complex constructed by using some, but not necessarily all, of the cells
used to construct X. For example, each skeleton Xn ⊆ X is a subcomplex
of X.

1Note that the 0-dimensional disk D0, which is a single point, is its own interior!
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Problem 3.4 Show that if X is a CW complex and A ⊆ X is a subcomplex, then
X/A inherits the structure of a CW complex from the quotient map X → X/A.

Exercise 3.5 Show that R is a CW complex.2

Exercise 3.6 Using Problem 3.1, prove that Sn+1 is a CW complex with two
cells of each dimension k ≤ n + 1. Also find a CW decomposition of Sn with a
grand total of two cells.

Exercise 3.6 shows that two CW complexes that are different in the sense
that the list of attaching maps are not exactly the same can be homeomor-
phic to the same space X. We refer to these different CW complexes as a
CW structure on X or as a CW decomposition of X. We will see that
it is often helpful to choose a CW structure that is well suited to the work
at hand.

Real Projective Spaces. Define an action of the multiplicative group
Z/2 = {+1,−1} on the space Sn by simple coordinatewise multiplication.
Then we may form the quotient space

RPn = Sn/(Z/2).

More explicitly, RPn is the result of identifying every point x ∈ Sn with
its antipodal point −x ∈ Sn. The space RPn is called the n-dimensional
(real) projective space.

Exercise 3.7 Using Exercise 3.6, show that RPn is a CW complex. What is the
(n−1)-skeleton? What is the attaching map of the n-cell onto the (n−1)-skeleton?
Hint Work by induction. Every point x in the northern hemisphere is equivalent
to exactly one point in the southern hemisphere.

Another Description of CW Complexes. Each n-cell of a CW com-
plex X has a corresponding map χ : Dn → X defined by the diagram

Dn
� _

�� χ

��

∐
k Sn

‘
k i

//

f

��

∐
k Dn+1

��
Xn

jn // Xn+1
// X.

This is called the characteristic map of the cell.
2Jason Trowbridge’s idea.
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Exercise 3.8 Let X be a CW complex.

(a) Show that χ|int(Dn) : int(Dn) → X is an embedding – i.e., it is a
homeomorphism onto its image. The image of χ is called an open
n-cell of X.

(b) Show that X is the union of the interiors of its cells (we interpret the
interior of a 0-cell to be the cell itself), and that those open cells are
pairwise disjoint.

(c) Show that X has the unique largest topology so that all of the charac-
teristic maps χ : Dn → X are continuous.

This leads us to our point-set topological description of CW complexes.

Definition 24 A space X is a CW complex if it is a union X =
⋃

i∈I Ci(X)
where each Ci(X) ∼= int(Dni) and

1. The closure of each Ci(X) ∼= int(Dni) is contained in the union of
finitely many cells, and

2. X has the largest topology so that all of the inclusions Ci(X) ↪→ X
are continuous.

CW complexes have some convenient topological features.

Problem 3.9 Let X be a CW complex with cells Ci(X).

(a) Show that a set A ⊆ X is closed if and only if each intersection A∩Ci(X)
is closed in Ci(X).

(b) Suppose A ⊆ X and for each open cell int(Ci(X)), A ∩ int(Ci(X)) is
either empty or a singleton. Show that A is closed.

(c) Show that a compact subset of X must be contained in a finite sub-
complex of X.

(d) Show that a function f : X → Y is continuous if and only if its restric-
tion to each cell Ci(X) is continuous.

Problem 3.10 Show that if A ⊆ X is a subcomplex, then X/A, with the usual
quotient topology, inherits the structure of a CW complex from X. Explain in
detail how the cells of X/A are related to the cells of X.

Products of CW Complexes. If the open cells Ci(X) of X are indexed
by I and the open cells Cj(Y ) of Y are indexed by J , we have for each i ∈ I
and j ∈ J the composition

Ci(X)× Cj(Y )
χi×χj // X × Y.
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Problem 3.11

(a) Suppose Ci(X) ∼= int(Dn) and Cj(Y ) ∼= int(Dm). Show that Ci(X) ×
Cj(Y ) ∼= int(Dn+m).

(b) Show that the inclusion Ci(X)× Cj(X) ↪→ X × Y is continuous.
(c) Show that X × Y is the union of the product cells Ci(X)× Cj(Y ).

This problem suggests that the set equation

X × Y =
⋃
I×J

Ci(X)× Cj(Y )

might actually a representation of X × Y as a CW complex. In any case
the set X × Y has a unique topology which makes it into a CW complex
with the given cells – let us call that space the CW product of X and Y ,
which we will denote X ×CW Y . Is the CW product X ×CW Y of X and Y
homeomorphic to the ordinary categorical product of X and Y ?

We will address this question later, in Section 3.4.

3.3 Mapping Spaces

Some of the main properties that we require involve the space of maps from
one space to another, so let’s begin by establishing our notation for mapping
spaces. Let’s say X and Y are two topological spaces. Then we can study
the set

map(X, Y ) = {f : X → Y | f is continuous}

of all continuous maps from X to Y . We give this set the compact-open
topology.3

A great deal of the structure of mapping spaces is revealed by the study
of three very important kinds of maps between them. Like any collection of
functions, map(X, Y ) automatically comes with an evaluation map

@ : map(X, Y )×X → Y

given by the formula (f, x) 7→ f(x). Function composition defines a func-
tion

◦ : map(X, Y )×map(Y, Z)→ map(X, Z)

explicitly given by (f, g) 7→ g ◦ f . Finally, we have a bijection

α : map(X × Y, Z)→ map(X, map(Y, Z))
3Actually, if X and Y are horrible spaces we are forced to use a modification of the

compact-open topology. Fortunately, we will sweep these details under the rug.
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given by the formula α(f) : x 7→ y 7→ f(x, y) .

Problem 3.12 Prove that α is a bijection.

Exercise 3.13 Show that map({x}, Y ) ∼= Y for any space Y .

3.4 Topological Spaces

We will need to talk about pointed topological spaces and unpointed topo-
logical spaces; sometimes we will prove results that work equally well in both
contexts. Therefore, we will use the following notation:

1. T◦ will denote our category of unpointed spaces,

2. T∗ is our category of pointed spaces,4 and

3. T is either one.

The following theorem is the main result of [???], and it asserts that
there is a category which is good enough for our work. The proof belongs
to point-set topology, so we will simply take this theorem for granted.

Theorem 25 There is a category T◦ whose objects are topological spaces,5

which contains every locally compact space, and which has the following
properties for any X, Y, Z ∈ T◦

(a) map(X, Y ) ∈ T◦
(b) The evaluation map @ : map(X, Y )×X → Y is continuous.

(c) The composition map ◦ : map(X, Y ) ×map(Y, Z) → map(X, Z)
is continuous

(d) The function α : map(X×Y, Z)→ map(X, map(Y, Z)) is a home-
omorphism.

(e) The colimit of any diagram of spaces in T◦ is again a space in T◦.
(f) The limit of any diagram of spaces in T◦ is again a space in T◦.
(g) If X, Y ∈ T are CW complexes, then the CW product X ×CW Y

is equal to the categorical product X × Y .

In view of Theorem 25(g), we never again have to use the notationX×CW

Y . It is worth noting that if one of the CW complexes is finite, or if both of
4which will be defined in Section 3.6
5But not all topological spaces!
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the CW complexes has only finitely many cells in each dimension, then the
products are the same even for the whole category of topological spaces.

The following lemma is frequently useful in cell-by-cell construction of
homotopies.

Lemma 26 Let X be a CW complex, and give I the standard CW deom-
position with two zero cells and one 1-cell. Show that in the CW product
decomposition,

(X × I)n+1 ⊆ (X × 0) ∪ (Xn × I) ∪ (X × 1) ⊆ X × I ⊆ X × I.

Problem 3.14 Prove Lemma 26.

The fact that map(X × Y, Z) ∼= map(X, map(Y, Z)) is known as the
exponential law. The reason for this terminology lies in an alternative
notation for mapping spaces: map(X, Y ) = XY .6 Using this notation,
the exponential law reads ZX×Y = (ZY )X . This rule plays a crucial role
throughout homotopy theory.

Problem 3.15

(a) Show that Sn, Dn ∈ T◦ for all n ≥ 0.

(b) Show that all CW complexes are in T◦.

Problem 3.16 Explicitly describe the CW structure of X × I in terms of the
CW structure of X.

Problem 3.17 Suppose A,X, Y ∈ T◦, and that A ⊆ X. Show that X/A ∈ T◦
and X × Y ∈ T◦.

Problem 3.18 Let X, Y, Z ∈ T◦.

(a) If f : X → Y , then there is an ‘induced function’

f∗ : map(Y, Z)→ map(X, Z),

given by f∗(g) = g ◦ f . Show that f∗ is continuous.

(b) If h : Y → Z, then there is an ‘induced function’

h∗ : map(X, Y )→ map(X, Z)

given by h∗(g) = h ◦ g. Show that h∗ is continuous.

Hint Express the function you are interested in as a composition of the map ◦ with
another function.

6Indeed, in the category of sets and their functions, this is how Cantor defined expo-
nentiation of transfinite cardinals!
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Problem 3.19

(a) Define two functors F,G : T◦ → T◦ by the rules

F ( ? ) = map( ? × Y, Z) and G( ? ) = map( ? ,map(Y,Z)).

Show that the exponential law defines a natural equivalence between
these two functors. That is, use the exponential law to define a natural
transformation Φ : F → G and demonstrate that for every space in
X ∈ T◦, ΦX is an equivalence.

(b) Define functors P,M : T◦ → T◦ by the rules

P ( ? ) = ? × Y and M( ? ) = map(Y, ? ).

Show P and M are adjoint functors.

3.5 The Category of Pairs

Suppose A ⊆ X and B ⊆ Y . We will sometimes find ourselves interested
only in those maps f : X → Y with the additional property that f(A) ⊆ B.
These can be written as commutative diagrams

A //

��

B

��
X // Y,

but they are more typically written in the form

f : (X, A)→ (Y, B),

and (X, A) and (Y, B) are called pairs of spaces. The set

map((X, A), (Y, B)) = {f : (X, A)→ (Y, B)} = {f : X → Y | f(A) ⊆ B}

is clearly a subset of map(X, Y ); thus it inherits a topology from map(X, Y ).
There is a category of pairs, which we will denote T(2). There is an inclusion
of categories T◦ → T(2) given by X 7→ (X, ∅).

Corollary 27 The space map((X, A), (Y, B)) is in T◦.
Problem 3.20 Prove Corollary 27 by showing that

map((X, A), (Y, B)) //

��

map(X, Y )

��
map(A,B) // map(A, Y )

is a pullback square.
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Any map f : X → Y such that f(X) ⊆ B is automatically an element
of map((X, A), (Y, B)); the space of all such maps is of course (almost)
identically equal to map(X, B), and we won’t belabor the distinction.7 Thus,
we consider space of maps map((X, A), (Y, B)) as the pair map((X, A), (Y, B))︸ ︷︷ ︸

big space

, map(X, B)︸ ︷︷ ︸
subspace

 .

The product of two pairs (X, A) and (Y, B) in T is also a pair in T :

(X, A)× (Y, B) =

 X × Y︸ ︷︷ ︸
big space

, A× Y ∪X ×B︸ ︷︷ ︸
subspace

 .

With these preliminaries, you can generalize some of the results of Theorem
25 to maps of pairs.

Problem 3.21

(a) Show that the exponential law holds for maps of pairs.
(b) Show that the exponential law is a natural isomorphism for pairs.
(c) Show that the composition function ◦ is well-defined and continuous for

maps of pairs.

3.6 Pointed Spaces

Far and away, the most important special case for us is the one in which A
is just a single point of X and B is a single point of Y ; these special points
are called basepoints. We usually denote the basepoint by ∗, no matter
what space it is in. Maps of the form f : (X, ∗)→ (Y, ∗) are called pointed
maps. When we work with pointed spaces, we will usually suppress the pair
notation. Thus, we will simply write X for a pointed space, and we will all
know that it has a basepoint, and that basepoint is denoted ∗. We write T∗
for the category of all pointed spaces (X, ∗) such that the unpointed space
X ∈ T◦.

Products of Pointed Spaces. If we use the construction from the pre-
vious section, we find that the product of a pair of pointed spaces is not a
pointed space:

(X, ∗)× (Y, ∗) = (X × Y, X × ∗ ∪ ∗ × Y ).
7Exercise What is the distinction?
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The second term of this pair is the space obtained from the disjoint union
of X and Y by identifying their basepoints; it is called the wedge of X and
Y and is denoted X ∨Y . We are led to two related, but very different, kinds
of products for pointed spaces.

1. The categorical product of pointed spaces X and Y is the ordinary
product X × Y , with basepoint ∗ × ∗.

2. The smash product of pointed space X and Y is the result of col-
lapsing the wedge to a point: X ∧ Y = (X × Y )/(X ∨ Y ).

Problem 3.22

(a) Show that X ∨ Y is the categorical sum of X and Y in the category
T∗.8

(b) Show that the pointed space X×Y is the categorical product of X and
Y in the category T∗.

(c) Show that the rule X 7→ X∧A is a functor. Show that the three-variable
functors (X ∧ Y ) ∧ Z and X ∧ (Y ∧ Z) are naturally equivalent.

When these constructions are applied to CW complexes, they return CW
complexes. It is helpful to know how the ouput CW structures are related
to those of the inputs.

Problem 3.23 Suppose X and Y are pointed CW complexes. Show that X ∨Y
is a subcomplex of X × Y . Explicitly relate the cells of X ∨ Y and X ∧ Y to the
cells of X, Y and X × Y .

Pointed Mapping Spaces. When we work with pointed spaces, we use a
simplification of the mapping space notation: instead of map((X, ∗), (Y, ∗)),
we write

map∗(X, Y ) = {f : (X, ∗)→ (Y, ∗)}

and call it the space of pointed maps from X to Y .

Exercise 3.24 The mapping space map∗(X, Y ) = {f : (X, ∗)→ (Y, ∗)} is again
a pointed space; what is the basepoint?

There is a way to go from pairs to pointed spaces: simply collapse the
subspace to a point – i.e., replace (X, A) with (X/A, ∗). Notice that the
natural quotient map (X, A)→ (X/A, ∗) is a map of pairs.

8Some authors refer to X ∨ Y as the ‘wedge product,’ which is terrible and confusing.
It should be called the wedge sum, or just the wedge.
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Problem 3.25 Show that the induced map

q∗ : map∗(X/A, Y )→ map((X, A), (Y, ∗)).

is a bijection by constructing an inverse function ρ. Also show that q∗ is continuous.

The Category of Pointed Spaces. We want to say that the pointed
version of Theorem 25 is valid in the category T∗, but this requires some
discussion. It is not hard to formulate and verify the pointed versions of this
theorem, except for part (d). For this we have a natural homeomorphism

α : map((X, ∗)× (Y, ∗), (Z, ∗))→ map((X, ∗),map((Y, ∗), (Z, ∗))).

The problem we have is that the domain in the first mapping space is not
a pointed space – it is the pair (X × Y, X ∨ Y ). The way out of this is to
collapse the wedge X ∨ Y to a point and use Problem 3.25. This gives us a
new map

map∗ (X ∧ Y, Z) eα
**

q∗ ∼=
��

map((X, ∗)× (Y, ∗), (Z, ∗)) ∼=
α // map∗(X, map∗(Y, Z)).

The pointed version of Theorem 25(c) asserts that the map

α̃ : map∗(X ∧ Y, Z)→ map∗(X, map∗(Y, Z))

is a homeomorphism. Now that we know what we mean, we can make the
following assertion.

Theorem 28 There is a category T∗ whose objects are pointed topological
spaces, which contains every locally compact pointed space, and which has
the following properties for any X, Y, Z ∈ T∗

(a) map∗(X, Y ) ∈ T∗
(b) The evaluation map @ : map∗(X, Y )×X → Y is continuous.

(c) The composition map ◦ : map∗(X, Y )×map∗(Y, Z)→ map∗(X, Z)
is continuous

(d) The function α : map∗(X × Y, Z) → map∗(X, map(Y, Z)) is a
homeomorphism.

(e) The colimit of any diagram of spaces in T∗ is again a space in T∗.
(f) The limit of any diagram of spaces in T∗ is again a space in T◦.

Exercise 3.26 Show that T∗ is a pointed category.
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Relating the Categories of Pointed and Unpointed Spaces. It some-
times happens that we have a problem in T◦, and we would like to study it
using functors that are defined on T∗, or vice versa. To do this, we need to
clarify the relationship between these two categories. The categories T◦ and
T∗ are related to one another in two ways.

First of all, forgetting the basepoint of a pointed space is a functor
I : T∗ → T◦. Going the other way, we can take an unpointed space X and
form the space

X+ = X t ∗, with basepoint ∗ .

Problem 3.27 Show that the rule X 7→ (X+, ∗) is part of a functor Q : T◦ → T∗,
and that I and Q are an adjoint pair. Which is the left adjoint and which is the
left adjoint?

Exercise 3.28 Show that the rule rule (X, A) 7→ (X/A, ∗) is part of a functor
Q̃ : T(2) → T∗. We can imbed T◦ into T(2) by the functor T◦ → T(2) given by
X 7→ (X, ∅). What does Q̃ do to the unpointed space X?

Based CW Complexes. In based CW complexes, we usually assume
that the base point is a vertex – a point of X0. Then the CW skeleta Xn are
also given the same basepoint, and so the inclusions Xn ↪→ X are pointed
maps.

3.7 Constructions in T∗
There is another kind of product, midway between the ordinary product and
the smash product, which is useful enough to be given its own name and
notation. It is called the half-smash product of X, Y ∈ T∗ is

X o Y =
X × Y

∗ × Y
.

Notice that we can form the half-smash even when Y is not a pointed space!

Exercise 3.29 The constructions X ∧ Y and X o Y are functorial in both
variables. Assuming X and Y are CW complexes, express X oY as a CW complex.

We defined the smash product in the last section, and now we study a
particular case of considerable importance: the (reduced) suspension of X
is ΣX = S1 ∧X.

Exercise 3.30
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(a) Using the identification S1 ∼= I/{0, 1}, show that

ΣX ∼=
X

(X × {0}) ∪ (X × {1}) ∪ ({∗} × I)
.

(b) If X is a pointed space, then there is a copy of I ⊆ Σ0X, namely ∗× I.
Show that ΣX ∼= Σ0X/I.

(c) Suppose X is a CW complex. Describe a CW decomposition of ΣX in
terms of the given one for X.

We will often use this identification, because it gives us a handy notation for points
in ΣX; a typical point can be written as [x, t], the equivalence class of (x, t) ∈ X×I.

Exercise 3.31 For this problem, we use the spheres Sn ⊆ Rn+1 centered at
( 1
2 , 0, . . . , 0), radius 1

2 and basepoint at the origin 0.

(a) For x ∈ Rn×{0} ⊆ Rn+1 there is a well-defined circle in the hyperplane
containing the points 0,x and en+1 which has the segment joining 0 to
x as a diameter. Find a constant speed parametrization α : I → Rn+1

of this circle.

(b) Define φ : ΣSn → Sn+1 by φ([x, t]) = αx(t). Show that φ is a homeo-
morphism ΣSn ∼= Sn+1.

Hint Draw the picture in the cases n = 0 and n = 1.

The (reduced) cone on a pointed space is the space CX = X ∧ I (we’ll
use 1 ∈ I as the basepoint in this context). The (reduced) cylinder on X
is the space X o I (here the basepoint of I is immaterial). The cone CX
comes with a natural inclusion map

i : X ↪→ CX given by x 7→ [x, 0].

There are two natural inclusions i0, i1 : X ↪→ X o I, given by i0(x) = [x, 0]
and i1(x) = [x, 1].

Exercise 3.32 Draw pictures of cylinders, cones, and the inclusion maps so
that you understand why they are named as they are.

Problem 3.33 Show that there is a pushout square

X //

��

CX

��
CX // ΣX.

It is up to you to precisely define the maps in this square.
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Exercise 3.34 Let X be any space, and let ∗ ∈ X. Determine the mapping
spaces

map(S0, X) and map∗(S
0, X).

In other words, give a complete description of these spaces in terms of X, and not
including any mapping spaces.

A special case of pointed mapping spaces that is very important is the
set of pointed maps from S1 to X; this particular mapping space is denoted
Ω(X), and is called the loop space of X.

Problem 3.35 According to your work in Problems 3.21 and 3.25,

map∗(X, Ω(Y )) ∼= map∗(S, Y ).

for some pointed space S. Give an explicit description of the space S. Use your
answer to identify map∗(Sn,Ω(Sm)) with the space of maps between two familiar
spaces.

Problem 3.36 Show that for 0 ≤ k ≤ n, there is a homeomorphism

map∗(S
n, X) ∼= Ωk(map∗(S

n−k, X)),

where Ωk indicates the loop space functor has been applied k times.

3.8 Mixed Adjunctions

It sometimes happens that we have a problem in T◦, and we would like to
study it using functors that are defined on T∗, or vice versa. To do this,
we need to clarify the relationship between these two categories using the
forgetful functor I : T∗ → T(2) and the quotient space functor Q̃ : T(2) → T∗.

Problem 3.37

(a) Work out X+ ∧ Y+ and X ∧ Y+ in T∗.
(b) Express I(X×Y ) in terms of I(X) and I(Y ). Also write out Q(X×Y )

in terms of Q(X) and Q(Y ).

(c) Repeat (c) for coproducts.

(d) Show that map∗(X+, Y ) ∼= map(X, Y ) in T∗.9

Problem 3.38 Show that the exponential law implies that there is a natural
isomorphism

map∗(X o Y, Z) ∼= map∗(X, map(Y, Z))

for X, Y, Z ∈ T∗. Conclude that the functors ? o Y and map( ? , Z) are adjoint.

9If Y is a pointed space, then so is map(X, Y ) for any (pointed or unpointed) space
X; what is the basepoint?
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Now we can derive some useful results about smashes and pushouts.

Proposition 29 Consider the diagram

A //

��

B

��
C // D

in either T or T∗.

(a) If the diagram is a pushout square, then so are

A×X //

��

B ×X

��
C ×X // D ×X

, A o X //

��

B o X

��
C o X // D o X

and

A ∧X //

��

B ∧X

��
C ∧X // D ∧X

for any space X.

(b) If the original diagram is a pullback square, then so are

map(X, A) //

��

map(X, B)

��
map(X, C) // map(X, D)

and

map∗(X, A) //

��

map∗(X, A)

��
map∗(X, A) // map∗(X, A).

Problem 3.39 Prove Proposition 29 using Theorem 17

Problem 3.40 Show that for any X ∈ T∗, X+ ' X ∨ S0 in T , but if X 6' ∗,
then X+ 6' X ∨ S0 in T∗.

Corollary 30 There is a natural equivalence

X ∧ (Y ∨ Z) ∼= (X ∧ Y ) ∨ (X ∧ Z)

in the category T∗.
Problem 3.41 Prove Corollary 30.



Chapter 4

Homotopy

Topology can be described as the study of all continuous maps between
topological spaces, and the composition of those maps with one another.
This is a huge problem because, for starters, there are generally going to
be uncountably many maps from one space to another. The subject of
homotopy theory arises when we simplify the grand problem by changing our
object of study from continuous maps to equivalence classes of continuous
functions under the equivalence relation called homotopy. This dramatically
simplifies the situation and makes it possible to make some real progress.

4.1 Definition of Homotopy

Let’s start by defining our equivalence relation. The intuitive idea is that we
should consider f and g to be equivalent if f can be ‘continuously deformed’
into g. If we let this ‘deformation occur between time t = 0 and t = 1, then
we can let ft be the map that results from the deformation up to time t;
then f0 = f and f1 = g.

While this point of view is frequently useful, it has proven to be easier
to use a definition which views the rule (x, t) 7→ ft(x) as a single function.

Definition 31 Two maps f, g : X → Y are homotopic if there is another
map

H : X × I → Y such that H|X×{0} = f and H|X×{1} = g

The notation f ' g denotes that f is homotopic to g. The map H is called
a homotopy.

67
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This first notion of homotopy does not require our deformation to respect
any of the structure that X might have, apart from its topology. Such a
homotopy is sometimes called a free homotopy when this needs emphasis.

Your first problem is to interpret homotopy in terms of mapping spaces;
it is easier in the context of mapping spaces to find the ‘correct’ notion for
homotopy of pointed maps.

Problem 4.1 Let X and Y be two spaces.

(a) Use the exponential law to interpret homotopy of maps from X to Y in
terms of basic topological properties of the mapping space map(X, Y ).

(b) Generalize the new interpretation to define pointed homotopy1 of
pointed maps f, g ∈ map∗(X, Y ).

(c) Interpret your answer in (b) in the language of Definition 31.

(d) Show that pointed homotopies are in one-to-one correspondence with
maps H : X o I → Y .

Problem 4.2 Let X be a topological space, and let x, y ∈ X. Say that x ∼ y
if x and y are in the same path component of X (i.e., if there is a path α : I → X
with α(0) = x and α(1) = y).

(a) Show that ∼ is an equivalence relation.

(b) Conclude that ' is an equivalence relation in both the free and pointed
context.

We will almost always deal with pointed spaces, maps and homotopies in
the book. But we do occasionally need to deal with free homotopy classes,
so we’ll establish different notation for the two cases. For any two spaces X
and Y , we write

〈X, Y 〉 = {free homotopy classes of maps X → Y }

(there does not seem to be any standard notation for this set). If X and Y
are pointed spaces, we write

[X, Y ] = {pointed homotopy classes of maps X → Y },

which is very much the standard notation. We denote the homotopy class
of a map f : X → Y in T◦ by 〈f〉 ∈ 〈X, Y 〉, and if f ∈ T∗, then we write
[f ] ∈ [X, Y ].

Exercise 4.3 The set [X, Y ] is a pointed set – what is the basepoint?

1Pointed homotopy will also be denoted f ' g.
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If X is a topological space, we denote by π0(X) the set of path compo-
nents of X. In terms of sets, this is simply the set X/ ∼, where ∼ is the
equivalence relation you studied in Problem 4.2. If X is a pointed space,
then π0(X) is a pointed set — there is a special point in π0(X), namely
the equivalence class of the special point ∗ ∈ X.

Problem 4.4 We need to know that π0 is functorial, so let f : X → Y and
g : Y → Z be two maps in T∗.

(a) Show that if x, x′ ∈ X, then f(x) ∼ f(x′) in Y .

(b) Define π0(f) – make sure that it is well defined.

(c) Verify that π0(g ◦ f) = π0(g) ◦ π0(f).

(d) Conclude that π0 is a covariant functor from T∗ to the category of
pointed sets.

Problem 4.5 Interpret [X, Y ] in terms of π0. Is [X, Y ] functorial? Explain
thoroughly, keeping in mind that there are two possible ‘variables’.
Hint Think in terms of composition of functors.

Problem 4.6 Let f, g : X → Y , and suppose f ' g.

(a) Show that f∗, g∗ : map(A,X)→ map(A, Y ) are homotopic.

(b) Show that f∗, g∗ : map(Y,B)→ map(X, B) are homotopic.

(c) Prove the same thing for pointed mapping spaces.

Hint Use the interpretation of homotopies as paths in mapping spaces.

Problem 4.7 Show that the functors ? × Z, ? o Z and ? ∧ Z also respect
homotopy.

Problem 4.8 Suppose X ' Y , and show that for any spaces A and B

(a) map∗(A,X) ' map∗(A, Y ) and map(A,X) ' map(A, Y )

(b) A ∧X ' A ∧ Y , A o X ' A o Y , and A×X ' A× Y .

Let’s conclude by looking at a specific example.

Problem 4.9

(a) Let x, y ∈ Rn. Write down a formula for the straight-line path from x
to y.

(b) Let X = {∗}, and let f, g : X → Rn be defined by f(∗) = x and
g(∗) = y. Show that f ' g.

(c) Now let X be any space, and let f, g : X → Rn. Show that f ' g.
What is 〈X, Rn〉?

(d) Choose a point a ∈ Rn, and let this be the basepoint of Rn. Let X be
a pointed space; what is [X, Rn]?
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Homotopies of Paths. A path in a space X is just a continuous function
α : I → X. Homotopy classes of paths play an important role in many con-
texts, including complex analysis and geometry, not to mention homotopy
theory.

Exercise 4.10 Show that if X is path connected, then any two paths are freely
homotopic. If the paths are pointed, then they are pointed homotopic.

This problem seems to suggest that the homotopy theory of paths in
spaces is entirely trivial. The content comes when we restrict our homo-
topies even further. If α and β are paths in X from x0 to x1, then a path
homotopy H : α ' β is a is a homotopy H with the additional property
that H|0×I is constant at x0 and H|1×I is constant at x1. In other words,
each map αt = H|I×t is a path from x0 to x1.

If α, β : I → X are paths in X, then we define their concatenation

α ∗ β : I → X

by the formula

α ∗ β(t) =


α(2t) if t ∈ [0, 1

2 ]

β(2t− 1) if t ∈ [12 , 1].

We also define the reverse path ←−α : I → X by ←−α (t) = α(t− 1).

Problem 4.11 Show that there is a path homotopy α ∗ ←−α ' ∗, the constant
path at α(0).

4.2 Composing and Inverting Homotopies

We compose two homotopies H : f ' g and K : g ' h by concatenating
them like so

(H + K)(x, t) =


H(x, 2t) if t ∈ [0, 1

2 ]

K(x, 2t− 1) if t ∈ [12 , 1].

There is a trivial homotopy, which we will refer to as the static homo-
topy, from f : X → Y to itself, namely staticf : X × I → Y given by
staticf (x, t) = f(x).2

2Thus staticf = f ◦ prX .



4.3 The Homotopy Category 71

We can also form the reverse of a given homotopy, as you did in your
proof that homotopy is a symmetric relation. If H : X × I → Y is a
homotopy, then its reverse is the homotopy ←−H : X × I → Y given by←−
H (x, t) = H(x, 1− t).

Two homotopies H,K : X × I → Y are homotopic if there is a homo-
topy

J : (X × I)× I → Y

which begins at H when s = 0 and ends at K when s = 1; and for every
value of s, J(x, 0, s) = f(x) and J(x, 1, s) = g(x).

Exercise 4.12 In Problem 4.1 you showed how to interpret a homotopy of
maps X → Y as a path in the mapping space map(X, Y ). Show that in this
interpretation,

(a) sum of homotopies is concatenation of paths,
(b) the reverse homotopy is just the reverse path, and
(c) a homotopy-of-homotopies is a path homotopy.

Problem 4.13 Let H : f ' g be a homotopy.

(a) Show that H + staticg ' H ' staticf + H.

(b) Show that there is a homotopy-of-homotopies from H +←−H ' staticf .

Hint Think of the homotopies as paths in map(X, Y ).

4.3 The Homotopy Category

We can make two new categories, called the pointed homotopy category
and unpointed homotopy category. The pointed homotopy category is
the most important for us, and we denote it by hT∗. The objects and
morphisms of this category are

ob(hT∗) = ob(T∗)
morhT∗(X, Y ) = [X, Y ].

The unpointed homotopy category hT◦ is defined analogously; and we use
hT for statements that are equally valid in either category.

Exercise 4.14 Verify that hT∗ is actually a category, and that the obvious
assignment L : T∗ → hT∗ given by L : X 7→ X and L : f 7→ [f ] (the pointed
homotopy class of f) is a functor. Is it fair to call L a forgetful functor?

We say that a diagram F : I → T∗ is homotopy commutative if it
becomes commutative after applying the functor L – i.e., if the composite
diagram L ◦ F : I → hT∗ is commutative.
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Exercise 4.15 Give an example of a diagram that is homotopy commutative
but not commutative.

We will get in the habit of dealing with homotopy commutative diagrams;
when we wish to be clear that a diagram is commutative (and not just
homotopy commutative) we will say that it is strictly commutative or
commutative ‘on the nose.’3

Problem 4.16 Show that there is a natural equivalence

[X ∧ Y, Z] ∼= [X, map∗(Y,Z)].

Definition 32 Two spaces X and Y are (pointed) homotopy equivalent
if they are equivalent in the homotopy category hT . This is denoted X ' Y ;
in the special case X ' ∗, X is called (pointed) contractible.

Exercise 4.17 Write out explicitly in terms of maps, spaces and homotopies
exactly what it means for two spaces to be homotopy equivalent. Does it make a
difference if you work with pointed or unpointed spaces – that is, could there be
two pointed spaces which are homotopy equivalent in T◦ but not in T∗?

Problem 4.18 Show that the following are equivalent for Y ∈ T∗.

1. Y ' ∗

2. [X, Y ] = ∗ for all X ∈ T∗
3. [Y, Z] = ∗ for all Z ∈ T∗.

Problem 4.19

(a) Show that if X ' ∗, then X is path connected.

(b) Show that if X ' ∗, then ΩX ' ∗ and ΣX ' ∗.
(c) Find an example of a space X such that X 6' ∗ but its loop space

ΩX ' ∗.

Problem 4.20

(a) Show that Rn is contractible.

(b) Let X ∈ T◦, and suppose f : X → Sn is map which is not surjective.
Show that f is homotopic to a constant map – i.e., show that f ' ∗. Is
this true in T∗?

Nullhomotopic Maps. A map f : X → Y that is homotopic to the
constant map ∗ : X → Y is called a nullhomotopic map, or a trivial map.
A homotopy H : f ' ∗ is sometimes called a nullhomotopy. There are
several useful criterial for deciding if a map is nullhomotopic or not.

3or, perhaps, ‘nasally commutative’?
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Problem 4.21 Let f : X → Y . Show that the following are equivalent:

1. f is nullhomotopic

2. there is a commutative diagram

X
f //

i ""D
DD

DD
DD

D Y

CX.

e

==zzzzzzzz

3. f factors (up to homotopy) through a contractible space.

Problem 4.22 Show that a map α : Sn → X is homotopic to ∗ if and only if it
factors through Dn+1 – that is, if and only if there is a map ᾱ : Dn+1 → Y such
that the diagram

Sn α //

i ##F
FFFFFFF Y

Dn+1

ᾱ

<<yyyyyyyy

is strictly commutative.

For X ∈ T∗, we consider the space of pointed paths

P(X) = {ω : I → X |ω(0) = ∗},

and the evaluation map @1 : P(X)→ X given by @1(ω) = 1.

Problem 4.23 Show that P(X) is contractible.

Problem 4.24 Let f : X → Y and show that the following are equivalent

1. f is nullhomotopic

2. there is a lift λ in the diagram

P(Y )

@1

��
X

f //

λ
44

Y

Now we show how to correlate our two criteria. Let f : X → Y . You have
shown how to construct, from a nullhomotopy H : f ' ∗, maps CX → Y
extending f and X → P(Y ) lifting X.



74 4. Homotopy

Problem 4.25 Show that there is a map CX → P(X) making the diagram

X
λ //

in1

��

P(Y )

@1

��
CX

e //

77

Y

strictly commutative.

Problem 4.26

(a) Show that there is a pullback square

ΩX

��

// P(X)

@1

��
∗ // X

(b) Construct the diagram

ΩX
in0 //

��

CΩX

��

e // P(X)

@1

��
∗ // ΣΩX

L // X.

Write out explicit formulas for the maps e and L.

(c) The exponential law gives an explicit homeomorphism

map∗(ΣΩX, X) ∼= map∗(ΩX, ΩX).

Show that under this bijection, L corresponds to the identity map
idΩX ∈ map∗(ΩX, ΩX).

4.4 Groups and Cogroups in hT∗
In order to get algebra involved in our topology, we need to find some cogroup
objects in the category hT∗.

Let’s start by studying the space S1 ⊆ C; we will use the point 1 ∈ S1

as the basepoint ∗. If we identify the point −1 with ∗, the result is a wedge
of two circles; thus the quotient map φ is a map

φ : S1 → S1 ∨ S1.

We can also reverse the orientation of the circle by flipping it over, giving a
map ν : S1 → S1.
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Exercise 4.27 Write down explicit formulas for the maps φ and ν in each of
the following contexts:

(a) think of points in S1 as complex numbers;

(b) think of points in S1 as angles between 0 and 2π;

(c) think of S1 as I/{0, 1}.

The next theorem gives us the most important example of a cogroup
object in the category hT∗ – the circle!

Theorem 33 The maps φ and ν make S1 into a cogroup object in hT∗.

Exercise 4.28 Think of S1 as the quotient space I/{0, 1}, with basepoint [0] =
[1]. Let f : S1 → S1 be the map which collapses the (image of) the line segment
[a, b] to a point and stretches the rest of the circle uniformly, where 0 ≤ a < b ≤ 1.
Show that f ' 1S1 . Can the homotopy be chosen to be a pointed homotopy?

Problem 4.29 Prove Theorem 33. Is S1 a cogroup object in T◦?

Hint This ultimately boils down to showing that certain maps S1 → S1 are homo-
topic. Exercise 4.28 can be useful.

Once we have one cogroup object in hand, we can construct many more,
as the next problem shows.

Problem 4.30

(a) If A is a cogroup object in hT∗, show A∧X is also a cogroup. Describe
the structure maps for A ∧ X in terms of those for A. What can you
say about A ∧X if A is a commutative cogroup?

Hint Use the functoriality of ? ∧X.

(b) Show that any space X, the suspension ΣX is a cogroup object in hT∗.
Write down explicit formulas for α + β and −α for α, β ∈ [ΣX, Y ].

(c) Show that Sn is a cogroup object in hT∗ for all n ≥ 1.

Problem 4.31

(a) Write down the composition of maps which defines 1S1 · 1S1 ∈ [S1, S1].
We’ll refer to this map as 2 : S1 → S1.

(b) Write down the composition of maps which defines f · f ∈ [S1, X].

(c) We have 2∗ : [S1, X]→ [S1, X]. Show that 2∗(f) = f · f .

Notice that Theorem 33 does not guarantee that 2∗ is a homomorphism,
and in fact it won’t be if [S1, X] is not abelian.



76 4. Homotopy

Abelian Cogroup Objects. Since abelian groups are so much easier to
deal with than general groups, it will be very helpful to be able to recognize
abelian cogroup objects. The most important example of an abelian cogroup
object in hT∗ is S2.

Theorem 34 The two-sphere S2 is a cocommutative cogroup in the homo-
topy category.

Problem 4.32 View S2 = {x ∈ R3 | |x| = 1} with basepoint ∗ = (1, 0). Let
Rθ : S2 → S2 be rotation by θ radians about the x-axis (note that Rθ is a pointed
map).

(a) Write down explicitly the formula for the pinch map φ : S2 → S2 ∨ S2

that collapses the equatorial circle S2 ∩ (R2 × 0) to a point.

(b) Show that Rθ ' idS2 .

(c) Show that the diagram

S2
Rπ //

φ

��

S2

φ

��
S2 ∨ S2 T // S2 ∨ S2

is strictly commutative.

(d) Prove Theorem 34.

Using Theorem 34 we get a vast collection of abelian cogroup objects in
hT∗.
Exercise 4.33 Show that for any space X, the double suspension Σ2X is a
cocommutative cogroup object in hT∗. In particular Sn is a commutative cogroup
for n ≥ 2.

There are cocommutative cogroup objects that are not double suspen-
sions, but even these are retracts of double suspensions.

Group Objects in hT∗. We close this section with a brief survey of the
dual results.

Problem 4.34 Let X be a cogroup object in T∗.

(a) Show that map∗(X, Y ) is a group object in T∗ for any space Y , and if X
is a cocommutative cogroup object, then map∗(X, Y ) is a commutative
group object.

(b) Show that if Y is a group object, then map∗(X, Y ) is a group object,
and if Y is commutative, then so is map∗(X, Y ).
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Theorem 35 For any space X,

(a) ΩX is a group object in hT∗, and

(b) Ω2X is a commutative group object in hT∗.

Problem 4.35 Prove Theorem 35.

4.5 Homotopy Groups

Now we come to our first, and arguably most important, specific collection
of functors – the homotopy groups of a pointed space X ∈ T∗. For n ≥ 0,
we define

πn(X) = [Sn, X],

and if f : X → Y , then πn(f) = f∗ : πn(X) → πn(Y ). We know by
Proposition 4 that these rules do in fact define covariant functors. On the
face of it, these functors take there values in the category of pointed sets, but
the results of the last section imply that they can be given more algebraic
structure.

Theorem 36

(a) For n ≥ 1, the functor πn takes its values in the category G of
groups and homomorphisms.

(b) For n ≥ 2, the functor πn takes its values in the category abG.

Problem 4.36 Prove Theorem 36.

We now have two definitions of π0 – the one defined above in terms of
S0 and the one defined in Section 3.1 using path components.

Exercise 4.37 Show that the two definitions of the functor π0 are naturally
equivalent.

Exercise 4.38 Intepret the groups πn(map∗(X, Y )) and πn(map(X, Y )) as sets
of the form [A,B], with no mapping spaces or πs involved.

Exercise 4.39 Show that for any space X ∈ T∗, there is a wedge of spheres
W =

∨
α Snα and a map w : W → X such that the induced map

w∗ : πn(W )→ πn(X)

is surjective for every n.

Many introductory topology classes finish by studying the fundamental
group of a space, i.e., π1(X). Therefore, we will take the following theorem
for granted.
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Theorem 37 π1(S1) ∼= Z.

Proof Sketch. Think of S1 ⊆ C, and so every function f : S1 → S1

can be thought of as a function f : S1 → C which does not hit the point
0. Thus we can compute the winding number of f around zero – denote
this by W (f) (in complex analysis, this is done by evaluating a certain line
integral). If f ' g, then W (f) = W (g), and so the winding number defines
a function W : π1(S1)→ Z. The map W is a group isomorphism. 2

Let f : X → Y be a map in T◦. If we want think of f as a pointed map,
we can choose a basepoint x0 ∈ X; but then in order for f to be a pointed
map, we are forced to choose y0 = f(x0) as the basepoint of Y . Let’s call
the resulting pointed map fx0 . Thus we have a procedure which takes an
unpointed map f and produces a huge collection of pointed maps, one for
each point x0 ∈ X.

4.6 Homotopy and Duality

As we progress, we will find ourselves proving various results about homo-
topies, and we will of course want to keep our eyes open for results that can
be dualized. But what is the dual of a homotopy? That is the question we
address in this section.

Let Y be a space, and consider the mapping space Y I = map(I, Y ). This
is called the (unpointed) path space of Y . If you choose a point t ∈ I, then
evaluation at t defines a function

@t : Y I → Y.

Problem 4.40

(a) Show that @t : Y I → Y is a homotopy equivalence.

(b) Show that homotopies H : X × I → Y from f to g correspond by the
exponential law to functions K : X → Y I such that @0 ◦ K = f and
@1 ◦K = g.

Now we have two ways to talk about homotopies of maps from X → Y ;
they can be thought of as maps

X × I → Y or as maps X → Y I .

The purpose of this discussion is to nail down carefully the sense in which
these two notions of homotopy are dual to one another.
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To achieve this, we add another layer of abstraction. For a space Y ,
we define a path object for Y to be a space, which we’ll denote Path(Y )
even though it is not unique, together with a map p : Path(Y ) → Y × Y .
We’ll write p = (p0, p1), and both components are required to be homotopy
equivalences. Here it is as a diagram

Path(Y )

p

��

p1

'
##

p0

'
{{

Y Y × Ypr1
oo

pr2
// Y

The dual notion is that of a cylinder object, which should fit into the
diagram

X
in0 //

i0

'
**

X tX

i
��

X
in1oo

i1

'
tt

Cyl(X).

Problem 4.41

(a) Show that Y I , together with the maps p0 = @0 and p1 = @1, constitutes
a path object for Y .

(b) Show that X × I, together with the maps i0 = in0 and i1 = in1,
constitutes a cylinder object for X.

Now we define a left homotopy to be a function H : Cyl(X)→ Y such
that the following diagram commutes

X tX
(f,g)

##
(i0,i1)

��
Cyl(X) H // Y,

where Cyl(X) is any cylinder object for X. Dually, a right homotopy is
a map K : X → Path(Y ) such that

Y × Y

X
K //

(f,g)
44

Cyl(Y )

(p0,p1)

OO

where Path(Y ) is any path object for Y .
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Exercise 4.42

(a) Show that if we choose Cyl(X) = X × I with i = (in0, in1), then a left
homotopy is the same thing as an ordinary homotopy.

(b) Do the same for Path(Y ) = Y I with p = (@0,@1).

Problem 4.43 Let f, g : X → Y , and suppose you are given a path object and
a cylinder object, not necessarily the standard ones. Show that if f and g are either
right homotopic or left homotopic, then they are homotopic in the standard sense.

Unfortunately, the converse of this problem is not true with the definition
we have given so far.

Problem 4.44

(a) Show that (with our definition), the space X, together with the folding
map ∇ : X tX → X, is a cylinder object for X. What does it take for
two maps to be left homotopic using this particular cylinder object?

(b) Show that (with our definition), the space Y , together with the diagonal
map ∆ : Y → Y × Y is a path object for Y . What does it take for two
maps to be right homotopic using this particular path object?

The solution to the difficulties pointed out in Problem 4.44 is to impose
additional restrictions on the maps p : Path(Y ) → Y and i : X t X →
X. Once this is done it will turn out that ordinary homotopy of maps is
equivalent to left homotopy or right homotopy, using any path or cylinder
objects you choose. We will come back to these issues in Chapter ??.



Chapter 5

Cofibrations and Fibrations

Certain maps are very well suited to working with homotopies. When we’re
talking about a map i : A → X of domains, the key question is whether or
not it is possible to extend a homotopy of a map A → Y to a homotopy
defined on X. Maps where this extension is always possible are called cofi-
brations. When we’re concerned with targets, we say that a map p : E → B
is a fibration if any homotopy of a map X → B can be lifted to a homotopy
in E.

5.1 Cofibrations

5.1.1 Definition of Cofibrations

Let A ⊆ X and f : X → Y ; then the restriction of f to A, f |A : A→ Y , is
also a map with target A. Suppose we are given a homotopy HA : A×I → Y
from f |A to some other map gA : A → Y . An extension of the homotopy
HA to X is a homotopy H : X × I → Y such that HA = H|A×I . This is
illustrated in the diagram

A
i //

i0
��

X

i0
�� f

��

A× I
i×idI //

HA --

X × I

H

''
Y

For some particularly nice maps i : A → X, every homotopy can be ex-
tended.

81
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Definition 38 A map i : A→ X has the homotopy extension property
if, for any map f : X → Y , and any homotopy HA : A × I → Y of f |A to
some other map, there is an extension H : X×I → Y . If i has the homotopy
extension property, then i is called a cofibration.

The homotopy extension property for the map i : A → X is frequently
expressed in the diagram form

A

i
��

HA // Y I

@0

��
X

f //

H

88

Y.

The idea here is that you have a homotopy HA that is define only on the
subset A ⊆ X, and the question is whether or not that partial homotopy
can be extended to a homotopy on all of X.

Problem 5.1 Show that the composition of two cofibrations is a cofibration.

Exercise 5.2 Let i : A→ X be a cofibration.

(a) Show that any homeomorphism is a cofibration.

(b) Let B = i(A) ⊆ X and let j : A → B be the function obtained from i
by restricting the target. Show that j is a homeomorphism.

(c) Show there is an open set U ⊆ X containing A such that A is a retract
of U .

It follows from Exercise 5.2(b) that every cofibration can be expressed as
a composition A→ B → X, where A→ B is a bijective, and B → X is the
inclusion of a subspace. Problem 5.1, together with Exercise 5.2(a) implies
that A→ X is a cofibration if and only if B → X is a cofibration. However,
you will show later that not every inclusion map is a cofibration. This all
goes to show that it makes sense to think of cofibrations as ‘well-behaved
inclusion maps.’

One of the nice features of cofibrations is that they allow you to replace
squares that are homotopy commutative with squares that are commutative
‘on the nose.’

Problem 5.3 Let

A
i //

f

��

B

g

��
C

j // D
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be a homotopy commutative square, and suppose that i is a cofibration. Show that
there is a map γ : B → D such that γ ' g and the diagram

A
i //

f

��

B

γ

��
C

j // D

is strictly commutative.

Cofibrations and Pointed Spaces. So far, we have been working with
unpointed homotopies A × I → X, and you must have been asking ‘what
about cofibrations for pointed spaces?’

Exercise 5.4

(a) By replacing all free homotopies with pointed homotopies, formulate
the definition of a pointed cofibration.

(b) Show that if A→ X is a map in T∗ which is an unpointed cofibration,1

then it is also a pointed cofibration.

(c) Give an example of a map A→ X in T∗ which is a pointed cofibration
but not an unpointed cofibration.

Because of parts (b) and (c) of the Exercise 5.4, we see that the notion
of unpointed cofibration is strictly stronger than that of pointed fibration.

When working with pointed spaces, it is often helpful to know that the
inclusion of the basepoint ∗ ↪→ X is a cofibration (in the unpointed sense).
When this is the case, we say that X is well pointed, or cofibrant.

Exercise 5.5 Give an example of a pointed space which is not cofibrant.

5.1.2 Reformulations

Next we derive a number of alternative descriptions of cofibrations. Each of
them is useful in its own way.

The first of these arises by comparing X × I with a pushout.

1more precisely, if I : T∗ → T◦ is the forgetful functor, then I(A) → I(X) is an
cofibration as above.
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Problem 5.6 Consider the diagram used to define cofibrations:

A
i //

in0

��

X

in0

�� f

��

A× I
i×idI //

HA --

X × I

H

''
Y.

This should remind you of the definition of the pushout. Let T = X ∪A (A × I)

be the pushout of the diagram A× I A
in0oo i //X .2 Show that i : A → X is a

cofibration if and only if the inclusion T ↪→ X × I has a retraction r : X × I → T .

We can say something even stronger about the retraction r : X×I → T ,
but we need some more terminology first.

If X is a retract of Y , then we have maps i : X → Y and r : Y → X
such that r ◦ i = idX . If, in addition, the composition i ◦ r : Y → Y is
homotopic to idY , then we say that X is a deformation retract of Y . If
the homotopy H : idY ' i ◦ r can be found such that H|X×I = prX , then X
is said to be a strong deformation retract of Y .

Proposition 39 A map i : A→ X is a cofibration if and only if the space
T = X ∪A (A× I) is a strong deformation retract of X × I.

Proof. If T is a deformation retract, then it is an ordinary retract, so theproblemize?
‘if’ implication follows immediately from Problem 5.6. For the converse, if
i is a cofibration then Problem 5.6 gives a retraction r : X × I → T . Write
r coordinatewise in the form r(x, t) = (r1(x, t), r2(x, t)), where r1(x, t) ∈ X
and r2(x, t) ∈ I. Inspired by the idea of the straight-line homotopy, we
define H : r ◦ i ' idX×I by the formula

H((x, t), s) = (r1(x, st), (1− s)t + sr2(x, t)).

You can easily check that this homotopy is constant on T .

The following characterization of cofibrations comes uses the space T =
X ∪ (A × I) as a ‘universal example’ for the cofibration property. It is a
universal example in the sense that if you can extend this homotopy, then
you can extend any homotopy.

2In particular, note that X × I is not the pushout of the square!
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Problem 5.7 Let i : A ↪→ X, and let T = X ∪A (A× I) as in Problem 5.6. Let
i0 : X → T be the inclusion of X at level t = 0, and let i1 : A→ T be the inclusion
of A at level t = 1. Let H : A × I → T be the inclusion function (a, t) 7→ (a, t).
Show that i is a cofibration if and only if the homotopy H can be extended to a
homotopy H̄ : X × I → T from the inclusion X ↪→ T to some other map.

Let’s look at some basic examples.

Problem 5.8

(a) Show that the inclusion A
in0 //A× I is a cofibration.

Hint Use Problem 5.6.

(b) Show that the inclusion i : Sn ↪→ Dn+1 is a cofibration.

Hint Use Problem 5.6. Do this first in the case n = 0; draw a picture
including the point (0, 2) ∈ Rn+1 × R, and think geometrically – there
is no need to write down a complicated formula!

(c) Let X = {0, 1, 1
2 , . . . , 1

n , . . .} and A = {0}. Show that A ↪→ X is not a
cofibration.

(d) Show that the inclusion i : Q ↪→ R is not a cofibration.

Hint For (c) and (d), use Problem 5.7.

Problem 5.9 Show that if A ↪→ X is a cofibration and X is Hausdorff, then A
is closed in X. Show by example if X is not Hausdorff, then A need not be closed.
Hint Show that if A is not closed, then something like Problem 5.8(c) can happen.

A subset A ⊆ X is a (strong) neighborhood deformation retract if
there is an open set U ⊆ X containing A and a strong deformation retraction
r : U → A. We show that A ↪→ X being a cofibration is almost equivalent
to A being a neighborhood deformation retract.

Theorem 40 The inclusion A ↪→ X of a closed subspace is a cofibration if
and only

1. A is a strong neighborhood deformation retract of a neighborhood
U ⊆ X and

2. there is function u : X → I such that A = u−1(0) and U = u−1([0, 1)).

You should take this for granted.

5.2 Constructions and Examples

In this section, we’ll develop some techniques for constructing new cofibra-
tions out of old ones.
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Pushouts and Cofibrations. We begin with one of the most crucial
properties of cofibrations: their behavior with respect to pushouts.

Theorem 41 Let i : A→ X be a cofibration, and suppose the square

A //

i
��

pushout

B

j

��
X // Y

is a pushout square. Then j : B → Y is a cofibration.

Problem 5.10 Prove Theorem 41 by studying the diagram

A

i

��

// B

j

��

// ZI

@0

��
X //

11

Y //

33

Z.

Products and Cofibrations. We next turn to the maps that arise when
we form the product of two pairs of spaces. If A → X and B → Y are
cofibrations, the we have maps

A×B → (A× Y ) ∪ (X ×B)→ X × Y.

We show that these maps, and hence their composition, are cofibrations.

Proposition 42 If A→ X and B → Y are cofibrations, then

A× Y ∪X ×B → X × Y

is also a cofibration.

Proof. Let u : X → I and H : X × I → X be the maps guaranteed by
Theorem 40 because A ↪→ X is a cofibration, and likewise let and v : Y → I
and K : Y × I → Y be the maps which show that B ↪→ Y is a cofibration.
Then the maps

w(x, y) = min{u(x), v(y)} and

J(x, y, t) =


(
H(x, t),K

(
y, tu(x)

v(y)

))
if v(y) ≥ u(x)

(
H

(
x, t v(y)

u(x)

)
,K(y, t)

)
if u(x) ≥ v(y)

satisfy the conditions of Theorem 40, and so prove the Proposition.
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Problem 5.11 Suppose i : A ↪→ X and j : B ↪→ Y are cofibrations.

(a) Show that A× Y ↪→ X × Y is a cofibration.

(b) Show that A×B ↪→ (A× Y ) ∪ (X ×B).

Hint The space (A× Y ) ∪ (X ×B) is a pushout. is a cofibration.

(c) Show that A×B ↪→ X × Y is a cofibration.

Problem 5.12 Suppose A and X are both cofibrant. Prove that if A ↪→ X is a
pointed cofibration then it is also an unpointed cofibration.

Important Examples. Now we can find some of the most frequently used
examples of cofibrations.

Problem 5.13

(a) Let K be a space, and let X = K ∪f Dn, the space obtained from K by
attaching a disk using the map f : Sn−1 → K. Show that the inclusion
map i : K ↪→ X is a cofibration.

(b) Show that if X is a finite CW complex and K ⊆ X is a subcomplex,
then the inclusion K ↪→ X is a cofibration.

Problem 5.14 Let A and B be any two cofibrant spaces.

(a) Show that A ∨B ↪→ A×B is a cofibration.

(b) Show that the inclusion A ↪→ A ∨ B is a cofibration. Is it necessary
that both spaces be well pointed?

(c) Show that i0 : A→ A o I is a cofibration.3

Hint Show that the square

A ∨ I

(idA,∗)
��

� � // A× I

q

��
A

i0 // A o I

is a pushout square.

(d) Show that (i0, i1) : A ∨A→ A o I is a cofibration.

(e) Recall that the cone on A is CA = A ∧ I. Show that i1 : A ↪→ CA is a
cofibration.

Hint Set up a pushout square similar to the one in part (c).

(f) Show that the inclusion X ↪→ X∪f CA is a cofibration, no matter what
the attaching map f : A→ X is.

3Of course, exactly the same reasoning will lead you to the conclusion that i1 is a
cofibration.
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5.3 Exact Sequences

Cofibrations are used to bring exact sequences into topology, and exact
sequences are perhaps the most important tool that we have when it comes
to making explicit calculations in homotopy theory.

A sequence of pointed sets A→ B → C is exact if the kernel of B → C
(i.e., the set of all b ∈ B that map to ∗ ∈ C) is precisely equal to the image
of A → B. Most often we deal with exact sequences of groups — a group
is a pointed set whose basepoint is the identity element. The most basic
example of an exact sequence of groups is

N → G→ G/N,

where N is a normal subgroup of G, and the maps are the ones you expect.
There are sequences of this kind in topology: those of the form A → X →
X/A. Should we hope that, for any space Y , the corresponding sequence

[X/A, Y ] [X, Y ]oo [A, Y ]oo

of pointed sets is exact? It turns out that this is true as long as the inclusion
i : A ↪→ X is a cofibration.

Theorem 43 Let i : A → X be a cofibration in T∗, and let q : X → X/A
be the canonical quotient map. Then for any space Y ∈ T∗, the sequence of
pointed sets

[A, Y ] [X, Y ]i∗oo [X/A, Y ]
q∗oo

is exact.

Problem 5.15 We continue to use the hypotheses and notation of Theorem 43.

(a) Let f : X → Y and assume that there is a map g : X/A→ Y such that
g ◦ q ' f . Show that f |A ' ∗.

(b) Let f : X → Y , and suppose that f |A ' ∗. Show that there is a map
g : X/A→ Y such that g ◦ q ' f .

Hint First show that there is a map k : X → Y such that k(A) = ∗
and such that k ' f . Get the map g from the map k.

(c) Prove Theorem 43.

Proposition 44 Suppose A → X is a cofibration and A is contractible.
Then the quotient map q : X → X/A is a homotopy equivalence.
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Proof. Since A is contractible, there is a homotopy H : idA ' ∗. Sinceproblemize!
A ↪→ X is a cofibration, we can extend H to a homotopy J : X × I → X
with J(A × 1) = ∗. Define jt(x) = J(x, t), so jt : X → X for each t ∈ I,
j0 = idX , and j1(A) = ∗. Since j1(A) = ∗, we can factor j1 through X/A as
in the picture

X
j1'idX //

q ""E
EE

EE
EE

E X

X/A.
ej1
<<yyyyyyyy

We claim that q and j̃1 are homotopy inverses, and we start by observing
that the homotopy J gives

j̃1 ◦ q = j1 ' idX .

On the other hand, since H(A, t) ⊆ A for each value of t, we can construct
functions j̃t : X/A→ X for each t, and the function

K : (X/A)× I → X/A

given by K([x], t) = q(j̃t([x])) is a homotopy K : q ◦ j̃1 ' idX/A.

Exercise 5.16 Suppose A ' ∗ and A ↪→ X is a map in T∗. Are X and X/A
homotopy equivalent as pointed spaces, or just as free spaces?

We derive some instant corollaries.

Exercise 5.17 Prove that X o I ' X × I and ΣX ' Σ0X.

Together with Problem 3.2, this gives an easy proof that ΣSn ' Sn+1,
though we already know that ΣSn is homeomorphic to Sn+1.

5.4 Every Map Is Equivalent to a Cofibration

One of the key facts that makes homotopy theory work is that every map
f : X → Y is ‘equivalent to’ a cofibration. To be more precise about this,
we will use the following definition.

Definition 45 Two maps f : A → B and g : X → Y are homotopy
equivalent if there is a homotopy commutative diagram

A
f //

a

��

B

b
��

X
g // Y
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where the vertical arrows a and b are homotopy equivalences. 4

Exercise 5.18

(a) Compare this definition to our previous definition for equivalence of
maps in Exercise 1.7.

(b) Show that if f ' g : X → Y , then f and g are homotopy equivalent.

(c) Generalize this definition to one for homotopy equivalent diagrams. Can
you think of variations on the idea of homotopy equivalent diagrams or
maps? We’ll come back to this in much more detail in the next chapter.

The nice thing about homotopy equivalent maps is that they produce
‘the same’ map on sets of homotopy classes.

Problem 5.19 Suppose f : A → B and g : X → Y are homotopy equivalent
maps in T∗. Let Z be any space, and consider the diagrams

[A,Z] [B,Z]
f∗oo

and

[Z,A]
f∗ //

a∗

��

[Z,B]

b∗

��
[X, Z]

a∗

OO

[Y, Z]
g∗oo

b∗

OO

[Z,X]
g∗ // [Z, Y ].

Show that (1) they are commutative, and (2) the vertical maps are all isomorphisms.

Next we show that every map is homotopy equivalent to a cofibration.

Problem 5.20 Let f : A → X be any map, and let Mf = X ∪f (A o I); in
diagrams,5 Mf is the pushout in the diagram

A
f //

i0

��
pushout

X

��
A o I // Mf .

The space Mf is called the (pointed) mapping cylinder of f .

(a) Show that there is a pushout square

A ∨A
f∨idA //

(i0,i1)

��
pushout

X ∨A

��
A o I // Mf .

4This definition makes sense in either the pointed or the unpointed context – we will
only use it in the pointed context.

5and more precisely!
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(b) Conclude that the maps j : A → Mf given by j(a) = (a, 1) and r :
X →Mf given by x 7→ (x, 0) are cofibrations.

(c) Show that Mf and X are homotopy equivalent.

Hint Find a map r : X → Mf so that X ↪→ Mf → X is the identity
map.

(d) Show that the diagram

A
j // Mf

'
��

A
f // X

is strictly commutative, and conclude that f is homotopy equivalent to
a cofibration.

(e) Show that if f : A→ X is a map in T∗, then the whole diagram can be
constructed in T∗.

(f) Show that this whole discussion is natural. Carefully state what cate-
gories and functors are involved.

You have proved the following theorem.

Theorem 46 Every map f : A→ X in T∗ fits into a strictly commutative
diagram

A
j //Mf

q

��
A

f // X

in which j is a cofibration and q is a homotopy equivalence in T∗ with
homotopy inverse r. Furthermore, the entire construction is functorial on
the category of maps in T∗.

The process of replacing a nasty map f with a homotopy equivalent
cofibration is often referred to as ‘converting f to a cofibration.’

Definition 47 The (standard) cofiber of a map f : A → X is the map
X → Cf obtained as a result of the following procedure:

Step 1 convert f to the cofibration j : A→Mf , and

Step 2 take the composite of X ↪→ Mf with the quotient map Mf →
Mf/A to obtain X → Cf .

The space Cf and is also called the mapping cone of f .
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Problem 5.21 Show that there is a pushout square

A
j //

i

��
pushout

X

��
CA // Cf ,

where i : A ↪→ CA is the standard inclusion.

Note that the cofiber is not just the space Cf , it is the map X → Cf .
However, the usual practice is to be sloppy and refer to Cf as the cofiber.

It is possible to convert a map to a cofibration in many different ways,6

though the mapping cylinder construction is the standard method. No mat-
ter what construction is used, the resulting quotient space is referred to as a
cofiber for the given map. It is natural to ask how different the correspond-
ing cofibers can be. We will show in Problem 6.43 that if C and C ′ are
cofibers arising from two different constructions, then they are homotopy
equivalent to each other.

Problem 5.22 What is the cofiber of the unique map S1 → ∗? Describe the
cofiber of X → ∗ in general.

Given any map f : A → X we get a cofiber X → Cf ; together these
form a sequence of maps A→ X → Cf . Any such sequence, or any sequence
that is naively homotopy equivalent to such a sequence, is called a cofiber
sequence. We conclude this section by showing that cofiber sequences, used
in the domain, yield exact sequences of homotopy sets.

Problem 5.23 Let Y be any space, and let A
f //B

g //C be a cofiber se-
quence. Show that the sequence

[A, Y ] [B, Y ]
f∗oo [C, Y ]

g∗oo

is an exact sequence of pointed sets.

Unpointed Mapping Cylinders and Mapping Cones. If we are work-
ing with unpointed spaces, then our homotopies have to be free homotopies.
This forces us to define the unpointed mapping cylinder using A× I instead

6For example, if the map is a cofibration already, why do anything to it?
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of A o I, using the pushout square

A
f //

i0
��

pushout

X

��
A× I //Mf .

The unpointed mapping cone is obtained from the unreduced mapping cylin-
der by collapsing Mf to a point.

Problem 5.24 Let X be a cofibrant space. Then after forgetting the basepoints
and attaching disjoint ones, the inclusion ∗ → X of the basepoint becomes the
pointed map ∗+ → X+.

(a) Show that the cofiber of this map is X itself.

(b) Show that there is an exact sequence

π0(Y )← 〈X, Y 〉 ← [X, Y ]

(c) Conclude that if Y is path-connected, then the map [X, Y ]→ 〈X, Y 〉 is
surjective. Is it is bijective?

5.5 Fibrations

Fibrations are the dual concept to cofibrations, and our discussion of them
is largely parallel to, but briefer than, our discussion of cofibrations.

Dualizing Cofibrations. To see the duality clearly, we rewrite the ho-
motopy extension property using the cylinder object notation, like so

A
i //

i0
��

X

i0
�� f

��

Cyl(A)
Cyl(i) //

HA --

Cyl(X)

H

''
Y.

Since dualization reverses arrows and replaces cylinder objects with path
objects, we find that a map p : E → B satisfies the dual property – called
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the homotopy lifting property – if it satisfies the condition set out by
the diagram

X
KB

**

f

%%

K

((
Path(E)

p0

��

// Path(B)

p0

��
E

p // B.

If the map p has this property for every map f it is called a fibration.
This is a fine definition, but what does it mean? We are given a map

f : X → E, and hence the composite map φ = p ◦ f : X → B; we are also
given a homotopy KB from φ to some other map γ. If p is a fibration, then
a new homotopy K from f to some other map g such that p ◦ g = γ can be
found. This is frequently expressed in the diagram form

X

in0

��

f // E

p

��
Cyl(X)

HB //

H

77

B.

The idea here is that you have a partial lift of H – that is, the map f lifts the
part of H along the bottom level of the cylinder. The question is whether or
not that partial lift can be extended to a full lift. This is why the defining
property of fibrations is called the homotopy lifting property.

Problem 5.25 Formulate and prove the dual of Problem 5.6. You will find that
p : E → B is a fibration if and only if there is a map from a certain pullback to EI

with certain properties. Such a map is called a lifting function; lifting functions
play a key role in in the detailed point-set level study of fibrations.

Problem 5.26

(a) Show that the map E → ∗ is a fibration no matter what E is. Thus
every space E is fibrant.

(b) Prove that the evaluation map p0 : BI → B is a fibration, no matter
what A is.7

(c) Show that the projection prB : A×B → B is a fibration for any A and
B.

7Likewise, p1 is a fibration.
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The following relative homotopy lifting property is frequently useful.

Problem 5.27 Suppose i : A ↪→ X is a cofibration and p : E → B is a fibration.
Suppose we are given a map f : X → B, a homotopy H : X × I → B, a map
φ : X → E such that p◦φ = f , and a homotopy J : φ|A ' γA such that p◦J = H|A.

(a) Draw a diagram illustrating all this information. It will behoove you to
introduce the space T = X ∪ (A× I).

(b) Show that there is a homotopy H̃ : φ ' γ such that p ◦ H̃ = H and
H̃|A×I = J .

Hint Use Proposition 39.

Theorem 48 Suppose the square

P //

q

��

E

p

��
A // B

is a pullback square, and that p is a fibration. Then q is also a fibration.

Problem 5.28 Prove Theorem 48 by studying the diagram

X //

i0

��

EA
//

pA

��

E

p

��
X × I //

1133

A // B.

When p : E → B is a fibration, and b ∈ B, we call the space p−1(b) ⊆ E
the fiber of p over b.8 Two different methods of converting f to a fibration
will yield different homotopy fibers; however we will show in Problem 6.43
that any two homotopy fibers for a given map f will be homotopy equivalent.
When B is a pointed space, we call p−1(∗) the fiber of p.

Exercise 5.29 Describe F as a pullback. Is F a pointed space? What is the
basepoint? What if p is a map in T∗?

Just as for cofibrations, we can convert any map f : X → Y into a
fibration. Here’s how to do it. Let Ef be the pullback in the diagram

Ef
g //

q

��
pullback

Y I

p0

��
X

f
// Y

8It can (and will) be shown that if B is path connected then any two fibers are homotopy
equivalent to each other.
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Explicitly,
Ef = {(x, α) ∈ X × Y I |α(0) = f(x)},

and q and g are the projections on the first and second coordinate, respec-
tively. We define a map p : Ef → Y by the formula p(x, α) = α(1).

Problem 5.30

(a) Show that q : Ef → X is a homotopy equivalence whose inverse r :
X → Ef is given by x 7→ (x, τf(x)), where τf(x) is the constant path at
f(x).

Hint Gently shrink the path coordinate of Ef down to a constant path.
(b) Show that p : Ef → Y is a fibration.
(c) Show that the diagram

X

r

��

f // Y

Ef
p // Y

is strictly commutative and conclude that f is homotopy equivalent to
a fibration.

(d) Show that the whole discussion is natural, including the maps q and r.

Theorem 49 Every map f : A→ X in T∗ fits into a strictly commutative
diagram

X
f //

r '
��

Y

Ef
p // Y

in which p is a fibration and r is a homotopy equivalence in T∗. Furthermore,
the entire construction is functorial on the category of maps in T∗.

The process of replacing a map with a homotopy equivalent fibration is
referred to a ‘converting f to a fibration.’

Definition 50 The (standard) homotopy fiber of a map f : X → Y in
T∗ is the map i : F → X obtained by

Step 1 converting f to the fibration p : Ef → Y , and
Step 2 setting F = p−1(∗) and i to be the composition F → Ef → X.

Any sequence of the form F → X → Y , where F → X is the homotopy
fiber of X → Y , or any sequence homotopy equivalent to such a sequence,
is called a fibration sequence or a fiber sequence.
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Problem 5.31 Determine the homotopy fiber of the unique map ∗ → X.

Problem 5.32 Let p : E → B be a map in T∗.
(a) Suppose p is a fibration, let F = p−1(∗) ⊆ E be the fiber of p and

write i : F → E for the inclusion map. Show that for any space X, the
sequence of pointed sets

[X, F ]
i∗ // [X, E]

p∗ // [X, B]

is exact.

(b) Suppose F
i //X

p //Y is a fibration sequence in T∗. Show that the
induced sequence of pointed sets

[X, F ]
i∗ // [X, E]

p∗ // [X, B]

is exact for every X ∈ T∗.

Pointed Fibrations. We have chosen to study unpointed fibrations in
detail; but we should also mention the pointed fibrations. The pointed
version requires that in any diagram of the form

X

i0
��

// E

p

��
X o I

H //

eH
77

B.

the map H̃ can be filled in to make the diagram commute.
It is not true that every unpointed fibration is also a pointed fibration.

However, this is almost true, as you will show in the next problem.

Problem 5.33 Let p : E → B be a map in T∗.
(a) Show that p : E → B is a pointed fibration if and only if in any diagram

in T∗ of the form

X ∪ ∗ × I

i0

��

f̄ // E

p

��
X × I

H //

eH
66

B.

where f̄(∗ × I) = ∗, the map H̃ can be filled in so that the whole
diagram commutes.

(b) Let p : E → B be an unpointed fibration. Show that if X is cofibrant,
then The map H̃ can be filled in.

Since we will deal almost exclusively with cofibrant spaces, there in prac-
tice very little differentce between pointed and unpointed fibrations.
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5.6 Fibrations, Cofibrations and Mapping Spaces

We end this section by studying the effect of mapping space functors on
fibration and cofiberation sequences. For any f : E → B and any space X,
we get an induced map

f∗ : map(X, E)→ map(X, B).

On the other hand, if g : A→ X and Y is any space, then we get an induced
map

g∗ : map(X, Y )→ map(A, Y ).

Our theorem tells us what happens when f is a fibration or if g is a cofibra-
tion.

Theorem 51

(a) If f : A→ X is a cofibration, then for any space Y , the induced
map f∗ : map(X, Y )→ map(A, Y ) is a fibration.

(b) If p : E → B is a fibration, then for any space X, the induced
map p∗ : map(X, E)→ map(X, B) is a fibration.

Exercise 5.34 There is a curious thing happening here: in both the statements,
the conclusion is that the induced map is a fibration – neither is a cofibration! Is
this a failure of duality?

Problem 5.35

(a) Write down the diagram that must be filled in in order for g∗ to be
a fibration – that is, the diagram that defines the homotopy lifting
property for maps out of W .

(b) Your diagram involves three ‘known’ maps from W into various map-
ping spaces. Use the exponential law to rewrite those maps as maps
involving products instead. Make note of all the relationships between
these maps that are imposed from the original diagram.

(c) Your goal is to produce a map from W to a certain mapping space.
Rewrite this hypothetical map in terms of products rather than map-
ping spaces, and make note of its relationships to the maps from part
(b).

(d) Assemble your work from parts (b) and (c) in a single diagram with a
dotted arrow. Explain why that dotted arrow can be filled in.

(e) What is the fiber of g∗?

You have proven Theorem 51(a).
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Problem 5.36 Prove Theorem 51(b) and determine the fiber of the fibration.
Hint Set up the diagrams describing the required maps, and use the exponential
law to redraw them.

Theorem 52

(a) If A→ B → C is a cofibration sequence then

map(A,X)← map(B,X)← map(C,X)

is a fibration sequence

(b) X → Y → Z is a fibration sequence then

map(A,X)→ map(A, Y )→ map(A,Z)

is a fibration sequence.

Problem 5.37 Prove Theorem 52.

We have stated this theorem for unpointed mapping spaces, but it is also
true for pointed mapping spaces.

Problem 5.38 Let X, Y ∈ T∗, and denote the basepoints by x0 ∈ X and y0 ∈ Y .

(a) Show that there is a pullback diagram

map∗(X, Y ) //

��

map(X, Y )

@x0

��
{y0} // Y.

(b) Prove the pointed analog of Theorem 51.

Theorem 51 and its pointed analog have many crucial applications.

Problem 5.39 Let x ∈ X, and let i : {x} ↪→ X be the inclusion map.

(a) Using the identification map({x}, Y ) ∼= Y of Exercise 3.13, show that
i∗ = @x : map(X, Y )→ map({x}, Y ).

(b) Show that if the inclusion i : {x} ↪→ X is a cofibration, then @x is a
fibration.

When we use the unit interval I in the pointed homotopy category T∗,
we use 0 as the basepoint. The space of pointed maps from I to X

P(X) = map∗(I, X)

is extremely important in homotopy theory. It is called the path space of
X.
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Problem 5.40

(a) Show that the map XI → X×X given by f 7→ (f(0), f(1)) is a fibration.

(b) Show that the map P(X)→ X given by f 7→ f(1) is a fibration.

(c) Reprove Problem 5.26(b).

Determine the fibers.



Chapter 6

Homotopy Limits and
Colimits

If F,G : I → C are two diagrams, and F → G is a pointwise equivalence,
then the induced map of colimits is an equivalence. But what if F,G : I →
T∗ and the diagram map F → G is only a pointwise homotopy equivalence?
Unfortunately, examples show that we cannot conclude the induced map is a
homotopy equivalence without some extra hypotheses on the diagrams F and
G. If the diagrams F and G are sufficiently nice, then a pointwise homotopy
equivalence F → G does induce a homotopy equivalence of colimits. It turns
out that every diagram is pointwise equivalent to a nice one, and we define
the homotopy colimit of F to be the colimit of a pointwise equivalent nice
diagram F . This is well defined up to homotopy equivalence; and it can be
made functorial (with a functorial choice of nice approximation).

We will concentrate on homotopy colimits (and limits) in the category
of pointed spaces T∗. The development of the theory for unpointed spaces
is entirely parallel. Unpointed homotopy colimits and their relation to the
pointed homotopy colimits will be discussed in some detail in the final section
of the chapter.

6.1 Homotopy Equivalence in Diagram Categories

Let I be a small category, and consider category T I of I-shaped diagrams
in T . What exactly should it mean when we say two such diagrams are
homotopy equivalent? There are at least two reasonable definitions, and the
interplay between them is of crucial importance to our work.

101



102 6. Homotopy Limits and Colimits

Pointwise Homotopy Equivalence. The simplest idea is what we will
call pointwise homotopy equivalence of diagrams. We say that a map
of diagrams φ : F → G is a pointwise homotopy equivalence if for each
object i ∈ I, the map φ(i) : F (i) → G(i) is a homotopy equivalence in T∗
(thus the ‘points’ referred to in the word ‘pointwise’ are the objects of the
indexing category I). If φ is a pointwise homotopy equivalence, then each
φ(i) has a homotopy inverse in T∗, but no claims are made about how those
homotopy inverses are related to one another, or about the homotopies that
are implicit here.

Diagram Homotopy. To get some control over these homotopy inverses
and homotopies, we need to talk about homotopies of maps of diagrams.
If F ∈ T I∗ and X is a space, then we can define F o X to be the functor
defined on objects i ∈ I and morphisms α : i→ j in I by

F o X(i) = F (i) o X and F o X(α) = F (α) o idX .

This construction is clearly natural in both variables.

Exercise 6.1 What exactly does it mean for the construction to be ‘natural in
both variables?’

Exercise 6.2 Show that colim (F o X) ∼= (colim F ) o X.

Naturality implies that the functor F × I comes with two ‘inclusion
functors’

in0 : F → F o I and in1 : F → F o I.

Now we can define a (pointed) homotopy between two diagram maps (i.e.,
natural transformations) in the obvious way: a homotopy between φ0, φ1 :
F → G is a natural transformation

H : F o I → G

such that the diagram of natural transformations

F
in0 //

φ0 ++

F o I

H
��

F
in1oo

φ1ssG

commutes.
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In terms of spaces, a diagram homotopy is a big collection of homotopies,
one for each object i ∈ I, and they are required to be compatible with one
another in the sense that for each α : i→ j in I, the diagram

F (i) o I
F (α)oidI //

H(i)

��

F (j) o I

H(j)

��
G(i)

G(α) // G(j)

is commutative.
Here is a nice property of diagram homotopy.

Proposition 53 Let φ0, φ1 : F → G, and let H : φ0 ' φ1. Then the
induced maps f0, f1 : colim F → colim G are (pointed) homotopic.

Problem 6.3 Prove Proposition 53
Hint The map of diagrams H induces a map J of colimits.

Diagram Homotopy Equivalence. Now that we have a definition of
homotopy, we can define homotopy equivalence: we call a map of diagrams
φ : F → G a diagram homotopy equivalence if there is a θ : G → F
such that θ ◦ φ ' idF and φ ◦ θ ' idG.

Exercise 6.4 Show that every diagram homotopy equivalence is a pointwise
homotopy equivalence.

Now we have the following instant corollary of Proposition 53.

Corollary 54 If φ : F → G is a diagram homotopy equivalence, then the
induced map f : colim F → colim G is a homotopy equivalence in T .

Exercise 6.5 Prove it!

Here’s what we have done so far: we have given two (apparently differ-
ent) notions of homotopy equivalence of diagrams. The first one, pointwise
homotopy equivalence, is conceptually simple, and the second one, diagram
homotopy equivalence, has the extremely nice property that a diagram ho-
motopy equivalence induces a homotopy equivalence of colimits. This leads
us to a crucial question: is every pointwise homotopy equivalence φ : F → G
automatically a homotopy equivalence of diagrams?

Exercise 6.6 Find an example of a pointwise homotopy equivalence that is not
a diagram homotopy equivalence.
Hint What is the pushout of CX ← X → CX?.
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Pointwise Equivalence in hT . There is yet another way to apply the
idea of homotopy equivalence to diagrams. Let L : T∗ → hT∗ be the functor
from the topological category to the homotopy category defined in Section
4.3. It may be that we have two diagrams F,G : I → T∗ that are connected
by maps that result in a diagram that commutes only up to homotopy. While
these maps do not define a diagram map in T∗, when we apply L, we do
have a diagram map L ◦F → L ◦G. If this map is a pointwise equivalence –
i.e., if all the maps involved in the original homotopy commutative diagram
joining F to G are homotopy equivalences – then we say that F and G are
pointwise equivalent in the homotopy category hT∗. In the special case that
the diagram is a single map, this is just homotopy equivalence of maps as
defined in Definition 45. This is a much weaker notion of equivalence for
diagrams than the ones defined above, and we will not use it at all in this
chapter. In the next chapter and later chapters it will take on much greater
significance.

6.2 Homotopy Colimits of Diagrams

In this section we define homotopy colimits. The idea is to replace the given
diagram with a ‘nice’ diagram that is equivalent, and form the categorical
colimit of the replacement.

6.2.1 Left Nice Diagrams

To be precise about the word nice, we first have to talk about pointwise
fibrations. We call a diagram map φ : F → G in T I∗ a pointwise fibration
if for each i ∈ I the map φ(i) : F (i)→ G(i) is a fibration in T∗.
Problem 6.7 Let φ : F → G be a map of diagrams. Show that there is a
factorization

F

e
��?

??
??

??
?

φ // G

F̃

f

??��������

of φ such that

1. e is a diagram homotopy equivalence

2. f is a pointwise fibration

3. there is a map e : F̃ → F such that e ◦ e = idF .

4. all this structure is functorial.
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Hint Use Theorem 49.

Definition 55 A diagram N is left nice if for every diagram

F

e
��

N

33

f // G,

of functors I → T∗, where e is a pointwise homotopy equivalence and a
pointwise fibration, the dotted arrow can be filled in to make the triangle
commute.

Problem 6.8 Show that it is equivalent to drop the fibration condition on e and
ask only for a homotopy commutative triangle.

Here’s a key property of left nice diagrams.

Proposition 56 If F and G are left nice, and φ : F → G is a pointwise
homotopy equivalence, then φ is a diagram homotopy equivalence.

Problem 6.9 Prove it!

The main theorem of this section asserts that for every diagram F : I →
T , there is a left nice diagram N : I → T∗ and a pointwise equivalence
N → F . This equivalence is called a left nice approximation of F . It is
not unique, but it can be done functorially.

Theorem 57 For each diagram F , there is a pointwise equivalence c : F →
F , where F is left nice; in fact, the construction of F can be done functorially.

We will take the general statement for granted. Specific constructions
for the cases we will use most frequently will be given in detail in Section
6.4.

Though left nice replacement can be done functorially, it is often conve-
nient to use some other ad hoc replacement. For example, if we recognize
that a given diagram is already nice, why modify it at all?

Adjoint Functors and Nice Diagrams. It is useful to be able to recog-
nize left and right nice diagrams, so we ask the question: if N : I → T∗ is a
nice diagram, and F : T∗ → T∗ is another functor, how can we tell whether
or not F ◦N : I → T∗ is nice?

Theorem 58 Let L,R be an adjoint pair of functors T∗ → T∗. If R preserves
fibrations and homotopy equivalences, then if N is a left nice diagram, so is
L ◦N .
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Problem 6.10 Let L and R be an adjoint pair.

(a) Show that the lifting problems

A

f

��
and

RA

R(f)

��
LX

g //

λ
33

B Y
eg //

eλ 33

RB

are equivalent in the sense that λ exists if and only if λ̃ exists.

(b) Prove Theorem 58.

Problem 6.11 If F is left nice, then so are F ×A, F o A and F ∧A.

6.2.2 Homotopy Colimits

We are interested in homotopy theory, and we would like to use colimits to
build new spaces out of old ones. This leads to the question ‘does every
diagram in the homotopy category hT∗ have a colimit?’ We will find ex-
amples of prepushout diagrams in hT∗ that have no pushout, and similarly
for pullbacks, so the answer to this question is ‘no.’ The homotopy colimit
construction is the ‘best possible’ homotopy invariant approximation to the
colimit construction.

Definition 59 A space X is a homotopy colimit for a diagram F : I → T∗
if X ' colim F , where F → F is a left nice replacement of F .

Because of Theorem 57, each diagram has a left nice replacement, and
hence a homotopy colimit.

Problem 6.12 Recall that we have used the notation L : T∗ → hT∗ for the
functor from the category of pointed spaces to the corresponding homotopy cate-
gory. Let F : I → T∗ be a diagram, and let X be a homotopy colimit. Being a
topological space, X can be considered as an object of T∗ or of hT∗.

(a) Show that there is a diagram map (in the homotopy category hT∗)
j : L ◦ F → ∆X with the following nice property:

(?) if Y ∈ hT∗ and there is a diagram map g : L ◦ F → ∆Y ,
then there is a map f : X → Y such that

L ◦ F //

##F
FF

FF
FF

FF
∆Y

∆X

∆f

<<

commutes in the category (hT∗)I .
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(b) Show that if L ◦ F has a colimit Q, then Q is a retract (in hT∗) of X.

The space X would be the categorical pushout if the map f were unique.

Problem 6.13 Show by example that the map ∆f need not be unique.

It is important to observe that the left nice replacement F is not unique,
and so the space hocolim F is not uniquely determined by the definition;
rather, the definition identifies a long list of spaces which qualify as homo-
topy colimits of F .

6.3 Induced Maps of Homotopy Colimits

If F → G is a map of diagrams, then the formal properties of colimits yield
a unique map colim F → colim G. By contrast, the homotopy colimit of F
is not (usually) the categorical colimit of F , and so a map of diagrams does
not give rise to a map of homotopy colimits in the same purely formal way.
Let us investigate what we can obtain from a map of diagrams.

Problem 6.14 Let φ : F → G be a diagram map, and let F → F and G → G
be left nice replacements.

(a) Show that there is a map φ : F → G which is compatible with φ in the
sense that the square

F

��

φ // G

��
F

φ // G

commutes up to diagram homotopy. Could there be more than one
choice for φ?

(b) Show that if φ is a pointwise homotopy equivalence, then φ is a diagram
homotopy equivalence.

(c) Show that if F and F̃ are two nice replacements for F , then there is a
diagram homotopy equivalence F ' F̃ .

Problem 6.14 implies a kind of limited naturality to the construction.

Problem 6.15 Let φ : F → G be a map of diagrams; let X be a homotopy
colimit for F , and let Y be a homotopy colimit for G. Show that φ induces a map
Φ : X → Y .

The map Φ is not uniquely determined by φ, even up to homotopy. We
should think of a map of diagrams φ as inducing a set of maps between ho-
motopy colimits rather than a single map. However these maps are strongly
related to one another.
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Problem 6.16 Let φ : F → G be a diagram map. Choose left nice approxima-
tions

F → F, F̃ → F, G→ G, and G̃→ G.

(a) Show that there is a diagram of diagram maps

F̃

��?
??

??
??

?

eφ //

'

��

G̃

��~~
~~

~~
~~

'

��

F
φ // G

F

??������� φ // G.

``@@@@@@@

which commutes up to diagram homotopy.

(b) Show that any two induced maps of homotopy colimits are homotopy
equivalent maps.

(c) Conclude that any two induced maps have the same connectivity. In
particular, show that if one induced map is a (weak) homotopy equiv-
alence, then they all are.

(d) Show that if X and Y are homotopy colimits for F , then X ' Y .

Now that we know that the homotopy colimit of a diagram is well defined
up to homotopy type, we can speak of the homotopy colimit of F . We will
sometimes denote it by hocolim F .

Exercise 6.17

(a) Find all the maps S1 → S1 induced by the diagram map

∗

��

S0oo //

id

��

∗

��
∗ S0oo // ∗.

(b) Find all the maps induced by the diagram

∗

��

S0

��

//oo ∗

��
S1 ∗oo // S1.
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Induced Maps Between Suspensions. We know that the homotopy
pushout of ∗ ← X → ∗ is the suspension ΣX. Now let f : X → Y and
consider the map of prepushout diagrams

∗

��

Xoo

f

��

// ∗

��
∗ Yoo // ∗.

This map induces maps ΣX → ΣY of the homotopy pushouts, but which
maps are induced and which are not? To be able to compare maps to one
another, we choose the standard suspensions as our homotopy colimits, so
that each of them is a union of two cones:

ΣX = C+X ∪ C−X and ΣY = C+Y ∪ C−Y.

With these choices, we can see that the nice replacements of the given given
diagram include

C−X

Cf

��

X

f

��

//oo C+X

Cf
��

and

C+X

Cf
��

X

f

��

//oo C−X

Cf
��

C−Y Y //oo C+Y C−Y Y //oo C+Y.

The map induced by the first replacement is Σf , but the second diagram
induces −Σf . Thus, as long as there is a map f : X → Y whose suspension
Σf does not have order 2, we will have an example where more than one
homotopy class of maps is induced by a given map of prepushout diagrams.

Exercise 6.18 Is it possible that the given diagram induces other maps besides
±Σf?

Functorial Homotopy Colimits. Sometimes the freedom of using any
nice replacement we like is outweighed by the desirability of having well-
defined and natural induced maps. If this is the case, we can fall back on a
specific functorial construction (which exists by Theorem 57). Let’s choose
such a functor, and denote it by

NiceL : T I∗ → T I∗ ,

which comes with a natural transformation NiceL → id, so that for any
F ∈ T I , the map NiceL(F ) → F is a left nice replacement. Now we can
define a homotopy colimit functor by setting

hocolim : T I∗ → T∗ by the rule hocolim F = colim NiceL(F ).
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and for φ : F → G, colim (NiceL(φ)) is the induced map of homotopy
colimits.

6.4 Special Cases: Pushouts, 3×3s and Telescopes

In this section we give the explicit constructions for three important diagram
shapes. The proofs that they actually do the job are based on a single quite
technical result about cofibrations. The proof of this result is quite involved,
and presenting it here would interrupt the progression of ideas, so the proof
is (or will be) given in Appendix A.

6.4.1 Nice Maps

The simplest kind of diagram, other than a single space, is just a single map
X → Y . We will show that every cofibration is a left nice diagram. But even
more is true: we get to choose some (but not all) of the maps and homotopies
in the lifting problem that defines left nice maps. The ‘supernice’ property
of cofibrations is the key to our constructions of nice replacements for all
other diagrams.

Let us consider the lifting problem

A→ B

e
��

X → Y
f //

λ
44

P → Q

in the category (T∗)•→? of single-map diagrams. If the map λ = (λX , λY )
exists, then we have two homotopy commutative triangles

A

eA

��
and

B

eB

��
X

fX //

λX

33

P Y
fY //

λY

33

Q

together with a homotopies HX : eA ◦ λX ' fX and HY : eB ◦ λY ' fY

expressing the homotopy commutativity of the triangles. But there is even
more! The homotopies HX and HY must be compatible with each other in
the sense described in Section 6.1.

Now we consider going in the other direction. If we are given some of
this information, can the remaining data be chosen to fit into a lift and a
homotopy?
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Theorem 60 Suppose that in the diagram above, X → Y is a cofibration
and e is a pointwise homotopy equivalence. Then for any choice of

1. a lift λX : X → A and

2. a homotopy HX : eA ◦ λX ' fX ,

it is possible to find

3. a lift λY and

4. a homotopy HY : eB ◦ λY ' fY

so that λ = (λX , λY ) is a lift of f up to the specific diagram homotopy
(HX ,HY ) : e ◦ λ ' f .

The proof is given in Appendix A, but you should feel free to take The-
orem 60 for granted. We note, however, that the proof only uses the formal
properties of cofibrations, and not any extra topological information. It
follows that the proof can be dualized to a statement about fibrations.

Problem 6.19 Show that a map X → Y is a left nice diagram if and only if it
is a cofibration.

Corollary 61 There is a functorial procedure for producing left nice re-
placements for single-map diagrams.

Problem 6.20

(a) Prove Corollary 61.

(b) What is the homotopy colimit of f : X → Y ?

6.4.2 Homotopy Pushouts

Here’s the key result about prepushout diagrams.

Theorem 62 Every diagram C ← A→ B in which both maps are cofibra-
tions is left nice.

Problem 6.21 Use Theorem 60 to prove Theorem 62.

Exercise 6.22 Could a prepushout diagram be left nice without both maps
being cofibrations?

Now we can construct left nice replacements. Let C ← A → B be a
prepushout diagram (which we’ll refer to as F ). Then we let C and B be the
(reduced, since we are working in the pointed category) mapping cylinders
of A → C and A → B, respectively, and we let F denote the prepushout
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diagram C ← A → B. These diagrams fit into the strictly commutative
diagram

C

��

A

��

oo // B

��
C Aoo // B

which is a map of diagrams F → F .

Exercise 6.23 Verify that this map F → F is a left nice replacement for F .
Also check that the construction is functorial.

Thus we can define NiceL(F ) = F ; the corresponding homotopy pushout
functor takes F and returns the categorical pushout of the top row (this is
sometimes referred to as the double mapping cylinder construction).

Problem 6.24 Determine the homotopy pushouts of the following diagrams.

(a) ∗ ← X → ∗
(b) ∗ ← A→ X

(c) X ← ∗ → Y

The following problem gives a very useful property of prepushout di-
agrams: a homotopy commutative ‘map’ of prepushout diagrams can be
replaced with an actual map of diagrams that is pointwise homotopy equiv-
alent in hT∗ to the original diagram.

Problem 6.25 Consider the homotopy commutative diagram

Z

f2

��

Xoo //

f0

��

Y

f1

��
C Aoo // B.

This is not a map of diagrams, since it is not commutative.

(a) Assume that X → Y and X → Z are both cofibrations. Show that
there is a diagram map

Z

φ2

��

Xoo //

f0

��

Y

φ1

��
C Aoo // B

with φ0 ' f0, φ1 ' f1 and φ2 ' f2.

(b) Suppose f0, f1 and f2 are homotopy equivalences. Write F for the top
diagram and G for the bottom, and show hocolim F ' hocolim G.
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6.4.3 3× 3 Diagrams

Next we consider diagrams which have the shape of the following commuta-
tive diagram

(?, ◦) (•, ◦)oo // (◦, ◦)

(?, •)

OO

��

(•, •)oo //

OO

��

(◦, •)

OO

��
(?, ?) (•, ?)oo // (◦, ?),

which we will refer to as a 3× 3 diagram.1

In our discussion of homotopy pushouts, we started with an especially
strong replacement theorem for maps, which allowed us to replace each map
separately; and since the replacements agreed with each other at the middle
position, we could put them together to replace the whole diagram. We’ll
pursue a similar strategy for 3 × 3 diagrams. First, we will find supernice
replacements for the individual squares in the diagram, and then we’ll piece
them together.

So let’s concentrate on the upper right hand square

F (•, ◦) // F (◦, ◦)

and relabel it

B
i // D

F (•, •) //

OO

F (◦, •)

OO

A
γ //

β

OO

C.

j

OO

We wish to replace this square, in a natural way, with another ‘nicer’ square.
First define B = Mβ and C = Mγ , so that the maps β and γ are replaced
with equivalent cofibrations. Now define P to be the pushout of C ← A→
B, and let φ : P → D be the unique map. Then, letting D = Mφ, we obtain

B // D

A //

OO

C,

OO

which is the diagram we want.

1This shape category is the product of the prepushout diagram with itself.
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Exercise 6.26 Check that this diagram is strictly commutative, is pointwise
homotopy equivalent to the given square, and that each map in the diagram is a
cofibration. Show that the construction is natural, and that the new square comes
with a pointwise equivalence to the original square.

If we apply the same procedure to each square in the given diagram, the
resulting nice squares have the same maps on the common edges, so that we
can put the squares together to form a new diagram F and a map F → F
which is a pointwise homotopy equivalence.

Theorem 63 The map F → F is a natural left nice replacement.

The proof of this theorem is actually fairly straightforward, using what
we know about cofibrations.

Problem 6.27

(a) Suppose you are given a lift/homotopy at A; show that it can be ex-
tended to lifts/homotopies on C ← A→ B.

(b) Show that the lift/homotopy on C ← A→ B extends to all of F .

(c) Prove Theorem 63.

Exercise 6.28 Determine the homotopy colimit of the diagram

∗ ∗oo // ∗

∗

OO

��

S0oo //

OO

��

∗

OO

��
∗ ∗oo // ∗

What happens S0 is replaced with Sn, or even a general space X?

6.4.4 Telescopes

Recall from Chapter 2 that telescope diagram of pointed spaces is a func-
tor N→ T∗, i.e., a diagram of the form

A1
f1 // A2

f2 // · · · fn−1 // An
fn // An+1

fn+1 // · · · .

Theorem 64 If each map in a telescope diagram is a cofibration, then it is
left nice.

Problem 6.29 Use Theorem 60 to prove Theorem 64.
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To construct a left nice replacement of such a diagram, replace the given
diagram by a pointwise equivalent one in which all the maps are cofibrations,
using the inductive construction

· · · // An−1

fn−1 //

jn−1

��

An

jn

��

fn //Mfn◦jn

��
· · · // An−1

fn−1 // An
fn // An+1

fn+1 // · · · .

That is, define An+1 = Mfn◦jn and use the standard maps.

Problem 6.30 Prove that this construction defines a natural left nice replace-
ment for telescope diagrams.

Exercise 6.31 Formulate and prove the analog of Problem 6.25 for telescopes.

Problem 6.32 Let

A1
f1 // A2

f2 // · · ·
fn−1 // An

fn // An+1
fn+1 // · · · .

be a telescope diagram with homotopy colimit A∞. If k ≤ l, write fk,l for the
unique map in this diagram from Xk to Xl. Let r : N → N be an increasing
function and set up the commutative ladder

· · ·
fn−1 // An

fn,r(n)

��

fn // An+1
fn+1 //

fn+1,r(n+1)

��

· · ·

· · ·
fr(n−1),r(n) // Ar(n)

fr(n),r(n+1) // Ar(n+1)

fr(n+1),r(n+2) // · · · .

(a) Show that A∞ is also a homotopy colimit for the bottom row.

(b) Show that among the induced maps of homotopy colimits is the identity
map A∞ → A∞.

(c) Conclude that every induced map is a homotopy equivalence.

(d) Find an example in which the identity map is not the only induced map
A∞ → A∞.

6.5 Homotopy Limits

The development of homotopy limits is entirely parallel – and dual – to that
of homotopy colimits. Therefore we will briefly summarize the main points
of the theory.



116 6. Homotopy Limits and Colimits

6.5.1 Right Nice Diagrams and Homotopy Limits

Instead of pointwise fibrations, we now focus on pointwise cofibrations. A
map of diagrams F → G is a pointwise cofibration if for each i ∈ I, the
map F (i)→ G(i) is a cofibration in T .

Problem 6.33 Let φ : F → G be a map of diagrams. Show that there is a
factorization

G̃
e

��?
??

??
??

?

F

f

??�������� φ // G

of φ such that

1. e is a diagram homotopy equivalence

2. f is a pointwise cofibration

3. there is a map e : G→ G̃ such that e ◦ e = idG.

4. all this structure is functorial.

Hint Use Theorem 46.

We say that a diagram F is right nice if in any diagram

A

��

// F

B

==

in which A→ B is both a pointwise cofibration and a pointwise equivalence,
the dotted arrow can be filled in to make the triangle commute.

Problem 6.34 It is equivalent to drop the cofibration condition and ask for the
diagram to commute up to diagram homotopy.

Here are some recognition principles for right nice diagrams.

Problem 6.35

(a) State and prove the dual of Theorem 58.

(b) Formulate and prove the dual of Problem 6.11.

We need to know that every diagram can be replaced with a pointwise
equivalent nice one, and this is the content of our first main theorem.

Theorem 65 Let F be a diagram. Then there is a right nice diagram F
and a pointwise equivalence F → F . This can be done functorially.
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Problem 6.36 If F → F and F → F̃ are two right nice replacements, then the
limits lim F and lim F̃ have the same homotopy type.

Now we say that a space X a homotopy limit of the diagram F is it is
homotopy equivalent to the categorical limit of F , a right nice replacement
for F .

6.5.2 Functoriality of Homotopy Limits

Now we study the effect of a diagram map on the correspoinding homotopy
limits.

Problem 6.37 Let φ : F → G be a diagram map, and let F → F , G → G be
right nice approximations.

(a) Show that there is a diagram map φ : F → G making the diagram

F
φ //

��

G

��
F

φ // G

commute up to diagram homotopy.

(b) Let X be a homotopy limit for F and let Y be a homotopy limit for G.
Show that the map φ : F → G induces a map of spaces X → Y .

(c) Show that any two induced maps i1 : X1 → Y1 and i2 : X2 → Y2

are equivalent to one another in the sense that there is a homotopy
commutative diagram

X1
i1 //

'
��

Y1

'
��

X2
i2 // Y2

(d) Show that any two homotopy limits of F are homotopy equivalent to
one another.

In view of Problem 6.37, we can speak of the homotopy limit of a dia-
gram; we will sometimes denote it by holim F .

The maps of homotopy limits induced by a diagram map are not unique,
but if we agree to use a functorial of nice replacements – which we will
denote by NiceR : T I → T I – then we can define a homotopy limit functor
by the rule

holim F = lim NiceR(F ).



118 6. Homotopy Limits and Colimits

Frequently, though, it is more useful to use a right nice replacement that is
well suited to the given diagram, or to the problem at hand.

6.5.3 Special Cases: Maps, Pullbacks, 3× 3s and Towers

The constructions of right nice replacements of these various diagrams is
exactly dual to the constructions given for left nice replacements.

The Key Theorem. The underlying technical theorem, therefore, is the
dual of Theorem 60.

Theorem 66 Suppose that X → Y is a fibration. Then for any λY and
HY , it is possible to find λX and HX so that (λX , λY ) is a extension up to
the homotopy (HX ,HY ).

Since this theorem is strictly dual to Theorem 60, it could be fair to say
that this is not something new that we are taking for granted.

Problem 6.38

(a) Show that a map is right nice if and only if if is a fibration.

(b) Show that the procedure for converting a map to a fibration given in
Theorem 49 is actually a natural right nice replacement procedure for
single-map diagrams.

Pullbacks. To find nice replacements for prepullback diagrams, we simply
replace both maps with fibrations using the procedure we developed in the
previous chapter.

Theorem 67 If F is the prepullback diagram C → A← B and both maps
are fibrations, then F is right nice.

Corollary 68 There is a functorial construction of right nice replacements
for prepullback diagrams.

Exercise 6.39 Formulate and prove the analog for pullbacks of Problem 6.25.

Exercise 6.40 Study the maps induced by the diagram

∗ //

��

X

f

��

∗oo

��
∗ // Y ∗.oo
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3× 3 Diagrams. For limits, the relevant diagrams are products of a pre-
pullback diagram with itself. Here’s the picture

(?, ◦) //

��

(•, ◦)

��

(◦, ◦)oo

��
(?, •) // (•, •) (◦, •)oo

(?, ?) //

OO

(•, ?)

OO

(◦, ?),oo

OO

which we will also refer to as a 3 × 3 diagram.2 In order to find a nice
replacement for such a diagram, we dualize the procedure detailed in Section
6.4.3 and obtain a right nice replacement F → F .

Proposition 69 The map of diagrams F̄ → F is a right nice replacement,
and it can be done naturally.

Towers. The dual of a telescope is generally called a tower. It is a diagram
with shape

1← 2← 3← · · · ← n← n + 1← · · · ,

which is the category Nop. To construct a nice replacement, simply replace
each map with a fibration.

Problem 6.41 Show that this construction does the job.

6.6 Examples of Homotopy Limits and Colimits

In this section we work out some important examples of homotopy limits
and colimits.

First we show that a homotopy fibers and cofibers can be thought of as
a homotopy limits and colimits, respectively.

Proposition 70 Let f : X → Y .

(a) The homotopy pushout of the diagram ∗ X
f //oo Y is cofiber

of f .

(b) The homotopy pullback of the diagram ∗ //Y X
foo is the

homotopy fiber of f .

2This shape category is the product of the prepullback diagram with itself.
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Problem 6.42 Prove Proposition 70.

We promised in Section 5.4 to show that no matter how we convert
f : X → Y to a cofibration, the resulting cofiber will be the same. This
follows immediately from Proposition 70(b). But even more is true: the
cofiber is unchanged if we replace f with another map g which is homotopy
equivalent to f .

Problem 6.43 Suppose f and g are homotopy equivalent maps. Show that the
cofiber of f is homotopy equivalent to the cofiber of g and the homotopy fiber of f
is homotopy equivalent to the homotopy fiber of g.

Problem 6.44 Show that homotopic maps have homotopy equivalent fibers and
cofibers.

Here are some other simple, but important, examples.

Problem 6.45

(a) Determine the homotopy pullbacks of the following diagrams

i. ∗ → X ← ∗
ii. X → ∗ ← Y .

(b) Determine the homotopy pushouts of the following diagrams.

i. ∗ ← X → ∗
ii. X ← ∗ → Y .

Finally, we investigate the homotopy type of an infinite-dimensional CW
complex.

Problem 6.46 Let X be a CW complex with skeleta Xn. The skeleta of X
form a telescope diagram

X0 → X1 → · · · → Xn → Xn+1 → · · · .

Show that X is a homotopy colimit for this diagram.

6.7 Unpointed Homotopy Limits and Colimits

Formally, the definitions of unpointed homotopy colimits and limits are pre-
cisely the same as for pointed homotopy colimits and limits. We set them
down here and investigate the distinction between unpointed and pointed
limits and colimits in some detail.
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6.7.1 Unpointed Homotopy Colimits

Given a diagram F : I → T◦, one finds a left nice replacement F : I → T◦
and we set

hocolim ◦F = colim F .

The difference is in what constitutes a left nice replacement. Now the ho-
motopies in our diagrams are unpointed homotopies, so we need to use
unpointed diagram homotopies F × I → G instead of the pointed ones
F o I → G. Consequently, when we use the mapping cylinder construction
to convert maps to cofibrations, we are forced to use the unreduced mapping
cylinder (defined in Section 5.4.

Theorem 71 Every diagram F : I → T◦ has a left nice replacement, and
hence a homotopy colimit; the homotopy colimit is well defined up to (un-
pointed) homotopy type.

We’ll take this theorem for granted.
We usually use the notation hocolim F for the homotopy colimit of a di-

agram F , whether it is pointed or unpointed. But when there is a possibility
of confusion, we will add decorations for clarity, writing hocolim ∗F for the
pointed homotopy colimit and hocolim ◦F for the unpointed one. Here is
a problem that should help you develop an appreciation of the distinction
between pointed and unpointed homotopy colimits.

Exercise 6.47 Let I be any small category, and let TI : I → T be the trivial
diagram given by TI(i) = ∗ for all i ∈ I.

(a) Show that TI , considered as a diagram in T∗ is left nice. What is its
homotopy colimit?

(b) Give an example of a category I for which TI : I → T◦ is not left nice.
What is the homotopy colimit of TI?
Hint Use a very small category and discrete spaces.

The unpointed homotopy colimit of TI can have interesting topology,
and this topology encodes important information about the shape category
I. This space is denoted

BI = hocolim I∗
and called the classifying space of I.

6.7.2 Unpointed Homotopy Limits.

The story is very similar for homotopy limits. Given F : I → T◦, we find a
right nice approximation F → F , and define holim F = lim F . This is well
defined because of the following theorem.
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Theorem 72 Every diagram F : I → T◦ has a right nice replacement,
and hence a homotopy limit; the homotopy colimit is well defined up to
(unpointed) homotopy type.

We’ll take this theorem for granted.
Just as for homotopy colimits, the homotopy limit of a trivial diagram

is worth studying. Interestingly, the behavior in the unpointed and pointed
categories is the same for limits.

Problem 6.48 Show that the constant diagram TI : I → T is right nice in both
T◦ and T∗. What are the homotopy limits?



Chapter 7

Homotopy Pushout and
Pullback Squares

In this chapter, we’ll develop some basic tools for manipulating homotopy
pushouts and pullbacks. These are basic tricks for manipulating spaces that
can be applied in ‘any’ category where one can do homotopy theory (see
Chapter ?? for more detail on this), because they do not involve using target-
type constructions as domains, or domain-type constructions as targets. In
the next part, we will start to develop theorems to deal with the much more
difficult and interesting results that arise when we start to prove things using
the special properties enjoyed by our topological categories.

Since homotopy limits and colimits are categorical limits and colimits of
related diagrams, many of the properties of limits and colimits remain true
for homotopy colimits and limits. The purpose of this chapter is to set down
these key properties and derive some important consequences of them.

7.1 Pushouts and Pullbacks of Homotopy Equiv-
alences

Consider the commutative square

A //

��

B

��
C // D.

We have seen in Problems 2.20 and 2.26 that, in any category, if the square
is a pushout square and A → C is an isomorphism then B → D is an

123
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isomorphism too; and dually, if the square is a pullback square and B → D is
an isomorphism then so is A→ C. Since we are more interested in homotopy
equivalences than homeomorphisms, it is natural to inquire whether these
statements remain true when the maps are homotopy equivalences rather
than isomorphisms.

Exercise 7.1 Give an example of a pushout square where A→ B is a homotopy
equivalence but C → D is not a homotopy equivalence.

Our purpose in this section is to set down, for later reference, a basic
and crucial feature of the homotopy theory of topological spaces: the abstact
categorical result does hold when isomorphisms are replaced with homotopy
equivalences, provided the vertical maps are cofibrations (or fibrations).

Theorem 73 Consider the commutative square

A
f //

g

��

B

h
��

C
i // D.

(a) If the square is a pushout square, g is a cofibration, and f is a
homotopy equivalence, then i is also a homotopy equivalence.

(b) If the square is a pullback square, h is a fibration, and i is a
homotopy equivalence, then f is also a homotopy equivalence.

The proof of Theorem 73 involves the same kinds of ideas as the proof
of Theorem 60, and so we give the proof in the same place: Appendix ??.

7.2 Homotopy Pushout Squares

Analysis of spaces and maps in homotopy theory is often greatly facilitated
by the use of the notion of homotopy pushout squares (and, dually, homotopy
pullback squares). In this section, we will define homotopy pushout squares
and establish some of their most basic properties.

We begin with by investigating how we might compare a given square
to a pushout square. If we are given a strictly commutative square

A //

��

B

��
C // D
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then we may find a left nice approximation C ← A → B for C ← A → B.
Write D for the pushout of C ← A→ B, so that D is the homotopy pushout
of C ← A→ B. Now we can construct the cubical diagram

A //

��>
>>

>>
>>

��

B

��@
@@

@@
@@

@

��

C //

��

D

ξ

��

A //

��?
??

??
??

? B

  A
AA

AA
AA

C // D,

showing that there is a natural map D → D. We call maps of this kind
comparison maps because they allow us to compare the space D with the
homotopy colimit of C ← A→ B.

Exercise 7.2 Explain why the map ξ exists. In what sense is it unique?

Exercise 7.3 Show that for any diagram F : I → T there is a comparison map
hocolim F → colim F , which is unique up to homotopy equivalence of maps.

Problem 7.4 Let C̃ ← Ã → B̃ be another left nice approximation of the di-
agram C ← A → B, and let D̃ be its pushout. Show that if ξ : D → D is a
homotopy equivalence, then so is D̃ → D.

This is all very nice, but strictly commutative squares are too much
to ask for in day-to-day homotopy theory. To define homotopy pushout
squares, we need to be able to compare a homotopy commutative square to
a pushout square. Suppose, then, that the square

A //

��

B

��
C // D.

is homotopy commutative. Just as before, we may find a left nice approxi-
mation C ← A → A (with pushout D) for C ← A → B and use it to form
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the diagram

A //

��>
>>

>>
>>

��

B

��@
@@

@@
@@

@

��

C //

��

D

_^]\XYZ[no
map!A //

��@
@@

@@
@@

B

  A
AA

AA
AA

A

C // D.

This time, however, there is no map D → D that makes the diagram com-
mute, because the bottom square is only commutative up to homotopy: the
composites

A→ B → D and A→ C → D

are homotopic to each other, but not equal (as far as we know).

We can make some progress, though, if we temporarily assume that the
map A→ B is a cofibration.

Problem 7.5 Show that if A→ B is a cofibration, then there is a map φ : B →
D so that the diagram

A //

��

��>
>>

>>
>>

B

��?
??

??
??

�� φ

��

C

��

// D

A //

��@
@@

@@
@@

B

  @
@

@
@

C // D

commutes up to homotopy, and the solid arrow part of the diagram is strictly
commutative. Explain why the map φ yields a comparison map ξ : D → D and
discuss the uniqueness or nonuniqueness of ξ.
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Exercise 7.6 Consider the diagram

X //

!!D
DD

DD
DD

D CX

##F
FFFFFFF

�� φ

��

CX

��

// ΣX

X //

!!C
CC

CC
CC

CC
∗

""F
F

F
F

F

∗ // ΣX,

and notice that all maps φ : CX → ΣX are homotopic, since the domain is con-
tractible. Determine the comparison map ξ in the two cases

(a) φ = ∗, the constant map, and

(b) φ : CX → ΣX is the map which collapses the bottom of the cone.

Show that if ΣX 6' ∗, then these comparison maps are not homotopic, or even
homotopy equivalent, to one another.

Problem 7.7 Let C ← A → B be your favorite left nice approximation for
C ← A → B, with no assumptions about which maps, if any, are cofibrations.
Suppose there is a map φ : B → D homotopic to the composition B → B → D
which induces a homotopy equivalence ξ : D → D. Let C̃ ← Ã→ B̃ be another left
nice approximation for C ← A→ B. Show that there is a map B̃ → D inducing a
homotopy equivalence ξ̃ : D̃ → D.

Now we can make our definition.

Definition 74 A homotopy commutative square

A //

��

B

��
C // D.

is a homotopy pushout square if for any left nice approximation C ←
A → B of C ← A → B, there is a map φ : B → D homotopic to the
composite B → B → D so that the solid arrow part of the homotopy
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commutative diagram

A //

��

��>
>>

>>
>>

B

��?
??

??
??

�� φ

��

C

��

// D

ξ

��

A //

��@
@@

@@
@@

B

  @
@

@
@

C // D

is strictly commutative, and the induced comparison map ξ : D → D is a
homotopy equivalence.

This definition has been written to emphasize that the property of being
a homotopy pushout square does not depend on making a particular choice
of left nice approximation. But, as a practical matter, you should keep in
mind that, because of Problem 7.7, it suffices to check that the comparison
map is a homotopy equivalence just for your favorite left nice approximation.

Exercise 7.8 Show that if

A //

��
HPO

B

��
C // D

is a homotopy pushout square, then D is the homotopy pushout of the diagram
C ← A→ B.

We end this section with some important examples.

Problem 7.9

(a) Show that the commutative diagram

X //

��

∗

��
∗ // ΣX

is a homotopy pushout square.
(b) Prove that A→ B → C is a cofiber sequence if and only if the square

A //

��

B

��
∗ // C
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is homotopy pushout square.

Proposition 75 Consider the homotopy commutative square

A //

g'
��

B

f

��
C // D

Show that the square is a homotopy pushout square if and only if f is a
homotopy equivalence.

Problem 7.10 Prove Proposition 75.

Later, we will produce examples of spaces A such that A 6' ∗ but ΣA ' ∗.
If A is such a space, then the diagram

A //

g

��

∗
f

��
∗ // ∗

is a homotopy pushout square in which f is a homotopy equivalence, but g
is not.

7.3 Recognition and Completion

In order to make use of homotopy pushout squares, it is crucial to be able to
recognize them, and it is important to be able to complete any prepushout
diagram C ← A → B to a homotopy pushout square. In this section we
address both of these needs.

7.3.1 Recognition

We show that a pushout square in which one of the maps is a cofibration is
a homotopy pushout square.

Theorem 76 If in the pushout square

A //

��
pushout

B

��
C // D

the map A → C is a cofibration, then the square is a homotopy pushout
square.
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Problem 7.11 Prove Theorem 76 by studying the strictly commutative diagram

A //

��
pushout

B

��
pushout

// B

��
C // ? // ??.

Exercise 7.12 Find an example of a homotopy pushout square in which none
of the maps is a cofibration. Can you find an example in which the square is also
a categorical pushout square?

7.3.2 Completion

Now we show that any set of prepushout data can be completed to a homo-
topy pushout square.

Theorem 77 For any prepushout diagram C ← A→ B there is a space D
and maps B → D and C → D so that the square

A //

��

B

��
C // D

is a homotopy pushout square. This completion is unique up to pointwise
equivalence of diagrams in the homotopy category. That is, if B → D̃ and
C → D̃ also complete the given diagram to a homotopy pushout square,
then there is a homotopy commutative cube

A //

��>
>>

>>
>>

>

'

��

B

  @
@@

@@
@@

@

'
��

C //

'

��

D̃

'

��

A //

��@
@@

@@
@@

B

  A
AA

AA
AA

A

C // D.

Problem 7.13
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(a) Consider the homotopy commutative cube

A //

  B
BB

BB
BB

B

'

��

B

!!B
B

B
B

'
��

C //

'

��

D

'

��

A′ //

  A
AA

AA
AA

A B′

  B
B

B
B

C ′ // D′

whose vertical maps are homotopy equivalences. Suppose the solid ar-
row part is strictly commutative. Show that if the top face is a homo-
topy pushout square then the bottom face is also a homotopy pushout
square.

(b) Prove Theorem 77.

The result of Problem 7.13(a) will be superseded later by Theorem 84,
which is both simpler to state and more powerful.

The completion theorem can be extended to maps of prepushout dia-
grams.

Problem 7.14 Show that a homotopy commutative diagram

C

��

Aoo //

��

B

��
Y Xoo // Y

can be completed to a homotopy commutative cube

A //

  @
@@

@@
@@

@

��

B

��@
@@

@@
@@

@

��

C //

��

D

��

W //

  A
AA

AA
AA

A X

  A
AA

AA
AA

Y // Z

in which the top and bottom faces are homotopy pushout squares and the map
D → Z is an induced map of homotopy pushouts.
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7.4 Homotopy Pullback Squares

In this section we give the basic definitions and theory of homotopy pullback
squares. Since this is precisely dual to the discussion of homotopy pushout
squares in the previous two sections, this section will have the flavor of a
quick summary rather than a detailed study.

We begin by comparing a homotopy commutative square to a pullback
diagram. If we are given the homotopy commutative square

A //

��

B

��
C // D,

then we find a right nice approximation C → D ← B with pullback A and
use it to form the homotopy commutative diagram

A //

��@
@

@
@

θ

��

ζ

��

B

��

  @
@@

@@
@@

C //

��

D

��

A //

��>
>>

>>
>>

B

��?
??

??
??

C // D

If there is a map θ : A → C making the solid arrow part of the diagram
strictly commutative, then there is an induced comparison map ξ : A → A
from A to the homotopy pullback A of C → D ← B.

Definition 78 The square is a homotopy pullback square if for every
right nice approximation, a map θ can be found so that the induced com-
parison map ζ : A→ A is a homotopy equivalence.

As for homotopy pushout squares, we really only need to check this
condition for your favorite right nice approximation.

Problem 7.15 Show that if, for your favorite right nice approximation, there
exists a θ whose induced comparison map ζ is a homotopy equivalence, then there
are such choices for every right nice approximation.

Now we look at some important examples.
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Problem 7.16

(a) Show that
ΩX //

��

∗

��
∗ // X

is a homotopy pullback square.
(b) Show that F → E → B is a fibration sequence if and only if

F //

��

E

��
∗ // B

is a homotopy pullback square.

Problem 7.17 Consider the square

A //

g

��

B

f'
��

C // D.

(a) Show that the square is a homotopy pullback square if and only if g is
a homotopy equivalence.

(b) Find an example of a homotopy pullback square in which g is a homo-
topy equivalence while f is not.

We finish by addressing the recognition and completion problems.

Problem 7.18 Show that if in the pullback square

A //

pullback

��

B

f

��
C // D

the map f is a fibration, then the square is a homotopy pullback square.

Problem 7.19 Show that, given prepullback data C → D ← B, there is a space
A and maps A→ B, A→ C making the square

A //

��
HPB

B

��
C // D

a homotopy pullback square. Discuss the uniqueness of this square.
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7.5 Manipulating Squares

In this section we develop some of the basic formal rules for working with
homotopy pushout and pullback squares. We will accumulate a vast collec-
tion of applications – with varying levels of importance – of these results in
the next section.

7.5.1 Composition of Squares

We begin by adapting Theorems 18 and 19, which concern categorical pushout
and pullback squares, to homotopy pushout and pullback squares.

Theorem 79 Consider the commutative diagram

A1
f1 //

h1

��
/.-,()*+I

A2
f2 //

h2

��
76540123II

A3

h3

��
B1 g1

// B2 g2

// B3,

and denote the outside square by (T ).

(a) If (I) and (II) are homotopy pushouts, then (T ) is also a homo-
topy pushout.

(b) If (I) and (T ) are homotopy pushouts, then (II) is also a homo-
topy pushout.

(c) If (I) and (II) are homotopy pullbacks, then (T ) is also a homo-
topy pullback.

(d) If (II) and (T ) are homotopy pullbacks, then (I) is also a homo-
topy pullback.

Problem 7.20 Prove Theorem 79.
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7.5.2 3× 3 Diagrams

We prove the homotopy theoretic analog of Theorems 20 and 21 and derive
some nice consequences. Let us consider the diagram F :

A1 A2
oo // A3 A1 A2

oo // A3

B1

��

OO

B2
//oo

��

OO

B3

��

OO

and its left nice
approximation F :

B1

��

OO

B2
//oo

��

OO

B3

��

OO

C1 C2
oo // C3 C1 C2

oo // C3,

which we construct following the algorithm detailed in Section 6.4.3. Then
Q = colim F is the homotopy colimit of the given diagram F .

Problem 7.21

(a) Show that the rows of F are left nice replacements for the rows of F .
Conclude that the pushouts A,B and C of the rows of F are homotopy
pushouts of the rows of F .

(b) Show that the induced maps C ← A→ B are cofibrations.

(c) Let C ← A → B be any diagram obtained using maps induced from
the given diagram, explain how the diagram gives rise to maps B → Q
and C → Q.

(d) Show that with these maps the square

A //

��
HPO

B

��
C // Q

is a homotopy pushout square.

(e) Verify that all of your arguments are purely formal, and hence dualiz-
able.

You have proved the following theorem.

Theorem 80
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(a) Consider the diagram

A1 A2
oo // A3

B1

��

OO

B2
//oo

��

OO

B3

��

OO

C1 C2
oo // C3

whose homotopy colimit is Q. Taking homotopy pushouts of the
rows gives a prepushout diagram A ← B → C whose maps are
induced maps. Taking homotopy pushouts of the columns gives
another prepushout diagram X ← Y → Z. Then the squares

B //

��
HPO

A

��
and

Y

��

//

HPO

X

��
C // Q Z // Q

where all maps are induced from the original diagram, are homo-
topy pushout squares. In particular, the homotopy pushouts of
A ← B → C and X ← Y → Z are homotopy equivalent to one
another.

(b) Consider the diagram

A1
//

��

A2

��

A3
oo

��
B1

// B2 B3
oo

C1

OO

// C2

OO

C3

OO

oo

with homotopy limit Q. Taking homotopy pullbacks of the rows
gives a prepullback diagram A→ B ← C, and taking homotopy
pullbacks of the columns gives another prepullback diagram X →
Y ← Z. Then the squares

Q //

��
HPO

A

��
and

Q

��

//

HPO

X

��
C // B Z // Y,
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where all maps are induced from the original diagram, are homo-
topy pullback squares. In particular, the homotopy pullbacks of
A → B ← C and X → Y ← Z are homotopy equivalent to one
another.

Here are some nice simple examples.

Problem 7.22 Determine the homotopy colimits of the diagrams

∗ ∗oo // ∗ X X X

∗

OO

��

Xoo //

OO

��

∗

OO

��

and X ∗ //

OO

��

oo X

∗ ∗oo // ∗ X X X.

What is are the duals?

Our final application of Theorem 80 in this section shows that certain
combinations of homotopy pushout squares are again homotopy pushout
squares, and similarly for homotopy pullbacks.

Lemma 81 Consider the diagrams

A //

��

B

��
C // D

and

W //

��

X

��
Y // Z.

(a) If they are both homotopy pushout diagrams, then so is

A ∨W //

��

B ∨X

��
C ∨ Y // D ∨ Z.

(b) If they are both homotopy pullback diagrams, then so is

A×W //

��

B ×X

��
C × Y // D × Z.

Problem 7.23 Prove Lemma 81.
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Problem 7.24

(a) Determine the homotopy pushout of the diagram

B A
∗oo f // C

Hint The trivial map A→ B can be viewed as A ∨ ∗ → ∗ ∨B.

(b) Determine the homotopy pullback of the diagram B
∗ //A C

foo .

(c) What are the fiber and cofiber of a trivial map?

Generalization to Product Diagrams. Let I and J be two small cat-
egories and choose functorial left nice approximations NiceI and NiceJ .
Then have corresponding functorial homotopy colimit functors hocolim I
and hocolim J . Now let us consider diagrams of the form

F : I × J → T .

For each j ∈ J we have an I-diagram, and we can form the homotopy
colimits to obtain a new J -shaped diagram

hocolim IF : J → T .

Taking homotopy colimit of this diagram gives a space

hocolim J hocolim IF.

Theorem 82 The space hocolim J hocolim IF is the homotopy colimit of
F . Hence, by symmetry

hocolim Ihocolim IJ ' hocolim J hocolim IF.

Exercise 7.25 Verify that in the special case I and J are both the prepushout
category ?← • → ◦ this is just Theorem 80.

The proof of Theorem 82 in full gererality depends on certain information
about left nice replacements for I, J and I × J diagrams. Specifically, we
need to know that F has a left nice replacement F with the property that
hocolim IF is a left nice diagram. Since we do not have that information
available, we will take this theorem for granted.

Exercise 7.26 Formulate the dual theorem.



7.5 Manipulating Squares 139

7.5.3 Application of Functors

Let’s extend Theorem 58 to the homotopy pushout and pullback squares.

Problem 7.27 Let L,R : T → T be an adjoint pair of functors that preserve
homotopy equivalences. Suppose further that L preserves cofibrations and R pre-
serves fibrations. Consider the homotopy commutative square

A //

��

B

��
C // D.

(a) Show that if C ← A → B is a left nice approximation to C ← A → B
with both maps cofibrations, then L(C)← L(A)→ L(B) is a left nice
approximation to L(C)← L(A)→ L(B).

(b) Show that if the square is a homotopy pushout square, then so is

L(A) //

��

L(B)

��
L(C) // L(D).

(c) State and prove the dual result.

Here are the first important applications.

Problem 7.28 Consider the homotopy commutative square

A //

��

B

��
C // D.

(a) Show that if it is a homotopy pushout square, then so are

A×X //

��

B ×X

��
C ×X // D ×X,

A o X //

��

B o X

��
C o X // D o X

and
A ∧X //

��

B ∧X

��
C ∧X // D ∧X

for any space X.
(b) Show that if the original diagram is a homotopy pullback square, then

map(X, A) //

��

map(X, B)

��
map(X, C) // map(X, D)

and

map∗(X, A) //

��

map∗(X, A)

��
map∗(X, A) // map∗(X, A)

are also homotopy pullback squares.
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7.6 Strong Homotopy Pushout and Pullback Squares

To decide whether the homotopy commutative square

A //

��

B

��
C // D

is a homotopy pushout square, we need to convert the top map to a cofibra-
tion A→ B → B and look at all maps B → D homotopic to the composite
B → B>D and which makes the square

A //

��

B

��
C // D

strictly commutative. This yields maps P → D, where P is the categorical
pushout of C ← A→ B (and also the homotopy pushout of C ← A→ B).
If one of these maps is a homotopy equivalence, then the original square is
a homotopy pushout.

This is a very complicated procedure, involving lots of maps to test.
Sometimes it is useful to work with a more rigid notion, one where there
is only one map to test. The key point is that if the square is strictly
commutative, then there is a ‘preferred’ map B → D, namely the actual
composition B → B → D. Thus there is a ‘preferred’ comparison map
P → D.

Definition 83 A strong homotopy pushout square is a strictly com-
mutative square

A //

��

B

��
C // D

in which the natural map P → D from the homotopy pushout is a homotopy
equivalence.

Dually, the sqaure is a strong homotopy pullback square if the in-
duced map A→ Q to the homotopy pushout is a homotopy equivalence.



Chapter 8

Many Applications

We use our techniques to derive some crucial results, including the long
cofiber and fiber sequences associated to a map f : X → Y . In the next
chapter we will derive a vast collection of further consequences.

8.1 Characterization of Homotopy Pushout and
Pullback Squares

We show that the property of being a homotopy pushout square is preserved
by pointwise equivalences in the homotopy category, and similarly for ho-
motopy pullback squares. This implies a much simpler and more conceptual
characterizations of homotopy pushout and pullback squares.

Theorem 84 Consider the homotopy commutative cube

A //

  B
BB

BB
BB

B

'

��

B

!!B
BB

BB
BB

B

'
��

C //

'

��

D

'

��

A′ //

  A
AA

AA
AA

A B′

  B
BB

BB
BB

B

C ′ // D′

in which the vertical maps are homotopy equivalences. Then

(a) the top square is a homotopy pushout square if and only if the
bottom square is a homotopy pushout square, and

141
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(b) the top square is a homotopy pullback square if and only if the
bottom is a homotopy pullback square.

Problem 8.1 Prove Theorem 84.

Hint Flatten the cube into a square planar diagram subdivided into nine smaller
squares. Use Theorem 79.

Because of Theorem 84, we can give a new, and conceptually much nicer,
characterization of homotopy pushout and pullback squares.

Corollary 85

(a) A homotopy commutative square is a homotopy pushout square
if and only if it is pointwise equivalent in the homotopy category
to a pushout square in which all four maps are cofibrations.

(b) Dually, a homotopy commutative square is a homotopy pullback
square if and only if it is pointwise equivalent in the homotopy
category to a pullback square in which all four maps are fibra-
tions.

Problem 8.2 Prove Corollary 85.

8.2 Long Cofiber and Fiber Sequences

In Chapter 6 we showed that a cofiber sequence A → B → C gives rise to
exact sequences [A, Y ]← [B, Y ]← [C, Y ]. Furthermore, we showed how to
put any given map into a cofiber sequence. In view of Problem 7.9, this is
done by forming the homotopy pushout diagram

A

��

f //

HPO

B

j

��
∗ // C.
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The key observation is that, since this can be done with any map, why not
repeat the process with the map j? Here is the diagram that results:

A
f //

��

B //

j

��

∗

��
∗ // C

∂ //

��

A(2)

f (2)

��

// ∗

��
∗ // B(2)

��

j(2)
//

��

C(2)

∂(2)

��
∗ // A(3)

... etc...

· · ·

where the spaces A(2), B(2), C(2) and the maps f (2), g(2), etc. are yet to be
determined. Notice that the central zigzag of labeled arrows in this diagram
is a long cofiber sequence.

Theorem 86 For any map f : A→ B with cofiber C, there is a long cofiber
sequence of the form

A
f // B

j // C
∂ // ΣA

−Σf // ΣB
−Σj // · · · // ΣnA

(−1)nΣnf // ΣnB // · · · .

Problem 8.3 Using the notation and terminology of the discussion above,

(a) prove that A(2) ' ΣA.

(b) By applying the reasoning of (a) to the map j, show that B(2) ' ΣB.

In Section 6.3 we discussed induced maps between suspensions in some
detail. Since the suspension ΣA is the union of two cones, if f : A → B,
then extending f to the cones on A and on B yields a map φ : ΣA → ΣB.
The identification of φ depends on which cones we consider to be the top
cones and which are the bottom cones. If the map carries the top to the
top, then it is Σf ; but if it carries the top cone C+A to the bottom C−B
and also the bottom to the top, then φ = −Σf .

Since our construction involves repeated attachment of cones, we will
be unable to identify our maps without deciding on a uniform convention
which determines which cone is the top cone. This is the convention we will
adopt:
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Convention: The most recently attached cone is the top cone.

Now we are in position to identify the map f (2).

Problem 8.4

(a) Show that f (2) is induced by the map

CA

��

A

f

��

oo // CB(2)

��
CC(2) Boo // CB(2)

of prepushout diagrams. Carefully identify all the maps in this diagram.

(b) Use our convention to identify the map ΣA → ΣB induced by this
diagram map.

(c) Prove Theorem 86.

Corollary 87 Let f : A→ B with cofiber C, and let Z be any space. Then
there is a long exact sequence

[A,Z] [B,Z]
f∗oo [C,Z]

j∗oo [ΣA,Z]∂∗oo · · ·oo [ΣnA,Z]oo [ΣnB,Z]← · · · .
(−1)nΣnf∗oo

All the terms involving a suspensions are groups, and the maps between
them are homomorphisms. The terms involving more than one suspension
are abelian groups.

Since this whole discussion just used the formal properties of cofibers
and homotopy pushouts, we can dualize the whole thing. So, given a map
f : X → Y , we can form the diagram

...etc ...
· · · ΩF

−Ωi
��

// ∗

��
ΩX

−Ωf //

��

ΩY

∂
��

// ∗

��
∗ // F

i //

��

X

f

��
∗ // Y

and thereby derive the dual theorem.
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Theorem 88 For any map f , there is a long fiber sequence of the form

· · · // ΩnX
(−1)nΩnf // ΩnY // · · · // ΩY

∂ // F
i // X

f // Y.

Corollary 89 Let f : X → Y with fiber F , and let A be any space. Then
there is a long exact sequence

· · · → [A, ΩnF ] // [A, ΩnX]
(−1)nΩnf∗ // [A, ΩnY ] // · · · // [A,F ]

j∗ // [A,X]
f∗ // [A, Y ].

The sets involving at least on loop space are groups, and the maps between
them are homomorphisms. The ones involving at least two loops are abelian
groups.

As an application, we reprove Proposition ??.

Problem 8.5 Show that if f is a homotopy equivalence, then its fiber F and
cofiber C are both contractible. Are the converses true?

Exercise 8.6 Is our new proof of Proposition ?? actually a new proof? Or do
some of the results used in the proof ultimately depend on Proposition ??, making
the new argument circular?

Problem 8.5 suggests we view the cofiber and fiber of f as measures of
how far f is from being a homotopy equivalence. If the fiber (or cofiber) is
nearly contractible, then we think of f as nearly a homotopy equivalence;
but if the fiber (or cofiber) is very far from being contractible, then we think
of f as far from being a homotopy equivalence. In Section ?? we will be
much more precise about this, and develop concepts that allow us to quantify
how ‘nearly contractible’ a space is.

The construction of these long cofiber and fiber sequences is functorial.

Proposition 90 A homotopy commutative square

X
f //

u

��

Y

v

��
W

g // Z

gives rise to homotopy commutative ladders

X
f //

u

��

Y

v

��

// Cf

��

// ΣX
−Σf //

Σu

��

ΣY

Σv

��

// · · ·

W
g // Z // Cg // ΣW

−Σg // ΣZ // · · · .
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and, dually,

· · · // ΩX

Ωu

��

−Ωf // ΩY

Ωv

��

// Ff

��

// X

u

��

f // Y

v

��
· · · // ΩW

−Ωg // ΩZ // Fg //W
g // Z.

Problem 8.7

(a) Prove Proposition 90 under the assumption that the square is strictly
commutative.

(b) Now suppose that the square is only homotopy commutative. Prove
that there is a strictly commutative square

X //

u

��

Mf

��
Y // Mg

which is pointwise equivalent, in the homotopy category, to the original
square.

(c) Prove Proposition 90.

The naturality of these long sequences can be used to test whether a
map is nontrivial.

Problem 8.8 Let f : X → Y and extend this map to the long cofiber sequence

X → Y → Z → ΣX → ΣY → ΣZ → · · · .

(a) Show that if f is trivial, then there is a map ΣX → Z such that
ΣX → Z → ΣX is homotopic to idΣX .

Hint Use the naturality of the long cofiber sequence.
(b) Suppose you have a functor F : hT∗ → abG such that F (Z) = 0 and

F (ΣX) 6= 0. Show that f 6' ∗.
(c) Formulate and prove the dual results.

Theorem 88 yields a long exact sequence of homotopy groups for a fiber
sequence.

Corollary 91 Let F → E → B be a fiber sequence. Then there is a long
exact sequence

· · · → πn(F )→ πn(E)→ πn(B)→ πn−1(F )→ πn−1(E)→ · · · .

(If n ≥ 1, then these sets are groups, and if n ≥ 2, they are abelian.)

Problem 8.9 Prove Corollary 91.
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8.3 Commuting (Co)Limits with (Co)Fibers

Our next application concerns the cofibers of the maps in a map of one
homotopy pushout square to another.

Theorem 92 Suppose that in the commutative diagram

A1

��

A2

��

oo // A3

��

A

��
B1

��

B2
oo //

��

B3

��

homotopy

pushout
// B

��
C1 C2
oo // C3 C,

the columns are cofiber sequences. Then the sequence A → B → C of
homotopy colimits is also a cofiber sequence.

Problem 8.10 Use Theorem 80 to prove Theorem 92.

Problem 8.11 Consider the pushout square

A
f //

��

B

��

// Cf

��
C

g // D // Cg.

Show that the induced map Cf → Cg is a homotopy equivalence. State and prove
the dual statement.

Hint What is the pushout of C ← A→ A?

Generalization to Arbitrary Diagram Shapes. Using Theorem 82,
we obtain the following vast generalization of Theorem 92.

Theorem 93 Let F → G→ H be a sequence of I-diagrams.

(a) If the sequence is is pointwise a cofiber sequence, then the induced
sequence of homotopy colimits is also a cofiber sequence.

(b) If the sequence is is pointwise a ciber sequence, then the induced
sequence of homotopy limits is also a fiber sequence.

Problem 8.12 Prove Theorem 93.
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Comparison of Pointed and Unpointed Homotopy Colimits. A
diagram of pointed spaces is, after we forget the basepoints, also a diagram
of unpointed spaces. We can form the homotopy colimit of the pointed
diagram and the unpointed diagram of the unpointed one. How do these
two homotopy colimits compare?

In our answer to this question, we have to talk about the same diagram
in several different contexts, so we use ostentatiously obvious notation to
denote the variants of the diagram in questions. Thus, let F∗ : I → T∗
be a diagram of pointed spaces; when we forget the basepoints, we obtain
the unpointed diagram F◦ : I → T◦ of unpointed spaces. The forgetful
functor T∗ → T◦ has a left adjoint which attaches a disjoint basepoint; let
F+ : I → T∗ be the result of composing this with F◦.

Now we have two homotopy colmits:

hocolim ◦F◦ and hocolim ∗F∗.

and we wish to relate them to one another.
The inclusions of the basepoints of the spaces F (i) for i ∈ I constitute a

natural transformation TI → F◦. Forgetting basepoints and attaching new
ones leads to a sequence of diagram maps (TI)+ → F+ → F∗, which, for
each i, is a cofiber sequence.

Theorem 94 There is a natural cofiber sequence

BI → hocolim ◦F◦ → hocolim ∗F∗,

for any choice of (cofibrant) basepoint ∗ ∈ BI.

Corollary 95 If BI ' ∗, then hocolim ◦F◦ ' hocolim ∗F∗.

Problem 8.13

(a) Show that if F : I → T◦, then hocolim ∗F+ = (hocolim ◦F◦)+.

(b) Prove Theorem 94 and Corollary 95. Formulate the dual statement.

8.4 Iterated Fibers and Cofibers

We have discussed in Section ?? the idea that the fiber and cofiber of a
map can be interpreted as a measure of the deviation of the map from being
a homotopy equivalence. In this section we generalize this idea, and pro-
duce spaces that measure the deviation of a square from being a homotopy
pushout square or a homotopy pullback square.
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Consider the homotopy commutative diagram

A //

��

B

��
C // D.

Because of Proposition 90 we know that there are induced maps between the
cofibers of the rows, as well as between the cofibers of the columns. Thus
we obtain the following homotopy commutative 3× 3 diagram

A //

��

B

��

// L

��
C //

��

D //

��

M

��

W // X // ??? .

How can we fill in the bottom right corner? There are two equally reasonable
choices: the cofiber N of L→M and the cofiber Y of W → X. But which
one should we choose?

Exercise 8.14 Show that if the original square is a homotopy pushout square
then the cofibers of L→M and W → X are both contractible.

Exercise 8.14 suggests that perhaps the cofibers N and Y always have
the same homotopy type. That this is generally true is the content of the
following theorem, which is sometimes called the Cohen-Moore-Neisendorfer
Lemma.

Theorem 96 Let N be the cofiber of the map L → M and let Y be the
cofiber of the map W → X. Then N ' Y . Writing Q for this common
space, there are induced maps making the square

D //

��

M

��
X // Q

homotopy commutative.

Problem 8.15 Prove Theorem 96. State and prove the dual result.

Hint Use Theorem 80.
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These common spaces are known as the iterated cofiber and the it-
erated fiber. The idea that the iterated cofiber (or fiber) is a measure of
how far the given square is from being a homotopy pushout (or pullback)
square is justified by the next problem.

Exercise 8.16 Show that if

A //

��

B

��
C // D

is homotopy commutative, and P is the homotopy pushout of the prepushout part
C ← A→ B, then there are induced maps P → D. Show that all of the cofibers of
these induced maps are homotopy equivalent to one another.

Problem 8.17 This problem elaborates on the previous one, so we’ll keep the
same notation. Let P denote the homotopy pushout of C ← A→ B.

(a) Show that the iterated cofiber of the original diagram is homotopy
equivalent to the cofiber of any induced map P → D.

(b) Formulate and prove the dual result.

Problem 8.18 Show that for any composition X
f //Y

g //Z there is a fiber
sequence

Ff → Fg◦f → Fg.

Problem 8.19 If f : X → Y , the graph of f is the map Graph(f) : X → X×Y
given by x 7→ (x, f(x)). Determine the homotopy fiber of Graph(f).1

8.5 Mayer-Vietoris Sequences

If X is constructed as the homotopy pushout of C ← A → B, we can view
X as the union of B and C, where B and C intersect along A. The following
result is the topological underpinning of the Mayer-Vietoris sequences, which
are algebraic tools for understanding the space X in terms of its pieces A,
B and C.

Problem 8.20 Let

A
f //

i

��

B

j

��
C

g // D

1This problem came up in conversation with Ran Levi, who attributed it to Fred Cohen.
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be a homotopy pushout square. Show that there is a cofiber sequence

B ∨ C
(j,g) // D

∂ // ΣA.

This cofiber sequence is known as the Mayer-Vietoris cofiber sequence. For-
mulate and prove the dual.

Exercise 8.21 Extend the Mayer-Vietoris sequence to the right to get the long
sequence

B ∨ C
(j,g) // D

∂ // ΣA
θ // ΣB ∨ ΣC // · · · .

identify the map θ in terms of the maps f , g, i and j from the original square.

It may be a bit frustrating that we cannot start our Mayer-Vietoris
sequence one step to the left. In fact we can do that if the space in the
upper left corner is a suspension.

Problem 8.22 Show that the following are equivalent:

1. There is a cofiber sequence ΣX
α−β //A ∨B

(i,j) //Y.

2. There is a homotopy pushout square

ΣX
α //

β

��

A

i

��
B

j // Y.

3. State and prove the dual statement.

Hint Find maps (not homotopy classes!) CX → A and CX → B that give a map
of prepushout squares

CX

��

Xoo //

��

CX

��
B ∗oo // A

which induces α− β.

8.6 H Spaces and coH Spaces

There are many spaces which have part of the structure needed to make
them group objects, but not all of it. These spaces are called H spaces; and
the dual – spaces that are not quite cogroup objects – are called coH spaces.
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8.6.1 H-Spaces

The most basic idea is that of an H-sapce. An H-space is a space X ∈ T∗
which has a map µ : X × X → X, called its multiplication, that makes
the diagram

X ∨X
∇

##��
X ×X

µ // X

commute up to homotopy. An H-space X is called associative if the square

X ×X ×X

µ×idX

��

idX×µ // X ×X

µ

��
X ×X

µ // X

commutes up to homotopy. It is called a commutative H-space if the
diagram

X ×X

µ
##G

GG
GG

GG
GG

T // X ×X

µ
{{ww

ww
ww

ww
w

X

commutes up to homotopy (where T is the twist map). If f : X → Y where
X and Y are H-spaces, then we say that f is an H-map (or a homomor-
phism) if the square

X ×X

µ

��

f×f // Y × Y

µ

��
X

f // Y

commutes up to homotopy.

Problem 8.23 Show that if X is an H-space, then [A,X] has a multiplication
that is natural as a functor of A. Show that if f : X → Y is an H-map, then the
natural transformation f∗ : [ ? , X]→ [ ? , Y ] respects multiplication.

Problem 8.24 Show that if X is a retract of Y (up to homotopy) and Y is an
H-space, then X is also an H-space.

Exercise 8.25 Suppose that X is a homotopy retract of Y .

(a) What can you say about X if Y is commutative? or if Y is associative?
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(b) Is there necessarily an H-map from X to Y or from Y to X?

Problem 8.26 Show that X is an H-space if and only if in any diagram of the
form

A ∨B
(f,g) //

��

X

A×B

;;

the dotted arrow can be filled in to make the diagram commute up to homotopy.
Can it be filled in to commute on the nose?

8.6.2 Co-H-Spaces

Now we turn to the dual notion. A co-H-space is a space X with a map
φ : X → X ∨X making the diagram

X
φ //

∆ **

X ∨X

��
X ×X

commute up to homotopy.

Exercise 8.27 Formulate definitions for commutative and associative co-H-
spaces.

Problem 8.28 Show that if X is a co-H-space, then [X, ? ] takes its values in
sets with unital multiplications.

Problem 8.29 Formulate and prove the dual of Problem 8.26.

Problem 8.30 Show that a retract of a co-H-space is also a co-H-space.

We know that a suspension is cogrouplike, so it is automatically a co-H-
space. Our next problem explores the extent to which a co-H-space must be
like a suspension.

We need another definition. We say a subset U ⊆ X is a categorical
subset if the inclusion map i : U ↪→ X is homotopic to a constant map. A
categorical cover of X is a cover

X = U0 ∪ U1 ∪ · · · ∪ Un

in which each set Uk ⊆ K is a closed categorical subset X. The least n for
which X has such a cover is called the Lusternik-Schnirelmann category
of X (usually, simply the category of X); it is denoted cat(X).
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Exercise 8.31 Show that cat(X) = 0 if and only if X ' ∗ and that for any
space X, cat(ΣX) ≤ 1.

Problem 8.32

(a) Suppose X is a co-H-space with comultiplication φ : X → X ∨ X.
Let A = φ−1(X × ∗) and B = φ−1(∗ × X). Show that A and B are
categorical, and conclude that cat(X) ≤ 1.

(b) Show that if cat(X) ≤ 1 then X is a co-H-space.

(c) Suppose the inclusions A ∩ B ↪→ A and A ∩ B ↪→ B are cofibrations.
Show that if cat(X) ≤ 1 then X is a retract of a suspension.

Hint Use Problem 2.28 and the diagram

B

��

A ∩B //oo A

��
CB A ∩Boo // CA.

It is worth stating the conclusion of your work as a proposition.

Proposition 97 A normal space X is a co-H-space if and only if X is a
retract of a suspension.

Problem 8.33 Show that if X and Y are coH spaces, then X ∧ Y is a cocom-
mutative coH space.

Problem 8.34 If A is a co-H-space and X is an H-space, then the set [A,X]
inherits two multiplications: one from A and one from X. Show that they coincide.

Problem 8.35 Let X be an H-space with multiplication µ : X ×X → X. The
shear map s : X × X → X × X is the map s = (pr1, µ). Using the canonical
identification π∗(X ×X) ∼= π∗(X)× π∗(X),

(a) identify the induced map µ∗

(b) identify the induced map s∗.

8.7 An Introduction to Moore Spaces

In this section, we’ll determine some mapping sets [M,S]. This is moderately
interesting in its own right, but it also shows how knowledge of the homotopy
groups of spheres πn(Sm) can be useful in solving other problems, and also
it shows some important algebraic constructions inserting themselves into
our nice clean topological world.
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8.7.1 Definition of Moore Spaces

To begin, let’s consider the group πn(Sn) = [Sn, Sn]. This group has two
elements that we can name: ∗ and idSn . Since we have not yet shown
that Sn 6' ∗, it is conceivable that these are actually two different names
for the same element. But this is not the case, and the group πn(Sn) is
given by the following theorem (notice that we are not using any notation
to distinguish between a map and its homotopy class – this is the usual
custom in homotopy theory).

Theorem 98 πn(Sn) ∼= Z.

This is a crucial computation in homotopy theory, and we do not yet
have the tools needed to prove it. It will appear later – with a proof – as
Theorem ??; for the purposes of this section, though, you should take it for
granted.

Knowing the group πn(Sn) up to isomorphism is nice, but it is much
more useful to know what it is generated by.

Problem 8.36 Let g : Sn → Sn be a map whose homotopy class generates
πn(Sn). Consider the map g∗ : πn(Sn)→ πn(Sn) induced by g.

(a) Show that g∗(idSn) = g, and conclude that g∗ is an isomorphism.

(b) Show that g∗(g) = ±g.

(c) Show that g = ±idSn .

You have shown that if πn(Sn) ∼= Z, then πn(Sn) is generated by idSn .
Because of Theorem 98, this implies that any map f : Sn → Sn is homotopic
to a · idSn for a unique a ∈ Z; this number a is called the degree of f , and
denoted deg(f). We will refer to this map simply as a. Thus 2 : Sn → Sn

denotes the unique homotopy class with degree 2, a homotopy class that is
represented by 2 · idSn = idSn + idSn .

Problem 8.37 Let a ∈ N.

(a) Write down the composition of maps which defines

a · idSn =

a terms︷ ︸︸ ︷
idSn + idSn + · · ·+ idSn ∈ [Sn, Sn].

(b) Write down the composition of maps which defines a · f ∈ πn(X).

(c) Show that a∗ : [Sn, X]→ [Sn, X] is given by a∗(f) = a · f .

(d) Show that Σ(a · idSn) = a · idSn+1 .

Observe that when n ≥ 2, πn(X) is an abelian group, so α∗ is a homo-
morphism; but when n = 1 all bets are off.
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Exercise 8.38 Let α ∈ πn(X), with n ≥ 2.

(a) Suppose α is a homotopy equivalence. What can you say about deg(α)?

(b) Suppose α and β are homotopy equivalent maps. How are deg(α) and
deg(β) related?

Using the concept of degree, we can define new collection of spaces. The
Moore space for the group Z/a in dimension n is the homotopy pushout
in the square

Sn α //

��
HPO

Sn

��
∗ //M(Z/a, n),

where α has degree a.

Problem 8.39 Let n ≥ 2, and let a ∈ N.

(a) Find a space N such that M(Z/a, n) ' ΣN . For which values of n is
M(Z/a, n) a double suspension?

(b) Conclude that the functor [M(Z/a, n), ? ] takes its values in the cate-
gory G; for which n does it land in abG?

8.7.2 Maps Out of Moore Spaces

Now we’ll describe the group [M(Z/a, n), X] in terms of the homotopy
groups π∗(X) and some some concepts from homological algebra. If G is an
abelian group, then the tensor product of G with Z/a is the group

G⊗ Z/a = G/a ·G.

The torsion of G with Z/a is the group

Tor(G, Z/a) = {g ∈ G | a · g = 0}.

Tensor and Tor are defined for any pair of abelian groups, or even more
generally for any two modules M and N over the same ring R. These
functors which play a major role in homological algebra, and one of the
points of these problems is that when you study homotopy theory, you are
forced to study homological algebra, too.

Exercise 8.40 Suppose A→ B → C → D is an exact sequence, and write

Q = Im(B → C) = ker(C → D).
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Show that the sequence can be expanded to

A // B //

��?
??

??
??

C // D

Q

??�������

��>
>>

>>
>>

0

??��������
0,

where the sequences A→ B → Q→ 0 and 0→ Q→ C → D are exact.

Problem 8.41 Let a, n ∈ N.

(a) Show that there is an exact sequence

πn+1(X) a∗ //πn+1(X) // [Mn(Z/a), X] //πn(X) a∗ //πn(X).

(b) Show that there is an exact sequence

0 −→ πn+1(X)⊗ Z/a −→ [M(Z/a, n), X] −→ Tor(πn(X), Z/a) −→ 0.

(c) If n > 7, then the first few homotopy groups of Sn are given by

k 0 1 2 3 4 5 6
πn+k(Sn) Z Z/2 Z/2 Z/24 0 0 Z/2

Use these values to determine the groups [Mn+k(Z/p), Sn] for all prime
numbers p and all k ≤ 5.

(d) Is it possible that M(Z/a, n) is contractible?

8.8 A Diagram in hT∗ With No Pushout
Where does this section
belong?We will show that there is a diagram in hT∗ with no pushout, using the

following as yet unproved information about the homotopy groups of spheres:

1. for n ≥ 1, πn(Sn) = Z · [id]

2. for all k < n, πk(Sn) = 0.

This will be proved later, after we establish the topological inputs to homo-
topy theory.

Problem 8.42 A prepushout diagram C ← A → B in hT∗ is the image of
many prepushout diagrams in C ← A→ B in T∗. Show that all of these preimage
diagrams have homotopy equivalent homotopy pushouts.
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Because of Problem 8.42, we can meaningfully talk about the homotopy
pushout of a prepushout diagram in hT∗.

Problem 8.43 Let C ← A → B be a prepushout diagram in hT∗, that has a
pushout P .

(a) Show that for any choice of homotopy pushout D there is a uniquely
defined comparison map i : P → D in hT∗.

(b) Show that i has a left homotopy inverse r : D → P so that P is a
retract of D in hT∗.

Now we use our (very limited) knowledge of homotopy groups to get
some control over retracts of spheres.

Problem 8.44 Suppose P is a homotopy retract of Sn (for n = 1, 2, 3). Show
that either P ' ∗ or P ' Sn.

Hint Let r : Sn → P and j : P → Sn such that r ◦j ' idP . Show that j ◦r ' idSn .

Recall from Section ?? that the Moore space M(Z/a, n) is the cofiber of
the degree a map a : Sn → Sn. It sits in a long cofiber sequence

Sn a // Sn
j //M(Z/a, n) ∂ // Sn+1 a // Sn+1 // · · · .

Problem 8.45 Let a ∈ N with a ≥ 2.

(a) Show M(Z/a, 2) 6' ∗.

(b) Show that the induced map ∂∗ : [S3, S3] → [M(Z/a, 2), S3] is not in-
jective.

(c) Show that the prepushout diagram ∗ S2oo j //M(Z/a, 2) has no
pushout in hT∗.

8.9 Homotopy Type of Joins and Products

In this section we introduce a construction called the join of two spaces.
Joins are defined by as a homotopy pushout, but surprisingly they appear
quite frequently in the study of homotopy fibers of a many important maps.
We determine the homotopy type of the join in terms of smash products and
suspensions. Then we show how the join leads to a splitting of Σ(X ×Y ) as
a wedge sum of other spaces. Then we turn to the study of the homotopy
type of a product of two mapping cones, which leads us to the Whitehead
product.
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The Join of Two Spaces. The join of X and Y is defined up to homotopy
type as the homotopy pushout in the square

X × Y

HPO

prX //

prY

��

X

��
Y // X∗Y.

We define it – up to homeomorphism – as the standard homotopy pushout
of the diagram Y ← X × Y → X.

Exercise 8.46 Show that X ∗Y is homeomorphic to the quotient of X × I ×Y
by the equivalence relation given by

(x, 0, y) ∼ (x, 0, y′) (x, 1, y) ∼ (x′, 1, y)

for any x, x′ ∈ X and y, y′ ∈ Y .

Problem 8.47

(a) Show that the square

X ∨ Y
(idX ,∗) //

(∗,idY )

��

X

��
Y // ∗

is a homotopy pushout square. Is it a categorical pushout square?

(b) Show that X ∗ Y ' Σ(X ∧ Y ).

Exercise 8.48 Are the spaces X ∗ Y and Σ(X ∧ Y ) homeomorphic?

Splittings of Products. We turn now to a surprising and extremely use-
ful decomposition of the suspension of a product as a wedge of spaces.

Problem 8.49

(a) Show that the vertical map X → X ∗ Y (in the homotopy pushout
square that defines the join) is the trivial map ∗.

(b) Use a Mayer-Vietoris sequence to express the space Σ(X × Y ) as a
wedge of other spaces.

(c) Identify the maps

Σ(inX) : Σ(X) ↪→ Σ(X × Y ) and Σ(prX) : Σ(X × Y )→ ΣX

in terms of your answer to part (b)
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(d) Determine the cofiber of the projection map prY : X × Y → Y .

The formula you derived in Problem 8.49(b) shows that products split as
a wedge after one suspension. Some spaces require more than one suspension
to split, and still others never split.

Problem 8.50 Using Problem 8.49(b), write down a splitting of the n-fold prod-
uct Σ(X1 ×X2 × · · · ×Xn).

It is easy enough to dualize this. The smash product is the cofiber of
X ∨ Y → X × Y , so the dual is the fiber of X ∨ Y → X × Y .

One of the first notations for the smash product was the musical ‘sharp’
symbol: X]Y . Authors who used this notation were naturally led to use
the ‘flat’ symbol for the dual operation, and so you will sometimes see the
homotopy fiber of X∨Y → X×Y denoted X[Y (and referred to as the ‘flat
product’). Both of these notations have fallen out of use. Presently, you will
determine the homotopy type of this fiber in terms of the basic constructions
we already know, so we won’t need any permanent notation for this space.
I think that ‘flat’ notation seems to indicate an asymmetrical dependence
on X and Y , so I will use the temporary, but symmetrical, notation X � Y
for this homotopy fiber.

Problem 8.51

(a) Determine the homotopy type of X � Y .

(b) Determine the fiber of in1 : X → X ∨ Y .

Products of Mapping Cones. From our discussion of the cellular struc-
ture of a product of CW complexes in Chapter ??, we know that Sn×Sm =
(Sn ∨ Sm) ∪w Dn+m for some map w : Sn+m−1 → Sn ∨ Sm. In this section,
we derive a far reaching generalization of this decomposition, one that sheds
considerable light on the structure of products of spaces.

Given two maps, f : A → X and let g : B → Y , we may form the
mapping cones Cf = X ∪f CA and Cg = Y ∪g CB. Inside the product
Cf × Cg we have a subspace T (f, g) defined by the pushout square

X × Y //

��
pushout

X × Cg

��
Cf × Y // T (f, g).

We will determine precisely how Cf × Cg is constructed from T (f, g).

Exercise 8.52 Let f : A→ X and let g : B → Y .
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(a) Show that the inclusion T (f, g) ↪→ Cf × Cg is a cofibration. What is
its cofiber?

(b) Show that T (idA, idB) = A ∗B.
(c) Let f : A→ ∗ and g : B → ∗; then show T (f, g) = ΣA ∨ ΣB.

Here is our main result.

Proposition 99 Let f : A→ X and let g : B → Y . Then there is a cofiber
sequence

A ∗B → T (f, g)→ Cf × Cg

which is functorial in both f and g.

Exercise 8.53 Write out explicitly what it means for the sequence to be func-
torial in f and g. What categories are involved? What functors?

Problem 8.54 Consider the diagram

A× Y //

��

&&MMMMMMMMMM X × Y

��

&&LLLLLLLLLL

A× Cg

��

// X × Cg

��

CA× Y //

&&LLLLLLLLLL Cf × Y

%%LLLLLLLLLL

T (idA, f) //

��

T (f, g)

��
CA× Cg // Cf × Cg.

(a) Show that the lower square is a pushout square.
(b) Show that there is a pushout square

A ∗B

��

w //

pushout

T (f, g)

��
CA× CB // Cf × Cg.

(c) Prove Proposition 99.

Exercise 8.55 Show that there is a commutative square

A ∗B

��

A ∗B

��
C(A ∗B)

∼= // CA× CB,
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and conclude that Cf × Cg
∼= Cw, where w : A ∗ B → T (f, g) is the map from

Problem 8.54(b).

Problem 8.56 Let f : A→ X and let g : B → Y .

(a) Determine the cofiber of the inclusion X × Y ↪→ T (f, g).
(b) Let Q be the cofiber of X ×Y ↪→ Cf ×Cg. Show that there is a cofiber

sequence

A ∗B // (ΣA o Y ) ∨ (X n ΣB) // Q.

(c) Let R be the cofiber of X ∧ Y ↪→ Cf ∧ Cg, and show that there is a
cofiber sequence

A ∗B // (ΣA ∧ Y ) ∨ (X ∧ ΣB) // R.

Whitehead Products. Our decomposition is particularly nice when f :
A→ ∗ and g : B → ∗, for then it asserts the existence of a cofiber sequence

A ∗B
w // ΣA ∨ ΣB // ΣA× ΣB,

and we understand all the spaces in the sequence. The map w : A ∗ B →
ΣA ∨ ΣB in this sequence is an example of a (generalized) Whitehead
product. More generally, if α : ΣA → X and β : ΣB → X, then the
generalized Whitehead product of α and β is the map [α, β] defined by the
composition

A ∗B
[α,β] //

w
&&MMMMMMMMMM X

ΣA ∨ ΣB.
(α,β)

99ssssssssss

Thus w = [idA, idB].

Problem 8.57 Let α ∈ [ΣA,X] and β ∈ [ΣB,X].

(a) Show that the Whitehead product [α, β] is well defined up to homotopy.
(b) Show that if X is an H space, then [α, β] = ∗.

Whitehead products were first defined for homotopy classes α, β ∈ π∗(X).
Let’s look at that case in more detail.

Problem 8.58

(a) Suppose A = Sn and B = Sm. What homotopy set does [f, g] belong
to?
Hint What is A ∗B?

(b) Show that in the case A = B = S0, [α, β] is the commutator αβα−1β−1.
Hint View S1 × S1 as a square with parallel sides identified.prove the graded jacobi

identity?
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8.10 Cone Decompositions and Lusternik-Schnirelmann
Category

Introduction.... Needs Revision!

Cone Decompositions. A map f : X → Y is called a principal cofi-
bration if there is a space A and a map A → X such that the sequence
A → X → Y is a cofiber sequence. Because of the coaction of ΣA on Y ,
These maps are particularly easy to work with on the domain side.

Exercise 8.59 Show that the suspension of any map is a principal cofibration.

If f is not a principal cofibration, then we may try to understand it
by expressing it – up to homotopy equivalence – as a composition of a
finite number of principal cofibrations. More precisely, we may try to find a
homotopy commutative diagram of the form

A0

��

A1

��

An−1

��
X0

//

'
��

X1
// · · · // Xn−1

// Xn

'
��

X
f // Y

in which each sequence Ak → Xk → Xk+1 is a cofiber sequence. Such a
diagram is called a cone decomposition of f with length n. We consider
∗ → X to be a cone decomposition of idX with length 0.

It can be useful to think of a cone decomposition of f as a recipe for
building Y from X using the basic pieces A0, A1, . . . , An−1. Sometimes it
happens that we want to exert some control over the pieces involved by
requiring that the spaces Ak be chosen from a predetermined collection A.
An A-cone decomposition of f is an ordinary cone decomposition in which
all the spaces Ai are in the collection A.

Now we can define the cone length of f to be

L(f) = inf{length(D) | D is a cone decomposition of f}

(where, as usual, inf(∅) = ∞). The A-cone length, LA(f), is defined the
same way, but D is required to run over just the A-cone decompositions of
f , not all cone decompositions.

One very important example is the collection of all wedges of spheres.
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Exercise 8.60 Let X be a CW complex, and let W be the collection of all
wedges of spheres. Show that LW(Xn ↪→ X) ≤ dim(X) − n. Give an example to
show that the inequality can be strict.

The cone length of a space is defined by cl(X) = L(∗ → X) and, more
generally, the A-cone length of X is clA(X) = LA(∗ → X).

Exercise 8.61 Show that cl(X) = 0 if and only if X ' ∗ and cl(X) = 1 if and
only if X 6' ∗ and X ' ΣY for some Y .

Problem 8.62 Show that if f and g are homotopy equivalent maps, then
LA(f) = LA(g). Conclude that if X ' Y then clA(X) = cl(Y ).

Problem 8.63 Consider the homotopy pushout square

A //

��
HPO

B

��
C // D.

Show that LA(C → D) ≤ LA(A→ B).

Problem 8.64 Let Z be a space such that map∗(A,Z) ' ∗ for all A ∈ A, and
let f : X → Y .

(a) Show that if clA(X) <∞ then map∗(X, Z) ' ∗.
(b) What can you say about map∗(Y, Z) if LA(f) <∞?

Decomposition of a Product. Next we consider the cone length of a
product of two spaces. Suppose cl(X) = n and cl(Y ) = m; then what can
we say about cl(X × Y )? Without loss of generality, we can assume that X
has a system of subspaces Xk ⊆ X such that

∗ ⊆ X1 ⊆ X2 ⊆ · · · ⊆ Xn = X,

and each Xk+1 = Xk ∪ CAk (and similarly for Y ). Then inside of X × Y ,
we have the subspaces Xi × Yj , and more importantly, the subspaces

Dk =
⋃

i+j=k

Xi × Yj .

Notice that if the subspaces Xi and Yj were the CW skeleta of X and Y , then
Dk would be the k-skeleton of X × Y in the product CW structure. This
suggests that the inclusion Dk ↪→ Dk+1 might be a principal cofibration;
this would imply the following formula for the cone length of a product.

Proposition 100 For any two spaces X and Y , cl(X×Y ) ≤ cl(X)+cl(Y ).
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Problem 8.65

(a) Show that the inclusion (Xi × Yj−1) ∪ (Xi−1 × Yj) ↪→ Xi × Yj is a
principal cofibration.

(b) Show that Dk ↪→ Dk+1 is a principal cofibration.
(c) Prove Proposition 100.

Here is a challenge.

Exercise 8.66 Generalize Proposition 100 to formulas for L(X×Y ), clA(X×Y )
or LA(X ×Y ). You will have to impose certain closure conditions on A, such as ‘if
A,B ∈ A, then A ∨B ∈ A.’

Exercise 8.67 Dualize the ideas of this section. Start by defining a principal
fibration to be a map f : X → Y which fits into a fiber sequence X → Y → B.
Define the fiber length of a map and a space, etc.

Lusternik-Schnirelmann Category. A subset U ⊆ X is a categorical
subset if the inclusion map i : U ↪→ X is homotopic to a constant map. A
Lusternik-Schnirelmann cover (or LS cover for short) of X is a cover

X = U0 ∪ U1 ∪ · · · ∪ Un

in which each set Uk ⊆ K is a closed categorical subset X.2 The least n
for which X has such an LS cover is called the Lusternik-Schnirelmann
category3 of X (usually, simply the category of X); it is denoted cat(X).

Exercise 8.68 Show that cat(X) = 0 if and only if X ' ∗ and that, cat(ΣX) ≤
1 for any space X.

Proposition 101 If X is a homotopy retract of Y , then cat(X) ≤ cat(Y ).

Problem 8.69

(a) Prove Proposition 101.

Hint If X is a homotopy retract of Y , then we have X
i //Y

r //X
with r ◦ i ' idX . Show that if U ⊆ Y is a categorical subset, then
i−1(U) ⊆ X is also categorical.

(b) Show that if X ' Y , then cat(X) = cat(Y ).

Since Lusternik-Schnirelmann category is a homotopy invariant of spaces,
it makes sense to study it using the machinery of homotopy theory. But the
given definition is better suited to point-set topology than to homotopy
theoretic analysis. So we reformulate the definition in terms of diagrams.

2What we call an LS cover usually called categorical cover, but the word category
is vastly overused, and I think there is no chance of confusion with the alternate name.

3There is no chance that this terminology will change!
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Exercise 8.70 Consider the pointed space X, considered as the pair (X, ∗).
Then we can form the product pair (X × X, X ∨ X), and more generally (X, ∗)k

for k ≥ 1. This is a pair (Xk, T k(X)), where T k(X) ⊆ Xk is a certain subspace.

(a) Write down the set T k(X) explicitly.
(b) Suppose that X is cofibrant (so ∗ → X is a cofibration). Show that

T k(X) ↪→ X is a cofibration, and determine its cofiber.

Proposition 102 (G.W. Whitehead) If X is normal, then cat(X) ≤ n if
and only if there is a lift up to homotopy in the diagram

Tn+1(X)

��
X

λ
44

∆ // Xn+1

where ∆ is the diagonal map.

Problem 8.71

(a) Prove that if X is a normal space, then there any open cover {U0, U1, · · · , Un}
can be ‘shrunk’ to a cover {V0, V1, · · ·Vn} with Vk ⊆ V k ⊆ Uk.

(b) Prove that in a normal space, if C ⊆ U ⊆ X, where C is closed and U is
open, then there is a function u : X → I with u|C = 1 and u|X−U = 0.

(c) Suppose X is normal and C ⊆ U ⊆ X, where C is closed and U is open.
Show that if a homotopy C × I → Y extends to U × I → Y , then it
extends to X × I → X. Conclude that if C ↪→ U is a cofibration, then
C ↪→ X is a cofibration.

(d) Show that if X is normal, then X has a cover by closed sets {W0,W1, . . . ,Wn}
such that there are homotopies Hk : X × I → X with Hk(Wk × 0) = ∗.

(e) Prove Proposition 102.

Hint If λ exists, let Uk = {x ∈ X |λ(x)k+1 = ∗}.

Weak Category. There is a related notion, called weak category. First,
let us define the reduced diagonal map ∆n : X → X∧n to be the compo-
sition

X
∆n //

∆ !!C
CC

CC
CC

C X∧n

Xn,

q

<<xxxxxxxx

where X∧n =

n︷ ︸︸ ︷
X ∧X ∧ · · · ∧X. We say that wcat(X) ≤ n if and only if

∆n+1 ' ∗.
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Problem 8.72

(a) Show that wcat(X) ≤ cat(X).

(b) Show that if A→ X → Y is a cofiber sequence, then

(wcat(X) + 1) ≤ (wcat(A) + 1)(wcat(Y ) + 1).

Problem 8.73 Suppose f : A→ X be a map of connected CW complexes, and
suppose that Σf : ΣA→ ΣX is a homotopy equivalence.

(a) Show that if Q is a connected CW complex, then f∧idQ : A∧Q→ X∧Q
is a homotopy equivalence.

Hint First prove it by induction for Q finite. For the infinite case,
express Q as a colimit of its finite subcomplexes.

(b) Show that if g : B → Y is a map of connected CW complexes that sus-
pends to a homotopy equivalence, then f ∧g is a homotopy equivalence.

(c) Show that wcat(A) ≤ wcat(X).

(d) Show that if ΣX ' ∗, then wcat(X) ≤ 1.4

Exercise 8.74 Carefully evaluate the extent to which the connectedness hy-
potheses in Problem 8.73 are necessary.

Category and Cone Length. It turns out that LS category is closely
related to cone length.

Problem 8.75

(a) Show that if cat(X) = n, then X is a retract of a space X which is a
union of n + 1 cones.

Hint If X = U0 ∪U1 ∪ · · · ∪Un, then the inclusion Uk ↪→ X extends to
a map CUk ↪→ X.

(b) Show that the space X that you found in part (a) is homotopy equiva-
lent to X ∨ ΣW , for some space W .

Proposition 103 (Ganea) If X is a normal ANR,5 then then cl(X) ≤ n if
and only if X has a closed cover X = U0 ∪ U1 ∪ · · · ∪ Un is a closed cover
with each Uk ' ∗.
Problem 8.76 Prove Proposition 103.

Theorem 104

(a) cat(X) ≤ n iff X is a retract of a space with cone length ≤ n.

4Such spaces do exist.
5Absolute Neighborhood Retract
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(b) cat(X) ≤ cl(X) ≤ cat(X) + 1

Problem 8.77 Prove Theorem 104.

Proposition 105 A normal space X is a coH space if and only if X is a
retract of a suspension.

Exercise 8.78 The dual result is true: if X is sufficiently nice, then X is an
H space if and only if it is a retract of a loop space. Can you prove this fact by
dualizing the coH space argument given here?

Problem 8.79 Show that if X and Y are coH spaces, then X ∧ Y is a cocom-
mutative coH space.

The close relationship between cone length and category means that we
can use our already-proved formula for the cone length of a product to derive
a formula for the LS category of a product.

Theorem 106 For any two spaces X and Y , cat(X×Y ) ≤ cat(X)+cat(Y ).

Problem 8.80 Prove Theorem 106.

8.11 Every Action has an Equal and Opposite Coac-
tion

A map f : X → Y gives rise to long exact sequences sequences that are
mostly exact sequences of (abelian) groups. But the terms at the end are
only pointed sets, and the exactness is very weak. But it turns out that the
the algebraic structure can be pushed back one more step, giving us some
useful information about the injectivity of the map in question.

Exercise 8.81 Let C be an arbitrary pointed category, and suppose G is a
grouplike object in C. Define what it means for G to act on the object X ∈ C.
Then dualize to give a definition of a coaction of a cogroup object C on X.

Coactions in Cofiber Sequences. Let f : A → X and consider maps
from the mapping cone Cf to some other space Y . Since Cf is defined as a
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pushout, the map u is determined by the diagram

A
f //

in0

��
pushout

X

�� v

��

CA

H --

// Cf

u
NNN

NNN

&&NNNNNN

Y.

Thus the map u : X ∪ CA → Y is equivalent to two pieces of information:
a map v : X → Y , and a homotopy H : v ◦ f ' ∗.
Exercise 8.82 Suppose we are given two homotopies H,K : v◦f ' ∗. Show that
if they are homotopic homotopies in the sense of Section ??, then the corresponding
maps uH : X ∪ CA→ Y and uK : X ∪ CA→ Y are homotopic.

Now consider the inclusion in 1
2

: A → CA given by a 7→ [a, 1
2 ]. This is

a cofibration, and the cofiber is homeomorphic (by parameter changes) to
CA ∨ ΣA. Attaching this to X gives

α : X ∪ CA→ (X ∪ CA) ∨ ΣA.

Exercise 8.83 Write out the details of ‘by parameter changes’ and ‘Attaching
this to X’

Problem 8.84 Show that the map α defines a coaction of ΣA on X ∪ CA in
the category hT∗.

The Action of [ΣA, Y ] on [Cf , Y ]. If we apply a functor of the form
[ ? , Y ], the map α∗ may be naturally identified with

α∗ : [X ∪ CA, Y ]× [ΣA, Y ]→ [X ∪ CA, Y ].

Note that, although [X ∪ CA, Y ] is only a pointed set (as far as we know),
[ΣA, Y ] is a naturally a group.

Problem 8.85 Show that the map α∗ is an action of the group [ΣA, Y ] on the
set [X ∪ CA, Y ].

We will use exponential notation for this action: α∗(u, δ) will generally
be written uδ. This action is natural in two ways.

Problem 8.86

(a) Suppose f : Y → Z. Show that f∗(uδ) = (f∗(u))f∗(δ).
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(b) Suppose the diagram

A //

f

��

X

g

��
B // Y

commutes up to homotopy, with induced map h : X ∪ CA→ Y ∪ CB.
Show that h∗(uδ) = (h∗(u))(Σf)∗(δ).

The most important property of this action, however, is that it gives us a
useful exactness property in the pointed set end of the long cofiber sequence.

Proposition 107 In the sequence

[X, Y ] [X ∪ CA, Y ]
j∗oo [ΣX, Y ]∂∗oo

j∗(u) = j∗(v) if and only if there is δ ∈ [ΣA, Y ] such that u = vδ.

Problem 8.87 Let A
f //X

j //X ∪ CA
∂ //ΣA // · · · be the beginning

of the long cofiber sequence of f , and consider the action of [ΣA, Y ] on [X∪CA, Y ].

(a) Show that if u = vδ, then j∗(u) = j∗(v).

(b) Show that if j∗(u) = j∗(v), then u and v can be replaced with homotopic
maps such that j ◦ u = j ◦ v. Call this common map w : X → Y . Then
u is built from the map w and a certain homotopy Hu : w ◦ f ' ∗ and
v is built from the map w and another homotopy Hv : u ◦ f ' ∗.

(c) Show that Hv is homotopic to the homotopy Hu + (←−Hu + Hv).

(d) Prove Proposition 107.
Find example where
only the trivial map
becomes trivial, but
lots of other maps are
identified.

Problem 8.88 Show that the map [X, Y ]→ 〈X, Y 〉 is a bijective if Y is simply-
connected.

Hint Look at Problem ??

A Diagram Lemma. Suppose we are given the (homotopy) commutative
square

A //

��

B

��xx
C // D.

It sometimes happens that we want to find a dotted arrow that will make
both triangles commute up to homotopy.
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Exercise 8.89 Give an example of a square in which no such map exists.

Hint Take for granted that there are noncontractible spaces.

Even though these maps do not generally exist, there are many special
situations in which they can be found.

Problem 8.90 Let f : X → Y . Show that the following are equivalent:

1. The map Ωf : ΩX → ΩY has a homotopy section g : ΩY → ΩX.

2. For every space Z, the induced map f∗ : [Z,X]→ [Z, Y ] is surjective.

Proposition 108 Suppose that there is a map α : Z → A such that the
top row in the diagram

Z
α // A

j //

g

��

B

h
��

ξ

xx
C

f // D.

is a cofiber sequence, and suppose also that the map f : C → D satisfies the
conditions of Problem 8.90. Then the dotted arrow ξ : B → C can be found
so that both triangles commute up to homotopy if and only if the composite
Z → A→ C is trivial.

One implication is trivial.

Exercise 8.91 Show that if ξ exists, then Z → A→ C must be trivial.

Now let’s work on the real substance of the proof.

Problem 8.92 Now suppose that the composite Z → A→ C is trivial.

(a) Show that there is a map ζ : B → C making the upper left triangle
commute up to homotopy. Describe the set of all such maps.

(b) Show that there is a δ ∈ [ΣZ,D] such that h ' (f ◦ ζ)δ.

(c) Finish the proof of Proposition 108.

Action of ΩY on F . The discussion above is purely formal, and hence it
is easily dualized.

Exercise 8.93 Dualize the discussion above.

Having left the dualization to you, we can develop the action of ΩY on
F in a different way. When we introduced fibrations, we gave an alternate
characterization in terms of lifting functions. Given a map p : E → B, form
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the pullback square
E ×B BI //

��

E

p

��
BI

@0 // B.

Since p ◦@0 = @0 ◦ p∗ : EI → B, there is a uniquely defined map

q = (@0, p∗) : EI → E ×B BI .

You proved in Problem ?? that p is a fibration if and only it has a lifting
function – i.e., a section of the map q.

Suppose now that p : E → B is a fibration, so that we have a lifting
function λ : E ×B BI → EI . This lifting function is a rule assigning to
each path ω : I → B and each point e ∈ E such that p(e) = ω(0) a path
ω̂ : I → E such that ω̂(0) = e and p ◦ ω̂ = ω.

What if we focus on the paths from ∗ to ∗ in B? Then we obtain a map
µ by restriction of the domain and target in the diagram

F × ΩY

��

µ // F

��
E ×Y Y I λ // EI

@1 // E.

Problem 8.94 Show that the homotopy class of µ is independent of the choice
of lifting fuction λ.

Exercise 8.95 Show that the map F×ΩY → F you get by dualizing the cofiber
case is the same as the map you get using the lifting function approach.

The map µ induces µ∗ : [A,F × ΩB] → [A,F ], which may be naturally
identified with

µ∗ : [A,F ]× [A, ΩY ]→ [A,F ].

We again use exponential notation, so that if u ∈ [A,F ] and δ ∈ [A,ΩY ],
then µ∗(u, δ) = uδ.

Problem 8.96 Show that µ∗ defines an action of [A,ΩB] on [A,F ]. Clearly
write out the ways in which this action is natural.

Proposition 109 In the sequence

[A, ΩY ]
∂∗ // [A,F ]

i∗ // [A,X],

i∗(u) = i∗(v) if and only if there is a δ ∈ [A, ΩY ] such that u = vδ.

Problem 8.97 Prove Proposition ??.
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8.12 Prelude to Phantom Maps

CW complexes are easy to work with because of their step by step construc-
tion. Since each skeleton is related to the next one by a cofiber sequence,
we can apply our exact sequences and coactions to understand the maps out
of the skeleta of X. But what about X itself? If X is finite-dimensional,
then X is one of its skeleta, and we can get understand [X, Y ] by this
method. But if X is infinite-dimensional, then after the skeleta have been
constructed, and the mapping sets [Xn, Y ] have been determined, we still
have the problem of relating those sets to the X, which is the (homotopy)
colimit of the skeleta.

This problem can be generalized a bit. Let X be the colimit of the
telescope diagram

X1 → X2 → · · · → Xn → Xn+1 → · · ·

in a category C. Then for any Y ∈ C, the maps X → C are completely deter-
mined by the compositions Xn → X → Y . But what about the homotopy
classes of maps? Suppose f, g : X → Y and f |Xn ' g|Xn for each n, does it
follow that f ' g?

Of particular importance is the case in which the telescope diagram is
the diagram of CW skeleta of X and g = ∗. We say that f : X → Y is a
phantom map if f |Xn ' ∗ for all n. Write Ph(X, Y ) ⊆ [X, Y ] for the set
of all phantom maps from X to Y . Clearly the trivial map is a phantom
map, but are there nontrivial phantom maps? We have not yet established
the basic computations needed to answer this question, but we are ready to
set up a good deal of the basic theory of phantom maps in preparation for
later attacks on the problem.

Maps Out of a Telescope. Let X be the homotopy colimit of the tele-
scope diagram

X1 → X2 → · · · → Xn → Xn+1 → · · ·

of spaces. Because maps from homotopy colimits are not uniquely deter-
mined by the diagram, we first show that the condition f |Xn ' g|Xn for
each n actually makes sense.

Exercise 8.98 Let f, g : X → Y .

(a) Show that there are maps jn : Xn → X induced from the diagram, and
that they are unique up to homotopy equivalence of maps.

Hint Induce them from maps of diagrams.
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(b) Suppose jn and j̃n are two such induced maps. Show that f ◦jn ' g◦jn

if and only if f ◦ j̃n ' g ◦ j̃n.

This shows that the question is well-defined in that it does not depend
on which choice of map jn : Xn → X we choose.

Universal Phantom Maps. Choose your favorite induced maps jn :
Xn → X and define

j = (jn) :
∞∨
1

Xn → X.

To simplify notation, we write Wk =
∨k

1 Xn and W =
∨∞

1 Xn. With this
notation, j is a map W → X.

Problem 8.99

(a) Show that f ◦ jn ' g ◦ jn for all n if and only if f ◦ j ' g ◦ j.
(b) Show that f is a phantom map if and only if there is a homotopy

factorization

X
f //

ΘX   A
AA

AA
AA

Y

Cj

>>

where ΘX : X → Cj is the cofiber of the map j.
(c) Show that ΘX is a phantom map. Conclude that there are nontrivial

phantom maps out of X if and only if ΘX 6' ∗.

Because of Problem 8.99, the map ΘX : X → Cj is called the universal
phantom map out of X.6 Let us study this map in more detail. The shift
map is the map shift : W →W given by

Wn� _

��

in //

��

Wn+1� _

��
W

shift //W.

Problem 8.100

(a) Show that there is a homotopy pushout square

W ∨W
∇ //

(shift,idW )

��

W

��
W

j // X.

6Mention terminology ‘versal.’ Get reference from H. Miller.
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(b) Show that Cj ' ΣW . Conclude that there is a cofiber sequence

W
j // X

ΘX // ΣW
q // ΣW

Σj // ΣX // · · · .

Here is a more hands-on approach to identifying the spaces and maps in
the long cofiber sequence generated by j. Define maps ΣXn → Cj by the
pushout property in the diagram

Xn
//

��

CXn

##��
CXn

��

// ΣXn

ξn

''

CW

��
CXn+1

// CW // Cj .

Problem 8.101 Show that ξ = (ξn) : ΣW → Cj is a homotopy equivalence.

Then since X → Cj is a cofibration, we can take q to be the map which
pinches X to a point.

Problem 8.102 Make the identification [ΣW,Y ] = [
∨

ΣXn, Y ] ∼=
∏

[ΣXn, Y ].

(a) Determine the induced map q∗ :
∏

[ΣXn, Y ]→
∏

[ΣXn, Y ].

Hint Since the domain is ΣW , it suffices to determine the restrictions
ΣXn →W for each n. Follow the cones!

(b) Determine the action of
∏

[ΣXn, Y ] on
∏

[ΣXn, Y ].

Problem 8.103 Show that if ΘX ' ∗ then Σj has a section up to homotopy.

Inverse Limits and lim1 for Groups. We will find a formula for Ph(X, Y )
in terms of the spaces Xn and Y . This formula will involve certain group-
theoretic functors which we will define and study.

Now homological algebra makes its appearance. First we give an explicit
construction for the limit of a tower of sets. Given

A1 A2
p2oo A3

p3oo · · ·oo

of groups, we form the product
∏

An and define the shift map

shift :
∏

An →
∏

An

by the formula shift(a1, a2, . . .) = (p2(a2), p3(a3), . . .).
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Problem 8.104

(a) Let
L = {(a1, a2, . . .) | pn(an) = an−1 for all n}.

Show that L, with the obvious maps L→ An, is a limit for the tower.

(b) Show that if the tower is a tower of groups and homomorphisms, then
L is also a group, and in fact it is the limit of the tower.

(c) Show that if it is a tower of abelian groups, then L = ker(idQ
An
−

shift).

Our next functor is most naturally defined for towers of abelian groups.
In this case, the tower gives rise to the map

σ =
(
idQ

An
− shift

)
:
∏

AN →
∏

An,

and from there to the exact sequence

0 // ker(σ) //
∏

An
σ //

∏
An

// coker(σ) // 0.

We have already identified the kernel of σ: it is the limit of the tower. The
cokernel is also important, and it is known as lim1 of the tower. The usual
practice is to omit the maps in the tower from the notation, so that we write
lim An and lim1 An for these groups, even though they depend crucially on
the maps involved.

When the groups are not abelian, we can still define lim1 An. First define
a action of

∏
An on itself by the rule

(a1, . . . , an, . . .)(b1,...,bn,...) = (b−1
1 a1p2(b2), . . . , b−1

n anpn+1(bn+1), . . .).

Then lim1 An is the orbit space

lim1An =
(∏

An

)
/(action).

Exercise 8.105 Show that if the groups An are abelian then the two definitions
of lim1 An agree.

Determining the Set of Phantom Maps. We wish to find a formula
for this set in terms of the spaces Xn and Y . We will place Ph(X, Y ) in a
short exact sequence involving lim and lim1.

Problem 8.106
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(a) Suppose that all the maps in the telescope diagram X1
i1 //X2

i2 // · · ·
are cofibrations. Let {fn : Xn → Y } be a sequence of maps such that
fn+1 ◦ in ' fn. Show that there are maps {φn : Xn → Y } such that
φn ' fn and φn+1 ◦ in = φn.

(b) Show that the map
[X, Y ]→

∏
[Xn, Y ]

given by f 7→ (f ◦ jn) is surjective.

Theorem 110 Let X be the colimit of the telescope diagram X1 → X2 →
· · ·. Then for any space Y , there is a short exact sequence

∗ // Ph(X, Y ) // [X, Y ] // lim[Xn, Y ] // ∗

of pointed sets.

Problem 8.107 Show that Ph(X, Y ) ∼= lim1[ΣXn, Y ]. Rewrite the exact se-
quence of Theorem 110 using lim1.
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Part II

Four Topological Inputs
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Introduction to Part 3

What we have done so far has essentially been establishing that fibrations,
cofibrations, pushouts, etc. satisfy certain formal properties, and then ex-
ploiting those properties. Thus, the bulk of what we have done so far is
applicable in just about any category where homotopy theory can be de-
fined.

But the category of topological spaces has more to it: we actually know
what the objects are, and we can work with elements and open sets, if we
have to, to prove things about them. It would be silly to throw away all of
these tools when they are available. And furthermore, since the theory so
far is purely formal, it is consistent with the possibility that all spaces are
contractible! (We have asserted that Sn 6' ∗, but not yet proved it.) There
are four topological inputs that make classical homotopy theory tick.

The first is more of a philosophy than a theorem: we want to study CW
complexes. This is justified philosophically rather than mathematically: the
spaces that we generally think of are CW complexes (especially manifolds);
many interesting problems of algebra or analysis can be reduced to homo-
topy theoretical questions about CW complexes; and so forth. Since we are
deciding to concentrate on CW complexes, we get some extra information
with with to study spaces: the concept of dimension. We develop these ideas
in Chapter 9.

Our second topological input is the Cellular Approximation Theorem,
which says that a map f : X → Y of CW complexes is homotopic to a
cellular map, i.e., a map that respects dimension. This boils down to a
simple fact of linear algebra (or measure theory): a union of finitely many
hyperplanes in Rn is a proper subset of Rn.

The third input is a theorem of Hurewicz: a map that is locally a fi-
bration is actually a fibration. This takes the homotopy-theoretical form
of the First Cube Theorem, which mixes homotopy pushout squares with
homotopy pullback squares.

The fourth and final topological input is a simple lemma: suppose B →
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D ← C is a prepushout, B → D is a cofibration and C → D is a fibration.
Then form the pullback A, and get maps A→ B and A→ C. We know that
A → B is a fibration, formally. Amazingly, in the category of topological
spaces, A→ C is a cofibration! The Second Cube Theorem is the homotopy-
theoretical instantiation of this easily proved but very surprising lemma.



Chapter 9

Dimension in Homotopy
Theory

This chapter is unlike the others in this Part, in that we do not have a single,
well-defined theorem that we wish to establish. Rather, we explore the ways
in which the concept of dimension can be used in the study of homotopy
theory.

In the introduction to Part 3, we argued that we are fundamentally
interested in the homotopy theory of CW complexes. CW complexes are
not simply topological spaces: they have extra structure conferred upon
them by virtue of their their step-by-step construction. They are filtered
by their skeleta, and it makes sense to talk about the dimension of a CW
complex.

We have seen in Problem ?? that in order to decide whether or not a
map f : X → Y is a homotopy equivalence, it is sufficient to show that for
every space K, the induced map f∗ : [K, X] → [K, Y ] is bijective. But we
may not be able to check this condition for all spaces K; perhaps we can
only check it for CW complexes, or for CW complexes of dimension at most
n. This leads to the concept of n-equivalence.

Analogously, we can tell whether X is contractible by checking whether
[K, X] = ∗ for all K or not. If [K, X] = ∗ for all CW complexes, we say that
X is weakly contractible; and if we can only check this for CW complexes of
dimension at most n, then we arrive at the notion of an n-connected space.

In this chapter we explore the relation between n-equivalence and n-
connectivity. We establish 5 different reformulations of the concept of n-
equivalence, and use them to prove the celebrated J.H.C. Whitehead theo-
rem, which says that a map which induces bijections f∗ : πk(X) → πk(Y )
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for all k induces bijections f∗ : [K, X]→ [K, Y ] for all CW complexes K.

9.1 Induction Principles for CW Complexes

The step-by-step construction of CW complexes makes it possible to prove
things about them by induction on their skeleta. This section contains some
technical results that facilitate this kind of argument.

Attaching One More Cell. If X is a CW complex and K ⊆ X is a
subcomplex, then it may happen that K0 = X0; that is, that the 0-skeletons
are the same. If so, then it may or may not happen that X1 = K1, and
so on. If K is a proper subcomplex, then there must be some n such that
Kn 6= Xn. If n is the smallest dimension for which Xn 6= Kn, then we can
attach to K one of the n-cells that it does not contain. This proves the
following.

Lemma 111 If X is a CW complex and K is a proper subcomplex, then
there is another subcomplex L such that

(a) K ⊆ L ⊆ X, and

(b) L = K ∪λ Dn for some map λ : Sn−1 → K.

Many of the proofs in this chapter will make essential use of Lemma 111,
in the following way. We wish to show that some property is true of X, so
we let K ⊆ X be a subcomplex which is maximal with that property1 – we
hope to show that K = X. So we assume that K is a proper subcomplex
of X, and find a slightly larger subcomplex L as in the lemma. Using the
close connection between K and L, we then prove that the property holds
for L, contradicting the maximality of K, and thereby proving that X has
the desired property.

Composing Infinitely Many Homotopies. Our second induction prin-
ciple addresses the following question: suppose that for each n you have a
homotopy Hn : f |Xn ' g|Xn . As we have seen in Section 8.12, it is not at
all obvious whether or not f and g are homotopic. However, if we have a
bit more control over the homotopies fn ' gn, we can piece them together
to obtain a homotopy H : f ' g.

1How do we know there is such a subcomplex? The main tool for proving the existence
of maximal gadgets is Zorn’s Lemma.
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Proposition 112 Let f, g : X → Y , where X is a CW complex. Suppose
there is an infinite sequence of maps fn : X → Y (for n ≥ 1) and homotopies
Hn : fn ' fn+1 which satisfy the following conditions:

1. f ' f0,

2. for each n, fn|Xn = g|Xn ,

3. Hn : fn ' fn+1 is a homotopy that is constant on Xn.

Then f ' g.

Exercise 9.1 Show that if X is a CW complex and J : X×I → Y is a function,
then J is continuous if and only if J |Xn×I : Xn × I → Y is continuous for each n.

Problem 9.2 Let H : f ' f0, and reparametrize it so that it takes place from
t = 0 to t = 1

2 ; call the reparametrized homotopy J0. More generally, reparametrize
Hn so that it takes place on the interval [1− 1

n+2 , 1− 1
n+3 ] and call the reparametrized

homotopy Jn.

(a) Show that the homotopies Jn for n ≥ 0 glue together to give a contin-
uous function J̃ : X × [0, 1)→ Y .

(b) Show that J̃ can be extended to a homotopy J : X× I → Y , and prove
Proposition 112.

9.2 n-Equivalences and Connectivity of Spaces

In this section, we introduce the system of weaker notions of homotopy
equivalence, called n-equivalences, and a corresponding collection of mea-
sures of the triviality of spaces, called n-connectivity.

n-Equivalences. A map f : X → Y in T∗ is an n-equivalence if the
induced map

f∗ : [K, X]→ [K, Y ]

is an isomorphism for every CW complex K with dim(K) < n and is a
surjection if dim(K) ≤ n. We say that f is an ∞-equivalence if it is an
n-equivalence for each n. Such a map is also called a weak homotopy
equivalence or simply a weak equivalence.

Exercise 9.3 Show that if f and g are homotopy equivalent maps, then f is an
n-equivalence if and only if g is an n-equivalence.

One could also define n-equivalences of unpointed spaces. But we work
only with the pointed version, because an n-equivalence in T∗ is automati-
cally an n-equivalence in T◦.
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Exercise 9.4 Prove that an n-equivalence in T∗ is automatically an n-equivalence
in T◦. Is the converse true?

Problem 9.5

(a) Show that a pointed n-equivalence is automatically an unpointed n-
equivalence, without any conditions of the spaces involved.

(b) Let F : T∗ → T◦ be the forgetful functor, and let f : X → Y in T∗,
where Y is simply connected and X is cofibrant. Show that if f is a
pointed n-equivalence if and only if F (f) is an unpointed n-equivalence.

Hint Use Problem 8.88.

What kind of map does an n-equivalence induce on homotopy groups?

Problem 9.6 Show that if f is an n-equivalence, then the induced map f∗ :
πk(X, x)→ πk(Y, f(x)) is an isomorphism for k < n and a surjection for k = n, no
matter what basepoint is chosen.

Problem 9.7 Suppose f : X → Y is an n-equivalence. What can you say about
Ωf? What can you say about f∗ : map(A,X)→ map(A, Y )?

Next we consider composition of n-equivalences.

Problem 9.8 Let f : X → Y and g : Y → Z. Suppose you know that two of
the maps f, g and g ◦ f are n-equivalences (with n ≤ ∞). What can you say about
the third map?

Connectivity of Spaces. A space X ∈ T∗ is n-connected if [K, X] =
∗ for all CW complexes K with dim(K) ≤ n, and X is ∞-connected if
[K, X] = ∗ for all finite dimensional CW complexes K.

Exercise 9.9 Show that the pointed and unpointed notions of n-connected are
equivalent.

Problem 9.10

(a) Show that 0-connected is synonymous with path connected.

(b) Show that a space is 1-connected if and only if it is simply connected.

The connectivity of a space X is the greatest n for which X is n-
connected; we’ll use the notation conn(X) = n to mean that X is n-
connected but not (n+1)-connected. This is a homotopy invariant of spaces
that measures how close X is to being the trivial space ∗.
Problem 9.11 Let F → E → B be a fibration sequence.

(a) Suppose two of the three spaces are n-connected. What can you say
about the third?
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(b) Suppose X is n-connected and Y is m-connected. What is the connec-
tivity of X × Y ?

(c) How do the connectivities of X and ΩX compare?

The connectivity of a space can be determined by studying its homotopy
groups.

Problem 9.12 Let X be path-connected, and show the following are equivalent:

1. πk(X) = ∗ for all k ≤ n

2. X is n-connected.

Hint Work by induction on a CW decomposition of K; what is the suspension of∐
Sk−1?.

Problem 9.13 Show that the following are equivalent:

1. X is n-connected

2. X → ∗ is an (n + 1)-equivalence

3. ∗ → X is an n-equivalence

Food For Thought. Our results so far bring up some interesting ques-
tions.

1. Suppose f is an n-equivalence. What can be said about the map Σf?

2. Suppose A→ B → C is a cofiber sequence and two of the three spaces
are n-connected. What can be said about the third?

3. Let f : X → Y . Can we decide whether or not f is an n-equivalence
from knowledge of the cofiber? How are the connectivities of the fiber
and the cofiber of f related to one another?

These questions cannot be answered with our currently available tools, be-
cause connectivity is defined as a target-type concept, and we are asking
here about how it behaves with respect to domain-type constructions. This
kind of question cannot be answered based on the formalities of the theory;
it requires knowledge of the special features of the category of topological
spaces.
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9.3 Reformulations of n-Equivalences

In this section, we establish alternate characterizations of n-equivalences.
These are extremely important, because they make it possible for us to use
n-equivalences to prove things. Specifically, parts (b) and (d) are useful
when you want to verify that a given map is an n-equivalence, and parts (c)
and (e) are useful when you are proving a statement using CW induction.

Let f : X → Y be a map in T◦. Then for each point x ∈ X we obtain a
pointed map fx : (X, x)→ (Y, f(x)).

Theorem 113 Let f : X → Y be a map such that π0(f) is onto, and let
n ≤ ∞. The following are equivalent:

(a) f is an n-equivalence

(b) for every x ∈ X, the induced map (fx)∗ : πk(X, x)→ πk(Y, f(x))
is an isomorphism for k < n and a surjection for k = n

(c) in any strictly commutative diagram of the form

Sk � � //

in1

��

α1

**UUUUUUUUUUUUUUUUUUUUUU Dk+1

β1
vv

in1

��

X

f

��

(Dk+1 × 0) ∪ (Sk × I) � � //

β0∪H
Sk **TTTTTTTTTTTTTTTTTT Dk+1 × I

H
Dk+1vv

Y

with k < n, the dotted arrows can be filled in to make the whole
diagram strictly commutative.

(d) in any strictly commutative diagram of the form

Sk
α1 //

� _

��

X

f

��
Dk+1

β0

//

β1

77

Y

with k < n, the dotted arrow can be filled in so that the upper
triangle commutes on the nose, and the lower triangle commutes
up to a homotopy which is constant on Sk.
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(e) if A is any space, and B is obtained from A by attaching cells of
dimension at most n.2 then in the strictly commutative diagram

A
� � //

in1

��

α1

))TTTTTTTTTTTTTTTTTTTT B

β1ww
in1

��

X

f

��

(B × 0) ∪ (A× I) � � //

β0∪HA
))SSSSSSSSSSSSSSSSS B × I

HB
ww

Y

the dotted arrows can be filled in so that the entire diagram
commutes.

Theorem 113(e) is known as the Homotopy Extension Lifting Prop-
erty, often abbreviated HELP. The proof of Theorem 113 is quite involved,
and it is given, in parts, in the next section.

Corollary 114 If f : X → Y is a map of connected CW complexes, then f
is an n-equivalence if and only if the homotopy fiber F is (n− 1)-connected.

Problem 9.14 Prove Corollary 114.

Before proceeding to the proof of Theorem 113, let’s look at an interest-
ing implication which shows how knowledge of homotopy groups can lead
to substantial conclusions.

Problem 9.15 Let f : X → Y such that f∗ : πk(X)→ πk(Y ) is an isomorphism
for k ≤ n and Y is path connected.

(a) Suppose Y is a CW complex with dim(Y ) ≤ n. Show that Y is a
retract, up to homotopy, of X.

(b) Show that if both X and Y are CW complexes of dimension < n, then
f is a homotopy equivalence.

Problem 9.16 Let f : X → Y be a map of path connected spaces. Show that
f is an n-equivalence if and only if the homotopy fiber F is (n− 1)-connected.

In particular, this shows that f is a weak equivalence if and only if the
fiber F is weakly contractible. But what about the cofiber?

Problem 9.17 Suppose f : X → Y and Cf ' ∗. Show that Σf : ΣX → ΣY is
a homotopy equivalence.

2Thus B is a relative CW complex with dimension at most n.
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Sometimes an n-equivalence is referred to as an n-connected map. The
connectivity of a map f is the greatest n for which f is n-connected.

9.4 Proof of Theorem 113

In this section we prove Theorem 113. We begin by reducing the proof to
a conceptually simpler special case: f is the inclusion of a subspace, and
n <∞. Next we prove the equivalence of parts (b), (c) and (d); these proofs
depend on certain decompositions of spheres and disks as unions of disks and
cylinders. Finally, we show that parts (a), (b), and (e) are equivalent; the
proof is grounded in CW induction.

9.4.1 Reductions

Before attacking the proof of Theorem 113, we show that certain conceptual
simplifications can be made.

Problem 9.18

(a) Suppose f and g are homotopy equivalent maps. Show that if f satisfies
one of the conditions (a), (b), (c), (d) or (e) of Theorem 113, then so
does g.

(b) Show that it suffices to prove Theorem 113 in the case f : X → Y is
the inclusion of a subspace.

Hint Use the mapping cylinder.
(c) Show that it suffices to prove Theorem 113 under the assumption that

X and Y are both path connected.
(d) Show that it suffices to prove Theorem 113 in the case n <∞.

9.4.2 Equivalence of Parts (b), (c) and (d) of Theorem 113

To prove that Theorem 113(b) implies Theorem 113(c) and Theorem 113(c)
implies Theorem 113(d), we have to be able recognize the inclusion of a
sphere into a disk when we see it.

Problem 9.19

(a) Show there is a homeomorphism u : Dk+1 → (Dk+1 × 0) ∪ (Sk × I)
making the diagram

Sk
id //

i

��

Sk

in1

��
Dk+1

u // (Dk+1 × 0) ∪ (Sk × I),
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strictly commutative,

(b) Show that there is a homeomorphism v : Dk+2 → Dk+1× I making the
diagram

Sk+1 //

��

(Dk+1 × 0) ∪ (Sk × I) ∪ (Dk+1 × 1)

��
Dk+2

v // Dk × I

strictly commutative.

Now show that Theorem 113(b) implies Theorem 113(c).

Problem 9.20 Take Theorem 113(b) as known.

(a) Show that α1 extends to a map ξ : Dk+1 → X.

(b) Explain how the maps β0,HSk and ξ define a map Q : Sk+1 → Y .

(c) Show that there is a map R : Sk+1 → X such that f ◦R ' Q.

(d) Let β1 : Dk+1 → X be the composition

Dk+1

c
&&MMMMMMMMMM

β1 // Y

Dk+1 ∨ Sk+1,

(ξ,−R)

99sssssssssss

where c is the map that collapses 1
2Sk. Show that the map Sk+1 → Y

defined by the maps β0,HSk and β1 extends to a map Dk+2 → Y .

(e) Why does this prove that Theorem 113(b) implies Theorem 113(c)?

Problem 9.21 Prove that Theorem 113(c) implies Theorem 113(d).

Now we show Theorem 113(d) implies Theorem 113(b).

Problem 9.22 For the purposes of this problem, assume Theorem 113(d), and
let k < n.

(a) Prove that if α1 : Sk → (X, x0) such that f ◦ α1 ' ∗, then α1 ' ∗.

(b) Now let α0 : Sk+1 → (Y, f(x0)). Show that there is α1 : Sk+1 → (X, x0)
such that f ◦ α1 ' α0.

Hint Consider the composition Dk+1
q //Sk+1 α0 //Y , where q is

the quotient map that collapses the boundary.

(c) Prove that Theorem 113(d) implies Theorem 113(b).
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9.4.3 Equivalence of Parts (a), (c), and (e) of Theorem 113

Problem 9.23 Show that Theorem 113(a) implies Theorem 113(c).

Problem 9.24 Prove that Theorem 113(e) implies (Theorem 113(a) as follows.

(a) Assuming Theorem 113(e), let K be an n-dimensional CW complex,
and prove that f∗ : [K, X] → [K, Y ] is surjective: let β0 : K → Y be
any (pointed) map, let H : ∗ × I → Y be the constant homotopy, and
apply HELP to the diagram

∗ � � //

in1

��

))SSSSSSSSSSSSSSSSSSS K

ww
in1

��

X

f

��

(K × 0) ∪ (∗ × I) � � //

β0∪H ))SSSSSSSSSSSSSSSS K × I

ww
Y.

(b) Assume Theorem 113(e) and prove that f∗ is injective. Suppose θ, φ :
K → X be homotopic with a pointed homotopy Z : f ◦ θ ' f ◦ φ; then
apply HELP with the following data:
• A = (K × 0) ∪ (∗ × I) ∪ (K × 1),
• B = K × I,
• α1 = θ ∪ ∗ ∪ φ, and
• H : (K × S0) ∪ (∗ × I)→ Y is the constant homotopy at f ◦ α1.

The proof that Theorem 113(c) implies Theorem 113(e) will make use of
our first induction principle for CW complexes. First we set up the Zorn’s
Lemma portion of the proof. Consider the set P of all triples (U, βU ,HU )
where U is a (relative) subcomplex of L such that K ⊆ U ⊆ L, and the
maps βU and HU fit into the strictly commutative diagram

K
� � //

in1

��

α1

))TTTTTTTTTTTTTTTTTTTT U

βUwwnnnnnnnnnnnnnnn

in1

��

X

f

��

(U × 0) ∪ (K × I) � � //

β0|U∪HK
))SSSSSSSSSSSSSSSSS U × I

HU
wwooooooooooooo

Y
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is strictly commutative. Define a partial order on P by setting (U, βU ,HU ) ≤
(V, βV ,HV ) if U ⊆ V and the diagram

U

((QQQQQQQQQQQQQQQQ

in1

��

βU

wwnnnnnnnnnnnnnnn

X

f

��

V
βV

oo

in1

��

U × I

((QQQQQQQQQQQQ
HU

wwooooooooooooo

Y V × I
HVoo

is strictly commutative.

Problem 9.25

(a) Show that P 6= ∅.
(b) Show that every chain · · · ≤ (U, βU ,HU ) ≤ (V, βV ,HV ) ≤ · · · of ele-

ments of P, has an upper bound (Z, βZ ,HZ).
(c) Use Zorn’s Lemma to show there is a complex M maximal with the

property that the theorem holds for the inclusion jM : K ↪→M .

If M = L, we are done, so let us assume that M is a proper subcomplex.
Then we can use Lemma 111 to find another subcomplex N = M ∪λ Dk+1

(with k < n), which is the pushout in

Sk λ //

pushout

��

M

��
Dk+1

χ // N.

Problem 9.26 Use the diagram

K
� � //

in1

��

α1

''OOOOOOOOOOOOOO M

βK
wwoooooooooooooo

in1

��

Sk
λoo //

��

Dk+1

��

X

f

��

(N × 0) ∪ (K × I) � � //

β0|N∪HK

&&NNNNNNNNNNNN
(N × 0) ∪ (M × I)

β0|N∪HM

wwpppppppppppp
(Dk+1 × 0) ∪ (Sk × I)oo // Dk+1

Y,
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to show that there are maps βN and HN so that (N, βN ,HN ) > (M,βM ,HM ).
Deduce that Theorem 113(c) implies Theorem 113(e).

9.5 The J.H.C. Whitehead Theorem

One of the most important consequences of Theorem 122 is that a weak
equivalence f : X → Y induces isomorphisms f∗ : [K, X] → [K, Y ] for
all CW complexes, not just the finite ones. This is known as the J.H.C.
Whitehead Theorem.

Theorem 115 (J.H.C. Whitehead) If f : X → Y is an∞-equivalence then

f∗ : [K, X]→ [K, Y ]

is an isomorphism for all CW complexes K.

Problem 9.27 Prove the Whitehead theorem by adapting our proof that The-
orem 113(e) implies Theorem 113(a).

This has an extremely important corollary: to determine whether a map
of CW complexes is a homotopy equivalence, it suffices to check that it
induces isomorphisms on homotopy groups.

Corollary 116 If f : X → Y be a map of connected CW complexes, then
the following are equivalent:

1. f∗ : π∗(X)→ π∗(Y ) is an isomorphism

2. f is a homotopy equivalence.

Problem 9.28 Prove Corollary 116.
Hint This is a purely formal category-theoretical consequence of Theorem 115.

An ∞-connected space X is called weakly contractible.

Exercise 9.29

(a) Show that a weakly contractible CW complex is contractible.

(b) Are there any spaces that are weakly contractible but not contractible?

9.6 Things That Should Make You Wonder

1. We know that if the fiber of f : X → Y is ∗, then f is a homo-
topy equivalence. I the cofiber is ∗, then we know Σf is a homotopy
equivalence. But what about f? Is it an equivalence?
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2. What if the fiber of f is a n-connected? What does this say about the
connectivity of the cofiber?

3. Suppose A → B → C is a cofiber sequence and you know that two
of the three spaces are n-connected. What does this imply about the
third space?

These questions cannot be answered using the formal results we have de-
veloped so far, because (1) the notion of n-equivalence depends on special
spaces, the spheres, and (2) they involve comparing domain type objects
(cofibers) with target type objects (fibers), and this cannot be done for-
mally.

Never fear! We will study questions such as these in great detail in the
next part.
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Chapter 10

Cellular Approximation of
Maps

New Theme: subdivision of cells.
A CW complex is the colimit (and homotopy colimit) of the telescope

diagram X0 → X1 → · · · → Xn → Xn+1 → · · · of its skeleta. If X and Y
are CW complexes and we have a strictly commutative diagram

X0
//

��

X1
//

��

· · · // Xn
//

��

Xn+1
//

��

· · ·

Y0
// Y1

// · · · // Yn
// Yn+1

// · · ·

then, on taking the colimit, we have an induced map f : X → Y . Maps of
this kind, which restrict to maps f : Xn → Yn for each n, are called cellular
maps. The amazing thing about CW complexes is that every map X → Y
is homotopic to a cellular map. This fact has many surprisingly strong con-
sequences, and it is one of the features that distinguishes homotopy theory
in the topological category from abstract homotopy theory.

The proof is based on a simple fact about maps f : Ik → In with k < n.
While it may happen that such a map is surjective, f will be homotopic, by
a small homotopy, to a map which is not surjective.

To make use of the subdivision, we will constantly use The Lebesgue
Number Lemma.

Theorem 117 (Lebesgue Number Lemma) If X is a compact metric space
with X = U1 ∪ · · · ∪ Un then there is δ > 0 such that each open ball with
diameter δ is completely contained in at least one Ui.

197
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Problem 10.1 Look up and work through the proof of the Lebesgue Number
Lemma.

10.1 The Seifert-Van Kampen Theorem

We begin with an important theorem for the computation of fundamental
groups. The proof uses the subdivision of squares into smaller squares, which
is nice because it is easy to visualize. Given a homotopy pushout square

A
f //

g

��
HPO

B

��
C // D,

how does π1(D) relate to the fundamental groups of A,B and C? If you
follow your and we apply π1 to the diagram, you obtain

π1(A) //

��

pushout
of groups

π1(B)

��

��

π1(C) //

--

P

ρ
PPPPPP

((PPPPPP

π1(D),

where P is the pushout, in the category of group, of the prepushout diagram
π1(C)← π1(A)→ π1(B). The best thing we could possibly hope for is that
the map ρ is an isomorphism. The Seifert-Van Kampen Theorem asserts
that this is almost always true!

Theorem 118 (Seifert-Van Kampen Theorem) If A is path-connected, then
ρ is an isomorphism.

The pushout of the prepushout diagram of groups G← A→ H is known
in group theory as the amalgamated product, and denoted G∗A H. Thus
the Seifert-Van Kampen Theorem is often written in the form

π1(D) ∼= π1(B) ∗π1(A) π1(C).

To build P , first form the free product π1(B) ∗ π1(C), which is the set of
all ‘words’ x1x2 · · ·xn where each xi is in either G or in H; we are allowed to
replace x1x2 · · ·xixi+1 · · ·xn with x1x2 · · · (xixi+1) · · ·xn if xi and xi+1 are
in the same group, so that their product is defined.
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Exercise 10.2 Show that the free product of two groups is very poorly named:
it is the sum in the category of groups.

Inside of the free product, we find the smallest normal subgroup K ⊆
G ∗H containing all elements of the form f∗(x)g∗(x−1) where x ∈ A. Then
we define

P = (G ∗H)/K.

Note that each element of P has an expression as a product in which no two
consecutive factors are from the same group; we’ll call such an expression a
standard form for the element.

Exercise 10.3 Check that P is indeed the pushout of the diagram G← A→ H
in G.

Exercise 10.4 Determine the pushout of {1} ← H → G in the category G.

To prove Theorem 118, we first replace the given space D with the double
mapping cylinder C ← A→ B: i.e., the space

D = ((C × 0) ∪ (A× I) ∪ (B × 1))/ ∼

where (a, 0) ∼ (g(a), 0) and (a, 1) ∼ (f(a), 1). Let U0 ⊆ D be the set of
those points with t ≤ 2

3 and let U1 ⊆ D be the set with t ≥ 1
3 . Thus U0 and

U1 are open, cover D, and the inclusions

B ↪→ U1, C ↪→ U0, and A ↪→ U0 ∩ U1

are homotopy equivalences.
Here’s some notation that I think is helpful. Given a path α : I → D,

we want to construct a loop from it. Suppose we have previously decided on
our favorite paths ξ0, ξ1 : I → U0∩U1 from ∗ to α(0) and α(1), respectively.
Then we can form the loop

α◦ = ξ0 ∗ α ∗←−ξ1 .

If we have not agreed on the paths ξ0 and ξ1, then the notation should
not be used, since it suggests that α◦ depends only on α. Note also that
it makes sense to use this notation for paths that are defined on intervals
besides I; but we do assume that the loop α◦ is defined on I, which might
require some conceptually easy but algebraically annoying reparametrization
to write down explicitly.

Problem 10.5 Let α : I → D with α(0) = α(1) = ∗, so that α represents a
class in π1(D). Divide I into n subintervals, I1, I2, . . . , In with endpoints k

n for
k = 0, 1, . . . , n.
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(a) Show that for large enough n ∈ N, then α carries each subinterval
entirely into U0 or U1 (or both).

(b) Identify those endpoints k
n such that α(Ik−1) and α(Ik) do not both lie

in U or in V , let 0 = x0 < x1 < · · · < xm = 1 be this set of points.
Show that each xk ∈ U0 ∩ U1.

(c) Now we have a new subdivision of I into nonuniform intervals Jk =
[xk−1, xk]. Let βk be the restriction of α to Jk.

(d) Choose paths ξk : I → U0 ∩ U1 from ∗ to xk. Then we can define
β◦k = ξk−1 ∗ βk, ∗←−ξk . Show that [α] = [β1 ∗ β2 ∗ · · · ∗ βm] ∈ π1(D).

(e) Conclude that ρ : P → π1(D) is surjective.

This is already good enough to prove something useful.

Problem 10.6 Show that if X is path-connected then ΣX is simply-connected.

For more subtle computations, we need to know that ρ is also injective.
We want to show that our comparison map ρ : P → π1(D) is injective.

So let [α1] · [α2] · · · [αn] ∈ P be a class, in standard form, that is mapped
to [∗] ∈ π1(D). Thus [α1 ∗ α2 ∗ · · · ∗ αn] = [∗] ∈ π1(D). We have to show
[α1] · [α2] · · · [αn] = 1 ∈ P .

By definition, ρ([α1 ·α2 · · · · ·αn]) = [α1 ∗α2 ∗ · · · ∗αn]. Let H : I×I → D
be a nullhomotopy of this path. Subdivide the square I × I so finely that
each subsquare is mapped entirely into U or V (or both). We may assume
that each edge is broken into a number of nr pieces, where r ≥ 1. Thus,
each αi is broken into some number of pieces, each of which occurs entirely
in U0 or entirely in U1.

Now the square is cut into nk horizontal strips, each of height 1
nk . In

each strip, group together squares that are next to each other horizontally
and which map into the same Ui. After the grouping, the strip will be de-
composed into rectangles with height 1

n and various widths, each of which
is mapped entirely into U0 or entirely into U1. Furthermore, adjacent rect-
angles are not mapped entirely into the same set. Now let’s set up some
notation.

1. Denote the x-coordinates of the vertical edges of the rectangles in the
rth strip by 0 = x0,r < x1,r < · · · < xm,r = 1.

2. αr can be decomposed in two ways:

(a) thought of as the bottom of the rth strip, it is α0,r∗α1,r∗· · ·∗αm,r.

(b) thought of as the top of the (r−1)st strip, it is β0,r∗β1,r∗· · ·∗βn,r.
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3. also write νi,r for the restriction of H to the ith vertical segment in the
rth strip (note that the first and the last of these are contant)

4. choose, once and for all, paths ξi,r from ∗ to αi,r(0); the first and
the last we take to be constant paths. We may now form the loops
α◦i,r = ξi,r ∗ αi,r ∗←−α i+1,r.

Problem 10.7

(a) Show by induction that, in the group P ,

[α◦0,r] · [α◦1,r] · · · [α◦m,r] = [β◦0,r] · [β◦1,r] · · · [β◦i−1,r] · [←−ν
◦
i,r] · [α◦i,r] · · · [β◦m,r].

Conclude that in the group P , [α◦0,r]·[α◦1,r] · · · [α◦m,r] = [β◦0,r]·[β◦1,r] · · · [β◦m,r].

(b) Show [β◦0,r] · [β◦1,r] · · · [β◦m,r] = [α◦0,r+1] · [α◦1,r+1] · · · [α◦n,r+1] ∈ P.

(c) Prove Theorem 118.

Exercise 10.8 Describe the sense in which the isomorphism of Theorem 118 is
natural.

Problem 10.9 Generalize Theorem 118 to the situation where X =
⋃

i∈I Ui,
where, for any i 6= j ∈ I, Ui ∩ Uj = V , a fixed path-connected open subset of X.

This theorem makes computation possible.

Problem 10.10 Show that π1(A∨B) = π1(A) ∗ π1(B). Generalize to arbitrary
wedges.

Problem 10.11 Determine π1(M(Z/a, 1)).

Recall that a presentation of a group is an expression

G = 〈X |R〉

where X is a set and R ⊆ F (X), the free group on X. The notation means
that there is a map X → G, such that the extension F (X)→ G is onto, and
whose kernel is R, the smallest normal subgroup of F (X) containing the set
R. Thus the elements of X are called generators for G and the elements
of R are called relations among those generators.

Exercise 10.12

(a) Write down G ∗A H in terms of generators and relations.

(b) Write down 〈X |R〉 as a pushout of groups.

We finish by showing that every group G arises as the fundamental group
of a two-dimensional CW complex.

Problem 10.13 Let G = 〈X |R〉.
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(a) Let W =
∨

x∈X S1, and show that π1(W ) ∼= F (X).

(b) Let V =
∨

r∈R S1, and find a map ρ : V → W such that Im(r∗) is the
subgroup of F (X) generated by the elements of R.

(c) Then consider the homotopy pushout square

V

��

ρ //

HPO

W

��
∗ // X

and show that π1(X) ∼= G.

10.2 Simplices, Subdivision and Proof of Lemma
120

To apply this kind of argument in higher dimensions, we need to be able
to decompose disks into smaller disks. We will introduce some new models
for disks (and spheres), called simplices (and their boundaries). They have
three crucial properties: they are homeomorphic to disks; they can be eas-
ily subdivided in to smaller simplices; and linear maps from simplices are
defined and determined by their values on the vertices of the simplex.

Simplices and Their Boundaries. If k ≤ m, then a set {x0, x1, . . . , xk}
of k + 1 points in Rm is said to be in general position if {x1 − x0, x2 −
x0, . . . , xk − x0} is a linearly independent set of vectors. The k-simplex
spanned by the points x0, x1, . . . , xk ∈ Rm, in general position (with k ≤ m)
is the set

∆(x0, x1, . . . , xk) =
{∑

tixi

∣∣∣ ti ∈ I,
∑

ti = 1
}

.

The boundary of the simplex is

∂∆(x0, x1, . . . , xk) =
{∑

tixi

∣∣∣ ti ∈ I,
∑

ti = 1, and at least one ti = 0
}

.

The standard k-simplex is ∆k = ∆(e1, e2, . . . , ek+1) ⊆ Rk+1, where the ei

are the standard unit vectors. A map ` : ∆(x0, x1, . . . , xk) → Rn is called
linear if `(

∑
tixi ) =

∑
ti`(xi).

Exercise 10.14 Draw the standard simplices ∆0, ∆1, ∆2 and their boundaries.

The simplex ∆(x0, x1, . . . , xk) contains many subsimplices: every subset
S ⊆ {x0, x1, . . . , xk} gives rise to a simplex ∆(S) ⊆ ∆(x0, x1, . . . , xk).
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Exercise 10.15 How many j-dimensional subsimplices does a k-dimensional
simplex have?

We will use simplices and their boundaries as models for disks and
spheres.

Problem 10.16

(a) Prove that there is a commutative square

∂∆(x0, x1, . . . , xk)
∼= //

��

Sk−1

��
∆(x0, x1, . . . , xk)

∼= // Dk.

(b) Show that any map {x0, x1, . . . , xk} → Rn extends to a unique linear
map ∆(x0, x1, . . . , xk)→ Rn.

The first part of Problem 10.16 shows that the simplex and its boundary
are suitable models for disks and spheres. The second part gives the basic
property that makes them so useful: it is easy to specify maps from simplices,
at least maps into vector spaces.

Subdivision of Simplices. Next we have to discuss subdivision of sim-
plices. The barycenter of the simplex σ = ∆(x0, x1, . . . , xk) is

bσ =
1

k + 1

∑
xi.

Note that if σ = ∆(x), then bσ = σ. A barycentric subsimplex of
∆(x0, x1, . . . , xk) is ∆(bτ0 , bτ1 , . . . , bτj) where τ0 ⊆ τ1 ⊆ · · · ⊆ τj .

Exercise 10.17 Draw all the barycentric subsimplices of ∆2 and ∆3.

Proposition 119 Let σ be any k-simplex. Then

(a) σ is the union of its k-dimensional barycentric subsimplices,

(b) the intersection of two barycentric subsimplices of σ is also a
barycentric subsimplex of σ, and

(c) the diameter of each barycentric subsimplex of σ is at most k
k+1

times the diameter of σ.

You should feel free to take this for granted. But the proof is not difficult,
so you should also feel free to prove it.

Exercise 10.18 Prove Proposition 119.
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The decompositon of σ as the union of its barycentric subsimplices is
called the barcyentric subdivision of σ; it is denoted sd(σ). If we apply
the process to each of the simplices in a subdivision of σ, we obtain the
second subdivision sd2(σ), and so on.

Exercise 10.19 Draw the second barycentric subdivision sd2(∆2).

Problem 10.20 Let σ be a simplex and let ε > 0. Then there is some n so that
each simplex in the nth barycentric subdivision sdn(σ) has diameter at most ε.

10.3 The Connectivity of Xn ↪→ X

How much of an equivalence is the inclusion X ↪→ Y , where Y is obtained
from X by attaching cells of dimension n + 1 or higher? On the face of it,
this is an intractible problem, since cell attachment is a domain-type con-
struction, and connectivity of maps is a target-type concept. But, using the
subdivision of disks, we can resolve this problem. Because of CW induction,
it ultimately boils down to the following lemma.

Lemma 120 For any space X, the inclusion X ↪→ X ∪ Dn+1 is an n-
equivalence.

In light of our work in the previous chapter, we see that it is enough to
show that in the diagram

∂∆k
α1 //

��

X

��
∆k

β0

//

66

X ∪Dn

with k < n, the dotted arrow can be filled in so that the top triangle
commutes on the nose, and the bottom triangle commutes up to a homotopy
that is constant on ∂∆k.

Problem 10.21 Show that the Lemma will follow from the following statement:

Every β0 : ∆k → X ∪ Dn is homotopic, by a homotopy constant on
∂∆k, to a map β such that int(Dn) 6⊆ Im(β).

Problem 10.22 In the situation of Lemma 120, let U = X ∪ (Dn − 1
3Dn) and

V = 2
3Dn.

(a) Show that there are functions u, v : Dk → I such that

U = u−1(0, 1], V = v−1(0, 1], 1
3Dn ⊆ v−1(1),

and u + v : X → [0, 2] is the constant function at 1.
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(b) Show that there is a subdivision of ∆k in which each simplex is mapped
either entirely into U or entirely into V .

Let LU be the union of those k-simplices in the decomposition of Problem
10.22(b) which map into U , and let LV be the union of the k-simplices which
map into V ; write βU and βV for the restrictions of β to LU and LV . To
summarize, we have the diagram of prepushouts

LU

βU

��

LU ∩ LV
//oo

βU∩V

��

LV

βV

��
U U ∩ Voo // V

which induces the map β : ∆k → X ∪Dn on pushouts.
Identify the interior of Dn with Rn, so that we may meaningfully talk

about linear combinations of points in int(Dn). Let ` : LV → X ∪ Dn be
the piecewise linear map determined by the values of fV on the vertices of
LV . Then define φ : ∆k → X ∪Dn by the formula

φ(x) = u(f(x))f(x) + v(f(x))`(x).

Exercise 10.23 This formula asks you to form linear combinations of points
that are not in the disk Dn. Make sense of this.

Problem 10.24

(a) Show that φ is homotopic to f , by a homotopy which is constant on
∂∆k.

(b) Show that, `(LV ) ∩ 1
3Dn is contained in a union of (translates of) k-

dimensional subspaces.

(c) Conclude that Dn 6⊆ φ(∆k) and prove Lemma 120.

This lemma implies a more generally useful statement.

Proposition 121 If X is a CW complex, then the inclusion Xn ↪→ X is an
n-equivalence.

Problem 10.25 Use Lemma 120 to prove Proposition 121.
Hint Let P be the set of all subcomplexes U such that Xn ⊆ U ⊆ X and Xn ↪→ U
is an n-equivalence. Show that X ∈ P.

10.4 Cellular Approximation of Maps

A map f : X → Y between two CW complexes is a cellular map if for each
n, f(Xn) ⊆ Yn. Our goal is to prove the Cellular Approximation theorem.
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Theorem 122 (Cellular Approximation) Let f : X → Y be a map of CW
complexes, and assume that f |A is cellular, where A ⊆ X is a subcomplex.
Then there is a map g : X → Y such that

(a) f ' g,

(b) g is cellular , and

(c) g|A = f |A.

If f is a pointed map, then we can arrange that g is also pointed and that
the homotopy H : f ' g is a pointed homotopy.

This is proved by CW induction and Zorn’s Lemma. Let P be the set
of triples (U, fU ,HU ) where

• Xn ⊆ U ⊆ X is a subcomplex,

• fU : U → Y is cellular with fU |Xn = f |Xn , and

• HU : fU ' f .

Define a partial order on P by setting (U, fU ,HU ) ≤ (V, fV ,HV ) if

• U ⊆ V ,

• fV |U = fU , and

• HV |U×I = HU |U×I .

Certainly Theorem 122 will follow if you can show that there is a map φ
and a homotopy H : f ' φ such that (X, φ,H) ∈ P.

Problem 10.26

(a) Show that P has a maximal element (M,fM ,HM ), and

(b) Show that if M 6= X, then (M,fM ,HM ) is not maximal.

Hint Find a map φM : X → Y such that φM ' f and φM |M = fM .
Find a complex M ∪Dk ⊆ X and let β = φM |Mk∪Dk . Use Lemma 120.

10.5 Homotopy Colimits and n-Equivalences

Finally, we use the subdivision technique to prove a a useful result generaliz-
ing the fact that a pointwise homotopy equivalence of prepushout diagrams
induces a homotopy equivalence of their homotopy pushouts.
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10.5.1 Homotopy Pushouts and Pullbacks

First, let’s look at homotopy pullbacks, which are easier to analyze.

Problem 10.27 Show that a pointwise n-equivalence of prepullback diagrams
induces an (n− 1)-equivalence of homotopy pullbacks.

Now to the main result.

Proposition 123 Let φ : F → G be the map

Z

��

Xoo //

��

Y

��
C Aoo // B

of prepushout diagrams. Assume that each of the vertical maps is an n-
equivalence, with n ≤ ∞.1 Then the induced map f of homotopy pushouts
is also an n-equivalence.

Exercise 10.28 Show that it suffices to verify Proposition 123 for your favorite
induced map.

Since we can choose any homotopy colimit construction we like, let’s use
the standard double mapping cylinder. Write f : W → D for the induced
map of homotopy pushouts. According to Theorem 113, we have to show
that in any diagram of the form

∂∆k
β //

��

W

f

��
∆k

A
//

B

77

D

with k < n, the dotted arrow can be filled in so that the upper triangle
commutes on the nose, and the lower triangle commutes up to a homotopy
which is constant on ∂∆k.

Problem 10.29

(a) Using the standard homotopy colimit (i.e., the double mapping cylin-
der), show that W and D can be decomposed into pairs of open subsets

W = W1 ∪W2 and D = D1 ∪D2

so that f(W1) ⊆ D1, f(W2) ⊆ D2 and the three restricted maps

f1 : W1 → D1 and f2 : W2 →W2 and f12 : W1 ∩W2 → D1 ∩D2

1so φ could be described as a pointwise n-equivalence
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are n-equivalences.

(b) Show that ∆k can be subdivided into simplices so small that each of
them is mapped either entirely into D1 or entirely into D2.

(c) Prove Proposition 123.

Proposition 123 implies that the pushout of an n-equivalence is also an
n-equivalence.

Problem 10.30 Consider the square

A //

f

��

B

g

��
C // D

(a) Show that if the square is a homotopy pullback square and g is an
n-equivalence, then f is also an n-equivalence.

(b) Show that if the square is a homotopy pushout square and f is an
n-equivalence, then g is also an n-equivalence.

(c) Suppose the square is a homotopy pushout square and the spaces A,B
and C are n-connected. Show that D is also n-connected.

(d) Suppose that the square is a homotopy pullback square and the spaces
B,C and D are n-connected; show that A is (n− 1)-connected.

10.5.2 Telescope Diagrams

Now we tackle the analogous question for telescope diagrams.

Proposition 124 Consider the map of telescope diagrams

X0
//

f0

��

X1
//

f1

��

· · · // Xm
//

fm

��

Xm+1
//

fm+1

��

· · ·

Y0
// Y1

// · · · // Ym
// Ym+1

// · · · ,

with induced map f : X → Y of homotopy colimits. If each map fm is an
n-equivalence, then f is also an n-equivalence.

For the proof we use the standard construction outlined in Section ??,
in which each map Xm → Xm+1 is replaced with its mapping cylinder (and
similarly for Ym → Ym+1). We index the mapping cylinder of Xm → Xm+1

using the interval [m,m + 1], so that the colimits X and Y come equipped



10.5 Homotopy Colimits and n-Equivalences 209

with continuous functions τX : X → [0,∞) and τY : Y → [0,∞) making the
diagram

X
f //

τX ""F
FFFFFFF Y

τY||yyyyyyyy

[0,∞)

commute. To prove Proposition 124, we consider the diagram

∂∆k
β //

��

X

f

��
∆k

A
//

B

77

Y

with k < n, and show that the dotted arrow can be filled in, subject to the
usual restrictions.

Problem 10.31 Using the functions τX and τY , show that there is a m large
enough that the dashed maps diagram in the diagram

∂∆k
β //

��

''O
OOOOOO X

f

��

Xm

fm

��

77ppppppppppppp

∆k
A //

77

''O
OOOOOO Y

Ym

77ppppppppppppp

can be filled in so that the diagram commutes. Then prove Proposition 124.

Arguments such as this, where a question about a telescope is reduced
to the same question about some finite stage of the diagram, are referred
to as small object arguments. Abstractly, an object X in a category C
is a small object with respect to a telescope diagram if each map from X
into the colimit of a telescope diagram factors through a finite stage of the
diagram. In the category of topological spaces, smallness usually is proved
using compactness.

Problem 10.32

(a) Show that the condition on the maps fm can be relaxed to fm is an
n-equivalence for sufficiently large m.
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(b) Show that if the connectivity of fm goes to ∞ as m → ∞, then f is a
weak equivalence.

(c) Show that if the connectivity of Xm goes to ∞ as m → ∞, then X is
weakly contractible.



Chapter 11

Patching Fibrations Together

The underlying theorem of this chapter is that a map which is locally a
fibration (or a weak fibration) is actually a fibration (or a weak fibration).
This theorem was first proved by Hurewicz, and later given its definitive
form by Dold.

This theorem is recast as a rule for manipulating diagrams, called The
First Cube Theorem. To state the theorem, we make a definition: a homo-
topy commutative cube is a Mather cube if the bottom and top faces are
homotopy pushout squares and the sides are homotopy pullback squares.
The First Cube Theorem states that if the top and bottom are homotopy
pushout squares and the back and left are homotopy pullback squares, then
the cube is a Mather cube.

To prove this, we need weak fibrations instead of fibrations. Like ordi-
nary fibrations, they are sufficient to define homotopy pullbacks. But weak
fibrations have an advantage over ordinary fibrations: a map homotopy
equivalent to a weak fibration is also a weak fibration.

We begin with a brief study of weak fibrations. Then we state the theo-
rem of Hurewicz and Dold, and finally we derive the First Cube Theorem.

11.1 Weak Fibrations

Ordinary fibrations are too rigid for our proof of the first cube theorem,
so we introduce a more flexible notion of fibration that is better suited to
our purposes. A weak fibration is a map q : X → Y that is homotopy
equivalent, in the category map(T ) of maps, to a fibration p : E → B.

Exercise 11.1

(a) Show that every fibration is a weak fibration.

211
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(b) Criticize the following argument:

We can take any map f : X → Y and convert it to a fibration,
yielding the strictly commutative square

X
' //

f

��

Ef

p

��
Y Y

in which p is a fibration. Therefore, every map is homotopy
equivalent to a fibration, and hence every map is a weak fi-
bration.

(c) Let Z = S1 ∪ ∗ × I ⊆ S1 × I, and let p : Z → S1 be the restriction to
Z of pr1. Show that p is a weak fibration but not a fibration.

Whether or not f is a weak fibration depends only on the homotopy
equivalence class of f in map(T ). This is the property of weak fibrations
that sets it apart from ordinary fibrations.

Problem 11.2

(a) Show that if f is a weak fibration and g is homotopy equivalent to f in
map(T ), then g is also a weak fibration.

(b) Show that (a) is false if ‘weak fibration’ is replaced with ‘fibration.’

Problem 11.3 Let f : X → Y and convert it to a fibration, yielding the diagram

X //

f

��

Ef

p

��
Y Y.

Show that f is a weak fibration if and only if this square is a homotopy equivalence
in map(T ).

The class of weak fibrations is the smallest collection of maps that con-
tains fibrations and is closed under homotopy equivalence in map(T ). Being
so closely related to fibrations, weak fibrations share many of the nice prop-
erties of fibrations. In particular, pulling back a weak fibration results in a
homotopy pullback square.

Proposition 125 If q is a weak fibration in the pullback square

P //

g

��
pullback

X

f

��
A // B
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then

(a) g is also a weak fibration, and

(b) the square is a strong homotopy pullback square.

Problem 11.4 Prove Proposition 125.

11.2 Pasting Fibrations Together

Suppose you have a function p : E → B, and you wonder whether it is a
fibration or not. If you have an open cover B =

⋃
α Uα together with lots of

information about the individual subspaces Uα, then it makes sense to look
at preimages Eα = p−1(Uα) and the restricted maps pα : Eα → Uα. These
maps can be constructed as pullbacks in the diagram

Eα

pα

��

//

pullback

E

p

��
Uα

// B.

If p were a fibration (or a weak fibration) then each pα would also be a
fibration (or a weak fibration).

But what about the reverse implication? If you only know that each
individual map pα : Eα → Uα is a fibration, can you conclude that the
original map p is a fibration? If all the pullback maps are weak fibrations and
the cover {Uα} satisfies a very mild condition, then the reverse implication
is perfectly valid, for both ordinary fibrations and for weak ones.

An open cover {Uα} of a space X is called numerable if there is a
locally finite partition of unity subordinate to the cover. That is, if there
are functions τα : X → [0, 1] such that

1. for each x ∈ X, τα(x) = 0 for all but finitely many α,

2. for each x ∈ X, the (finite!) sum
∑

α τα(x) = 1, and

3. for each α, τ−1((0, 1]) ⊆ Uα.

For many familiar spaces, every cover is numerable, or at least can be refined
to a numerable one.

Theorem 126 Suppose p : E → B is a map, and B =
⋃

α Uα is a numerable
open cover. Then the following are equivalent:
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(a) each pullback map pα : Eα → Uα is a fibration (or weak fibration).

(b) p : E → B is a fibration (or weak fibration).

We already know that (b) implies (a), but the proof that (a) implies (b) is
quite technical, and presenting the proof here would be a major interruption
in the flow of ideas. Therefore, we suggest that you take it for granted for
the purposes of this course.

Provenence of Theorem 126. Most people refer to a major paper of
Dold [?Dold1] but this particular theorem, for ordinary fibrations, was
proved by Hurewicz eight years earlier [?Hurewicz1]. Dold introduced weak
fibrations, and refocused attention from properties of the space (paracom-
pact) to properties of the cover (numerable), though this is present in
Hurewicz’s paper. Since Hurewicz, who defined fibrations, did not define
weak fibrations, he did not prove the weak fibration part of Theorem 126,
but his proof can be adapted for weak fibrations. A very thorough exposition
of the proof (for ordinary fibrations) can be found in [?Spanier].

11.3 The First Cube Theorem

The first cube theorem is a homotopy-theoretic form of Theorem 126. In
the category of topological spaces, the union of a collection of spaces is the
prototypical example of a colimit, and the union of two spaces with specified
intersection is the basic pushout. Our homotopy-theoretical version concerns
the formation of homotopy pushouts (unions) of homotopy pullback squares
(fibrations and pullbacks).

Theorem 127 (First Cube Theorem) If, in the homotopy commutative
cube

W //

  A
AA

AA
AA

A

��

X

  B
BB

BB
BB

B

��

Y

��

// Z

��

A

  @
@@

@@
@@

@
// B

  A
AA

AA
AA

A

C // D,

the top and bottom faces are homotopy pushout squares, Z → D is an in-
duced map of homotopy pushouts, and the back and left faces are homotopy
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pullback squares, then the cube is a Mather cube. That is, the front and
right faces are also homotopy pullback squares.

Problem 11.5 Show that it suffices to show that the conclusion about the front
and right faces holds for a specific choice – your favorite one! – of induced map.

We will prove Theorem 127 by explicitly constructing a rather elabo-
rate left nice approximation for the top of the cube. This replacement will
have the two crucial properties: (1) the front and right faces of the replace-
ment cube are categorical pullbacks, and (2) the induced map of homotopy
pushouts is a weak fibration. Then Proposition 125(b) implies that the front
and right faces are homotopy pullbacks, and the proof of the theorem will
be complete.

The details are contained in the following problems.

Problem 11.6 Show that the homotopy commutative diagram

Z

��

Xoo //

��

Y

��
C Aoo // B

is pointwise homotopy equivalent in hT to a diagram in which the vertical maps
Z → C and Y → B are fibrations and the squares are strong homotopy pullbacks.

Since the new diagram is homotopy equivalent (in hT ) to the given one,
the cube we obtain by forming homotopy pushouts is pointwise homotopy
equivalent in hT to our other cube, and hence we may replace the original
diagram with the new one you found, and not change the notation.

Now we can form the categorical pullbacks in the squares, and arrive at
the strictly commutative diagram

Z

��

X1
oo

��
pullback

X
'oo ' //

��

X2
//

��
pullback

Y

��
C Aoo A A // B

in which the left and right squares are categorical pullbacks and the vertical
maps, except for X → A, are fibrations.

Problem 11.7 Show that there is strictly commutative diagram

Z

��
pullback

X1
oo φ //

��
/.-,()*+'

X2
//

��
pullback

Y

��
C A

uoo A
v // B
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in which φ is a homotopy equivalence in T ↓ A.

Next we set up our left nice replacements. First we construct some
mapping cylinders parametrized on nonstandard intervals

C = C ∪ (A× [0, 2
3 ])/ ∼ and B = B ∪ (A× [13 , 1])/ ∼,

where A × 0 is identified with its image in C, and A × 1 is identified with
its image in B. Finally, let A = A× [13 , 2

3 ] be their intersection.

Exercise 11.8 Verify that C ← A→ B is a left nice replacement for C ← A→
B.

The replacement for the top is more intricate. Form the categorical
pullbacks

T (Z)

pullback

//

��

Z

��
and

T (Y )

pullback

��

// Y

��
C // C B // B

Note that the maps T (Z) → C and T (Y ) → B are fibrations. Let M → A
be the mapping cylinder of

φ× id : X1 × [13 , 2
3 ]→ X2 × [13 , 2

3 ]

over A (see Section A.2.3 for definitions and basic properties of mapping
cylinders in categories of maps). Finally, define

Z = T (Z) ∪M, Y = T (Y ) ∪M and X = M.

This is a pretty involved construction. Let’s try to develop some intuition
for it.

Exercise 11.9 Suppose the given diagram is

I

��

I
idoo id //

��

I

��
∗ ∗oo // ∗

(i.e., X = Y = Z = [0, 1] and A = B = C = ∗). Draw the resulting diagram

Z

��

Xoo //

��

Y

��
C Aoo // B.



11.4 Important Examples of Fibrations 217

Show that the induced map of categorical pushouts is a weak fibration but not a
fibration.

Now let’s establish some basic properties of the construction.

Problem 11.10

(a) Show that there is a map of prepushout diagrams

Z

��

Xoo //

��

Y

��
C Aoo // B.

in which both squares are categorical pullbacks.

(b) Show that the top and bottom rows of this diagram are left nice.

(c) Show that the induced map W → D of pushouts is a weak fibration.

Problem 11.11 Prove Theorem 127.

There is a little bit of extra information available in your proof.

Proposition 128 A map of prepushout diagrams

Z

��

Xoo //

��

Y

��
C Aoo // B.

in which both squares are categorical pullbacks and the maps vertical maps
are weak fibrations can be completed to a Mather cube in which vertical
faces are all strong homotopy pullback squraes.

Problem 11.12 Prove Proposition 128.

11.4 Important Examples of Fibrations

We use Theorem 126 to show that some maps that will be used constantly
later are fibrations. To use it, we need to be able to show that open coverings
are numerable. The best hammer for this job is paracompactness.

Problem 11.13 Show that if X is paracompact, then every open cover of X
has a numerable refinement. recall refinement
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Covering Spaces. Recall that a covering map is a map p : X̃ → X
with the property that each point x ∈ X has an open neighborhood U
such that p−1(U) is homeomorphic to a disjoint union U ×D (where D is a
discrete set),1 and under this identification, p is just the projection on the
first coordinate.

Problem 11.14 Let X be a paracompact space.

(a) Show that every covering map p : X̃ → X is a fibration.

(b) Show that the exponential map exp : R → S1 given by exp(t) = e2πit

is a covering map, and conclude that exp is a fibration. What is the
fiber?

(c) Consider the space nth real projective space RPn, which is the quotient
of Sn by the equivalence relation x ∼ −x. Show that the quotient map
q : Sn → RPn is a covering map, and hence a fibration. What is the
fiber?

Problem 11.15 For which values of k is πk(RPn) ∼= πk(Sn)? Determine all the
homotopy groups of S1.

Fiber Bundles. A trivial bundle with fiber F is a projection map pr :
X × F → X, or any map p : E → B homeomorphic to it in the sense that
there is a strictly commutative diagram

X × F
∼= //

pr

��

E

p

��
X

∼= // B.

A fiber bundle is a map f : E → B which is locally a trivial bundle. This
means that B has an open cover B =

⋃
Uα and in each pullback square

Eα

pα

��

//

pullback

E

p

��
Uα

// B

the map Eα → Uα is a trivial bundle.

Exercise 11.16

(a) Show that every covering map is a fiber bundle.

1Notice that X
‘

X = X × S0, and, more generally, if we give our indexing set I the
discrete topology, then

‘
i∈I X ∼= X × I.



11.4 Important Examples of Fibrations 219

(b) Show that if B is connected (not necessarily path connected), then any
two fibers of the fiber bundle p : E → B are homeomorphic.

(c) Let M be the Möbius band. Show that there is a map M → S1 that is
a nontrivial fiber bundle.

Problem 11.17 Show that if p : E → B is a fiber bundle and B is paracompact,
then p is a fibration.

Complex Projective Spaces. Let S1 ⊆ C (note that S1 is a group under
multiplication). This group acts on Cn+1 by coordinatewise multiplication,
and if z ∈ S1, x ∈ S2n+1 ⊆ Cn+1, then z · x ∈ S2n+1 too. Therefore we
can define the nth complex projective space by setting CPn = S2n+1/S1.
We write a typical element of CPn in the form [x] = [x1, x2, . . . , xn, xn+1],
where |x| = 1 and [x] = [y] if and only if there is a z ∈ S1 such that x = z ·y.

Problem 11.18 If [x] ∈ CPn, then at least one entry is nonzero, so the sets

Ui = {[x] |xi 6= 0} for i = 1, 2, . . . , n + 1

form an open cover of CPn.

(a) Show that if [x] ∈ Ui, then there is a unique ẋ ∈ [x] such that ẋi ∈ R+.

(b) Show that if [x] = [y] then there is a unique z ∈ S1 such that x = z · y.

(c) Let p : S2n+1 → CPn be the quotient map and consider the pullback
map pi in the diagram

Ei
//

pi

��
pullback

S2n+1

p

��
Ui

// CPn.

Show that Ei = {x ∈ S2n+1 |xi 6= 0}.
(d) Show that φi([x], z) = z · ẋ defines a homeomorphism φi : Ui×S1 → Ei.

Hint First show it is a bijection.

(e) Show that p : S2n+1 → CPn is a fiber bundle, and hence a fibration,
with fiber S1.

You can identify the first projective spaces with spheres.

Problem 11.19 Let F denote either R or C. A point in FP1 is an equivalence
class [x1, x2] with x1, x2 ∈ F not both zero. We can define a function φ : FP1 →
F ∪ {∞} by the rule φ([x1, x2]) = x1

x2
.

(a) Show that φ defines a homeomorphism RP1 ∼= S1.

(b) Show that φ defines a homeomorphism CP1 ∼= S2.
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(c) Conclude that there is a fibration sequence S1 → S3 → S2.

Hint Use Sterographic Projection.

There are quaternionic projective spaces too. Recall that the quaternions
H is simply R4 with a tricky multiplicative structure. This structure is such
that S3 ⊆ H is a multiplicative group which acts on S4n+3 ⊆ Hn+1. The
quotient by this action is called the nth quaternionic projective space,
and it is denoted HPn. The canonical quotient map S4n+3 → HPn can be
shown to be a fibration in the same way as in the previous problem.

Exercise 11.20 Show that HP1 ∼= S4, and conclude that there is a fibration
sequence S3 → S7 → S4.

We will come back to the projective spaces in much greater detail in
Chapter ??.

Group Actions. Projective spaces are obtained by forming orbit spaces
of group actions. Suppose the group (topological) G acts on the space X.
Then we may form the space of orbits of the action, and wonder about the
canonical quotient map q : X → X/G. Is this map a fibration?

Exercise 11.21 Let G = S1 act on X = D2 by rotation (or by multiplication
in C, if you prefer). Determine the map D2 → D2/S1, and show that it is not a
fibration.

We clearly need to impose some conditions on our action in order for the
quotient map to be well behaved. Let’s say an action α : G × X → X is
properly effective2 if each point x ∈ X has a neighborhood U such that
the restriction

α|G×U : G× U → X

is an embedding.

Problem 11.22 Show that if α : G×X → X is a properly effective action, then
the quotient map X → X/G is a fibration with fiber G.

Effective actions are sometimes too much to hope for. Let x ∈ X, and
let H be the isotropy subgroup of x. We can loosen things up a bit by asking
for a neighborhood U of x so that the action induces an embedding

(G/H)× U → X.

Problem 11.23 Show that if the action satisfies this property, then q : X →
X/G is a fibration.

2temporary terminology until I get a chance to look up what it’s actually called.
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Problem 11.24 Show that there is a fibration sequence

RP1 → RP2n+1 → CPn.
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Chapter 12

Pullbacks of Cofibrations

The underlying theorem of this chapter is Theorem 129, which says that if
you form a pullback using a fibration and a cofibration, the induced maps
from the pullback are a fibration and – amazingly! – a cofibration. The
Second Cube Theorem reinterprets Theorem 129 in terms of Mather cubes:
if the bottom of a cube is a strong homotopy pushout square and the sides
are homotopy pullback squares, then the cube is a Mather cube. (i.e., the
top is a homotopy pushout square).

12.1 Pulling Back a Cofibration

Nothing can be said formally about the pullback of a cofibration, because
cofibrations are domain-type maps and pullbacks are target-type construc-
tions. But in the category of topological spaces, the pullback of a cofibration
by a fibration is a cofibration!

Theorem 129 Let p : E → B be a fibration, and let i : A ↪→ B be a closed
cofibration. Then in the pullback square

EA

q

��

j //

pullback

E

p

��
A

i // B

the map j : EA → E is also a cofibration.

To prove our pullback result, we need yet another characterization of
cofibations.

223
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Lemma 130 A map i : A→ X is a cofibration if and only if there is a map
u : X → I such that u(A) = {0} and a homotopy H : X × I → X such that
the diagram

A
in0 //

i
��

A× I

i×id
�� statici

��

X
in0 //

idX --

X × I

H
PPPP

P

''PPPPPP

X

commutes and H(x, t) ∈ A whenever t > u(x).

Problem 12.1 Recall that i is a cofibration if and only if there is a retraction
r : X × I → X ∪ (A× I).

(a) Supposing i is a cofibration, write r(x, t) = (r1(x, t), r2(x, t)), and define
u(x) = sup{t − r2(x, t) | t ∈ I}. Find a homotopy H : X × I → X so
that, together, H and u satisfy conditions of Lemma 130.

(b) Now suppose that u and H satisfy those conditions. Show that the
function

r(x, t) =
{

(H(x, t), 0) if t ≤ u(x)
(H(x, t), t− u(x)) if t ≥ u(x)

defines a retraction of X × I → X ∪ (A× I).

Now we proceed to the proof of Theorem 129. Supposing i : A ↪→ B is
a cofibration, we can find a map u : B → I and a homotopy H : B× I → B
satisfying the conditions of Lemma 130. Consider the diagram

E
id //

in0

��

E

p

��
E × I

p×id //

bH
11

B × I
H // B.

Since p is a fibration, the lift Ĥ exists. Let v = u ◦ p : E → I and define
K : E × I → E by the rule

K(x, t) =

{
Ĥ(x, t) if t ≤ v(x)
Ĥ(x, v(x))) if t ≥ v(x).

Problem 12.2 Prove Theorem 129 by showing the functions K and v satisfy
the conditions of Lemma 130.
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12.2 The Second Cube Theorem

The second cube theorem turns Theorem 129 into a powerful tool for ma-
nipulating homotopy pullbacks and pushouts.

As a warm-up exercise, let’s analyze the pullbacks of a fibration over a
very strong kind of homotopy pushout square. Suppose X = A∪B, where A
and B are closed in X (or open in X), so that X is the categorical pushout
in the diagram

A ∩B //

��

A

��
B // X.

We further assume that each map in this square is a cofibration, so the
square is a (strong) homotopy pushout square. Now let p : E → X be a
fibration, and form the pullbacks

EA∩B

pA∩B

��

//

PB

E

p

��

EA

pA

��

//

PB

E

p

��

EB

pB

��

//

PB

E

p

��
A ∩B // X A // X B // X.

We can assemble these squares into a cube:

EA∩B
//

##G
GG

GG
GG

GG

��

EA

!!B
BB

BB
BB

B

��

EB

��

// E

��

A ∩B

$$H
HHHHHHHH

// A

!!D
DD

DD
DD

D

B // X.

Problem 12.3 Show that the square

EA∩B
//

��

EA

��
EB

// E

is also a strong homotopy pushout square.
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The Second Cube Theorem generalizes this simple argument to homo-
topy commutative cubes in which the base is a strong homotopy pushout
square and the sides are ordinary homotopy pullback squares. Here is the
statement.

Theorem 131 (Second Cube Theorem) Suppose that in the homotopy
commutative cube

W //

  A
AA

AA
AA

A

��

X

  B
BB

BB
BB

B

��

Y

��

// Z

��

A

  A
AA

AA
AA

A
// B

  B
BB

BB
BB

B

C // D.

the bottom is a strong homotopy pushout square, and the sides are homotopy
pullback squares. Then the top square is also a homotopy pushout square.

Problem 12.4

(a) Show that the given cube is pointwise homotopy equivalent in hT to
a strictly commutative cube with the same base but in which all the
vertical maps are fibrations, and all vertical squares are categorical
pullbacks.

(b) Show that the given cube is pointwise homotopy equivalent in hT to a
strictly commutative cube whose base is a categorical pushout in which
all four maps are cofibrations, all the vertical maps are fibrations, and
all vertical squares are categorical (hence homotopy) pullbacks.

(c) Prove Theorem 131.

Exercise 12.5 Can we get by with a simple homotopy pushout for the bottom?



Part III

Comparing Domains with
Targets

227





Chapter 13

Approximations of Spaces

We feel pretty good about CW complexes, but sometimes we have to study
spaces that are not CW complexes, or maybe not even homotopy equivalent
to CW complexes. To apply our results to these other spaces, we need to
be able to approximate an arbitrary space by a CW complex.

We define an n-skeleton of a space X to be an n-equivalence K → X in
which K is an n-dimensional CW complex. An ∞-skeleton would then be a
map K → X from a CW complex K which is a weak homotopy equivalence.
The usual terminology is to call such a map a CW replacement for X. We
show that every space X has a CW replacement, and hence has n-skeleta
for each n.

Then we turn to the dual situation. The dual of n-dimensional is n-
anticonnected. A space X is n-anticonnected if [K, X] = ∗ for all n-
connected CW complexes K. A Postnikov section of a space X is an
n-equivalence X → P where P is n-anticonnected.

13.1 Cellular Replacement of Spaces

An n-skeleton for a space X is an n-equivalence Xn → X, where Xn is an
n-dimensional CW complex. We prove some basic properties of skeleta and
show that every space has n-skeleta for every n, including n =∞.

An ∞-skeleton is simply a weak equivalence X → X where X is a CW
complex. This is more widely known as a CW replacement for X.

Exercise 13.1

(a) Explain in the language of an introductory topology course, what ex-
actly is a 0-skeleton for a space X? Show that every space X has a
0-skeleton.
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(b) Give an example to show that n-skeleta are not unique. Can you define
a functor Z : T∗ → T∗ and a natural transformation Z → id so that for
every X ∈ T∗, the map Z(X)→ X is a 0-skeleton?

(c) Show that if X is already a CW complex then any CW replacement
X → X must be a homotopy equivalence.

Problem 13.2 Suppose i : Xn → X is an n-skeleton of X and j : Xm → X is
an m-skeleton for X, where n ≤ m. Show that there is a map s : Xn → Xm so that
the diagram

Xn

i   B
BB

BB
BB

B
s // Xm

j}}{{
{{

{{
{{

X

is strictly commutative. Show that s is an n-skeleton of Xm if m > n, but might
only be an (n− 1)-skeleton if m = n.

Now we want to show that every space has n-skeleta for every n.

Exercise 13.3 Show that if X → X is a CW replacement for X, then the
composite Xn → X → X is an n-skeleton of X. Conclude that if X has an
n-skeleton, then it has k-skeleta for all k ≤ n.

In view of this exercise, the following Cellular Replacement Theorem
implies that every space X has n-skeleta for all n ≤ ∞.

Theorem 132 (Cellular Replacement) Let Xn → X be an n-skeleton of
the space X. Then there is a CW replacement X → X such that Xn = Xn.

Problem 13.4 Suppose X has an n-skeleton i : Xn → X.

(a) Let K = ker(πn(Xn) → πn(X)) and define Yn+1 to be the (n + 1)-
dimensional CW complex defined by the pushout square1

∐
α∈K Sn

(α)

��

//

pushout

∐
α∈K Dn+1

��
Xn

// Yn+1.

Show that there is a map jn+1 : Yn+1 → X whose induced map
πk(Yn)→ πk(X) is an isomorphism for k ≤ n.

(b) Construct an (n + 1)-skeleton in+1 : Xn+1 → X.

Hint Use Problem ??.

1In this diagram, (α) denotes the map which, in the αth coordinate is a chosen map in
the homotopy class of α.
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In the construction of Problem 13.4, we have inclusions of subcomplexes
Xn ↪→ Xn+1 making the diagram

Xn
//

��

Xn+1
//

��

· · · // Xn+r

��

// Xn+r+1
//

��

· · ·

X X · · · X X · · ·

strictly commutative. Let X be the colimit of the top row; then the diagram
gives us an induced map X → X.

Problem 13.5

(a) Show that X is a CW complex.

(b) Prove the Cellular Replacement Theorem by showing that the induced
map X → X is a weak equivalence.

Next we study the functoriality and uniqueness of cellular replacements.

Theorem 133 Let f : X → Y , and let i : X → X and j : Y → Y be CW
replacements for X and Y , respectively. Then

(a) there is a map g : X → Y such that the diagram

X
g //

i
��

Y

j

��
X

f // Y

commutes up to homotopy,2 and

(b) if g and g′ are any two choices for such a map, then g ' g′; that
is, the map g is uniquely determined up to homotopy.

Corollary 134 If X and X̃ are two CW replacements for the same space
X, then X ' X̃.

Problem 13.6 Prove Theorem 133 and Corollary 134.
Hint Use Corollary 116.

Functorial CW Replacement. Theorem 133 comes close to saying that
CW replacement is functorial. But it does not quite say that, because the
map g is only well defined up to homotopy, and because of the many choices
made in the construction of X and Y .

2Can it be chosen to commute on the nose?
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Exercise 13.7 Show that by making choices of CW replacements X → X for
each X, our construction can be used to define a functorial CW replacement whose
domain is the homotopy category hT .

We end this section by outlining a functorial CW replacement in the
category T . This has the advantage of being functorial, but also the disad-
vantage of requiring infinitely many cells of all dimensions, even when the
original space is already a CW complex!

Problem 13.8 Modify the proof of Theorem 132 by replacing the set K with
the set K̂ = {α ∈ map(Sn, Xn) | in ◦ α ' ∗}.

(a) Check that the proof works equally well with this modified construction.

(b) Find a functorial way to extend a map f : X → Y to a strictly commu-
tative square

X
f̄ //

��

Y

��
X

f // Y

(that is, verify that ḡ ◦ f̄ = g ◦ f).

Exercise 13.9 Show that in this modified construction, if Xn is not discrete,
then K̂ is uncountable.

13.2 Connectivity and CW Structure

The connectivity of a space X is defined in terms of maps into X, which
means that it is a target-type concept. Therefore it is comparatively easy to
keep track of what happens to connectivity when target-type constructions
are applied to a space. On the other hand, what happens to the connectivity
when we apply domain-type constructions is far from obvious. We will char-
acterize connectivity in terms of CW structure, which makes determining
the effect of domain-type constructions on connectivity comparatively easy.

Connectivity and Cellular Structure. Theorem 132 implies that (n−
1)-connected spaces are weakly equivalent to CW complexes with particu-
larly simple (n−1) skeletons. This fact allows us to estimate the connectivity
of spaces formed by domain-type constructions.

Proposition 135 Let f : X → Y , and let X → X be a CW replacement
for X. Show that the following are equivalent:

1. f is an n-equivalence
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2. Y has a CW replacement Y → Y such that X ⊆ Y is a subcomplex
with Y n = Xn and the diagram

Xn

&&MMMMMMMMMMMMM
// X

��

// X

f

��
Y // Y

is strictly commutative.

Problem 13.10 Prove Proposition 135.

Corollary 136 A space X is n-connected if and only if X has a CW re-
placement X → X with Xn = ∗.
Problem 13.11 Prove Corollary 136.

Problem 13.12 Show that if X is a CW complex that is n-connected for every
n, then X ' ∗.

In view of Problem 13.12, highly connected spaces should be thought
of as being more nearly contractible. We often think of a map X → Y
as a comparison between X and Y , and the homotopy fiber measures the
difference between them. Thus the more highly connected the fiber is, the
closer the map is to being an equivalence.

Connectivity and Domain-Type Constructions. Let’s take a close
look at the connectivity of spaces built from other spaces by domain-type
constructions. These connectivity estimates will be used over and over in
the following chapters.

Problem 13.13 Let X be an n-connected space and let Y be m-connected.

(a) What is the connectivity of X × Y ?

(b) What is the connectivity of X ∧ Y ?

(c) What is the connectivity of ΣX?

(d) What is the connectivity of X ∗ Y ?

(e) What is the connectivity of X o Y ?

Problem 13.14 Suppose f is an n-equivalence and g is an m-equivalence. Then
how much of an equivalence is f ∧ g? What if g = idB for some space B? What
does this tell you about the connectivity of Σf?

Exercise 13.15 What is the connectivity of ΩnΣmX?

Here is a very important estimate.
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Problem 13.16 Suppose A is (a − 1)-connected and B is (b − 1)-connected.
How highly connected is the inclusion A ∨B ↪→ A×B?

Problem 13.17 Suppose A is (a− 1)-connected. Then what is the connectivity
of

∨
i∈I A ↪→

∏
i∈I A (where the product is the weak product)?

Some Applications to H-Spaces and co-H-Spaces. Our first applica-
tion is to the algebraic structure of [A,X] when X is an H-space. We have
shown that this set has a multiplication whose unit is the trivial map. We
have not shown that this multiplication is associative, or that elements of
[A,X] have inverses.

Problem 13.18 Let X be a an H-space.

(a) Show that, under the identification π∗(X ×X) ∼= π∗(X) × π∗(X), the
map µ∗ : π∗(X) × π∗(X) → π∗(X) induced by the multiplication µ :
X ×X → X is given by µ∗(α, β) = α + β.

(b) Show that the shear map s : X ×X → X ×X given by s : (x1, x2) 7→
(x1, x1x2) is a weak homotopy equivalence.

(c) Show that for any CW complex A, if α, β ∈ [A,X], then there exists a
unique ξ ∈ [A,X] such that αξ = β.

(d) Also show that there is a unique ζ ∈ [A,X] such that ζα = β.

Parts (c) and (d) of Problem 13.18 state that if A is a CW complex,
then [A,X] is an algebraic loop.

Exercise 13.19 Show that if L is an algebraic loop, then every element α ∈ L
has a left inverse and a right inverse. Show that if L is associative, then the left
and right inverses must be equal, and give an example to show that they need not
be equal in general.

It is indeed the case that there are H-spaces for which [A,X] is a nonas-
sociative algebraic loop with distinct left and right inverses.

Next we see that a space whose dimension is small in comparison to its
connectivity must be a co-H-space.

Problem 13.20 Show that if X is an (n − 1)-connected CW complex with
dim(X) < 2n, then X is a co-H-space.

Since we know that a co-H-space is a homotopy retract of a suspension,
Problem 13.20(b) shows that there is a space Y such that X is a homotopy
retract of ΣY . It does not assert any relation between the cells of Y and the
cells of X – indeed, it does not even claim that Y is a CW complex! But it
does suggest a question: are the attaching maps of the cells in X actually
the suspensions of other maps? Is X itself a suspension?
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13.3 Basic Obstruction Theory

Suppose you wish to construct a map X → Y satisfying certain properties,
such as making a given diagram commute, or commute up to homotopy. If
X is a CW complex, then you might try to construct the desired map by
induction on the skeleta, or the cells, of X. The inductive step of such a
construction reduces to the case X = W ∪Dn, where we have f : W → Y ,
and we wish to extend f to a map φ : X → Y making the diagram

Sn−1

i
��

f◦i

""
W

f //

j

��

Y

X
∃?φ

<<

commute, at least up to homotopy. From the exactness of the sequence

[Sn−1, Y ] [W,Y ]i∗oo [X, Y ],
j∗oo

we see that the map φ exists if and only if f ◦ i = 0 ∈ πn−1(Y ). The element
f ◦ i ∈ πn−1(Y ) is called the obstruction to extending the map f , and so
we say that the map f can be extended if and only if the obstruction is zero.
This is why the technique is called obstruction theory.

Exercise 13.21 Formulate the dual obstruction theory problem.

Obstruction theory can be used very effectively to study the maps from
a CW complex into a space whose homotopy groups vanish in large dimen-
sions.

Proposition 137 Let Y be a space with πk(Y ) = 0 for all k ≥ n, and let
X be a CW complex. Suppose Z ⊆ X is a subcomplex with Xn ⊆ Z ⊆ X.
Then for any map f : Z → Y , the dotted arrow in

Z //

f ��@
@@

@@
@@

X

φ~~
Y

can be filled in so that the triangle is strictly commutative.

Problem 13.22
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(a) Let P denote the set of pairs (U, fU ), where U is a subcomplex of X
with Z ⊆ U ⊆ X and fU : U → Y extends f . Define a partial order on
the set P, and show that P contains a maximal element.

(b) Show that if U 6= X, then (U, fU ) is not maximal, and thereby prove
Proposition 137.

Proposition 137 can obviously be used to show that certain maps exist.
But since a homotopy is also a map, the proposition can also be used to
show that two given maps are homotopic to one another. This application
relies on Lemma 26, which describes the cellular structure of the product of
a CW complex with the interval I.

Proposition 138 If Y is a space with πk(Y ) = 0 for all k > n, then for
any CW complex X,

(a) the inclusion Xn → X induces an injection [Xn, Y ]← [X, Y ], and

(b) If m > n, then the inclusion Xm → X induces an isomorphism
[Xm, Y ]← [X, Y ].

Problem 13.23 Prove Proposition 138.

Hint For (a), use Problem ??.

We have now proved enough to derive the dual of Problem 13.20(b).

Problem 13.24 Let X be a CW complex. Show that if X is (n− 1)-connected
and πk(X) = 0 for k ≥ 2n− 1, then X is an H-space.

13.4 Postnikov Sections

In Section 13.1 we repeatedly attached cells to construct a CW complex
weakly equivalent to a given space. Now we use the same basic construction,
but this time, we use it to mutilate the given space, rendering trivial all of
its homotopy groups above a specified dimension.

Let X be any space, and let n ≥ 1. A map p : X → Q is called an nth

Postnikov approximation if

1. p∗ : πk(X)→ πk(Q) is an isomorphism for k ≤ n, and

2. πk(Q) = 0 for k ≥ n.

We wish to prove that for any space X and any n, the Postnikov approxi-
mation (also known as Postnikov sections) exists. We will also show that
the map X → Q is unique up to homotopy equivalence.
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Theorem 139 For any space X and any n ≥ 1, there is a Postnikov ap-
proximation p : X → Q.

Problem 13.25 Prove Theorem 139 by inductively constructing a sequence of
spaces Qj and maps X → Qj (with j ≥ n) such that

1. πk(X)→ πk(Qj) is an isomorphism for k ≤ n,

2. πk(Qj) = 0 for n < k ≤ j, and

3. Qj+1 is obtained from Qj by attaching (j + 1)-dimensional cells.

I’ll even start the inductive construction for you by setting Qn = X.

Now we study the naturality properties of Postnikov sections, which
leads, naturally, to some conclusions about their uniqueness.

Problem 13.26 Let X → Q be any map with πk(Q) = 0 for k ≥ n, and let
X → Pn(X) be the particular Postnikov approximation you constructed in Problem
13.25.

(a) Show that there is a map Pn(X)→ Q making the diagram

X

||xxxxxxxx

  @
@@

@@
@@

@

Pn(X) // Q.

strictly commutative.

(b) Show that Postnikov approximations are unique up to weak homotopy
equivalence. For what spaces are they unique up to genuine homotopy
equivalence?

Since the nth Postnikov section of X is unique up to (weak) homotopy
type, we adopt the notation Pn(X) for it.

Problem 13.27 Show that there are maps Pn+1(X) → Pn(X) making the
diagram

X

||xxxxxxxx

$$H
HHHHHHHH

Pn(X) // Pn+1(X)

strictly commutative. What can you say about the homotopy groups of the fiber
of Pn+1(X)→ Pn(X)?
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13.5 Eilenberg-Mac Lane Spaces

One very important class of spaces to which our simple obstruction theory
applies is those spaces which have only one nonzero homotopy group. Such
spaces are called Eilenberg-Mac Lane spaces.

Let G be a group, and let n ∈ N. A space L is called an Eilenberg-
MacLane space of type (G, n) if its homotopy groups are given by

πk(L) ∼=
{

G if k = n
0 otherwise.

Notice that we used ∼= instead of = in this definition. This is an important
point, so let’s explore it. The group G is a certain set with a multiplication
rule. For example, it might be a set of permutations (which are bijective
functions from a set to itself) or it might be a set of cosets, etc. The group
πn(L) is a set of homotopy classes of maps from a sphere into L. Unless the
stars align perfectly, it is essentially impossible for πn(L) to be equal to G.
Instead, when we say that L is an Eilenberg-Mac Lane space of type (G, n),
we mean that the only nonzero homotopy group of L is πn(L) and we have
in mind an explicit group isomorphism πn(L)→ G. Most of the time, these
technical considerations can be safely ignored, but it is occasionally crucial
to keep complete control of the situation.

Our goal in this section is to determine some crucial properties of Eilenberg-
Mac Lane spaces. Notice that Eilenberg-Mac Lane spaces are defined in
terms of maps into them, so they should be thought of as target-type spaces.

Beware! Even though we have defined Eilenberg-Mac Lane spaces, we
do not yet know that they exist!

Problem 13.28

(a) Show that if there is an (n − 1)-connected space X with πn(X) ∼= G,
then there is an Eilenberg-Mac Lane space of type (G, n).

(b) Show that S1 is an Eilenberg-Mac Lane space of type (Z, 1).

(c) Show that for every group G, there are Eilenberg-Mac Lane spaces of
type (G, 0) and (G, 1).

(d) Show that there are groups G for which there is no Eilenberg-Mac Lane
space of type (G, n) with n > 1.

An Eilenberg-Mac Lane space of type (G, 1) is also called a classifying
space for the group G, and denoted BG.

Proposition 140 Let G be a group, and let L be an Eilenberg-Mac Lane
space of type (G, n). Then for any (n − 1)-connected CW complex X, the
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map
φ : [X, L]→ hom(πn(X), G) given by φ(f) = f∗

is bijective.

To prove the surjectivity of φ in the case n = 1, we need to know that
π1(

∨
J S1) is the free group F (J ); you proved this in the section on the

Seifert-Van Kampen theorem. For n > 1 we need the analogous formula

πn(
∨
J Sn) ∼=

⊕
J

Z · [inj ].

Problem 13.29 Show that if πn(Sn) ∼= Z · [id], then πn(
∨
J Sn) ∼=

⊕
J Z · [inj ].

We will prove that πn(Sn) ∼= Z · [id] for all n in the next chapter. The
skeptical reader should consider Proposition 140 proved entirely in the case
n = 1, and reserve judgement on the higher dimensions until the end of the
next chapter.

Problem 13.30 For the purposes of this problem, either assume that πn(Sn) ∼=
Z · [id] or solve it only in the case n = 1.

(a) Explain why it is enough to prove Proposition 140 in the special case
that X has dimension at most n + 1.

(b) Then use Proposition 137 to show that φ is injective.

(c) Show that an (n− 1)-connected and (n + 1)-dimensional CW complex

X sits in a cofiber sequence
∨

i∈I Sn α //
∨

j∈J Sn q // X, and
that the induced map q∗ : πn(

∨
J Sn)→ πn(X) is surjective.

(d) Let πn(X) = H and let h : H → G be any group homomorphism.
Show that there is a map β :

∨
j∈J S1 → K(G, 1) whose induced map

πn(
∨
J Sn)→ G is h ◦ q∗.

(e) Show that φ is surjective.

Corollary 141 If K be an Eilenberg-Mac Lane space of type (G, n) and let
L be an Eilenberg-Mac Lane space of type (H,n). If G ∼= H, then K ' L.

Problem 13.31 Use Proposition 140 to prove Corollary 141.

Since our proof of Corollary 141 uses Proposition 140, we should consider
it proved for n = 1, and provisional for n > 1. On the other hand, since we
will eventually verify it in full generality, we will write K(G, n) to denote
an Eilenberg-Mac Lane space of type (G, n). Remember that we have a
particular isomorphism πn(K(G, n)) ∼= G in mind.

Proposition 142 If n > 0 then ΩK(G, n) ' K(G, n− 1).

Problem 13.32 Prove Proposition 142.
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Proposition 142 implies that if K(G, n) exists, then K(G, n − 1) is an
associative H-space. But what about K(G, n)? Must it be an H-space?

Problem 13.33 Let G be a group with multiplication µ : G × G → G, and
suppose K(G, n) exists.

(a) Show that G is abelian if and only if µ is a homomorphism.

(b) Show that if G is abelian, then the homomorphism µ induces a map
m : K(G, n)×K(G, n)→ K(G, n) which is an H-space multiplication.

(c) Show that in the situation of part (b), the multiplication m is homotopy
associative.

(d) Show that if G is not abelian, then G is not an H-space.



Chapter 14

Suspension

We will show that the suspension map

σ : X → ΩΣX

adjoint to the identity ΣX → ΣX can be constructed in a domain-type way,
called the James Construction. The James construction makes it possible
for us to understand the suspension operation [X, Y ] → [ΣX, ΣY ], leading
us to the Freudnthal Suspension Theorem and a variety of computations.

14.1 The Suspension Map

Make more exercises/problems out of this.
The suspension functor defines a natural transformation Σ : [ ? , ? ] →

[Σ ? ,Σ ? ]. We also have a natural isomorphism

α : [ΣA,ΣX]→ [A, ΩΣX]

(coming from the exponential law) for any two spaces A and X. Putting
these together and writing S = α ◦ Σ, we have a commutative diagram of
functors and natural transformations

[A,X] Σ // [ΣA, ΣX]

α∼=
��

[A,X] S // [A, ΩΣX].

By the Yoneda Lemma (Exerecise ??), the map S is in fact σ∗ for some
map σ : X → ΩΣX. This diagram shows that the study of the natural
transformation Σ is equivalent to the study of σ∗.

241
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Problem 14.1 Show that σ(x) = ωx, where ωx : t 7→ [x, t].

14.2 Moore Paths and Loops

We begin by developing the theory of measured paths. The space of Moore
paths (also called measured paths) on a space X is

PathM (X) =
{
(ω, a) |ω|[a,∞) is constant

}
⊆ map ([0,∞), X)× [0,∞)

The endpoint of the Moore path (ω, a) is the point ω(a) ∈ X. If (ω, a) and
(τ, b) are Moore paths in X with the endpoint of (ω, a) equal to the start
point of (τ, b), (i.e., with ω(a) = τ(0)) then we may concatenate them by
setting (ω, a) ? (τ, b) = (ω ? τ, a + b), where

α ? β(t) =
{

α(t) if t ≤ a
β(t− a) if t ≥ a.

Exercise 14.2

(a) Show how to consider XI as a subspace of PM (X). How are the con-
catenations ω ∗ τ and (ω, a) ? (τ, b) related?

(b) Show that map([0,∞), X) ' X.

(c) Show that map∗([0,∞), X) ' ∗.

For X ∈ T∗, the Moore path space on X is

PM (X) = {(ω, t) ∈ PathM (X) |ω(0) = ∗}.

There is an evaluation map @ : PM (X)→ X given by (ω, t) 7→ ω(t).

Problem 14.3 Show that @ is a fibration.

Hint Write down a lifting function.

The fiber of @ is ΩMX, the space of Moore loops.

Problem 14.4 Show that the rule (ω, t) 7→ s 7→ ω(st) defines a homotopy

equivalence PathM (X)→ XI . Show that it restricts to homotopy equivalences

PM (X)→ P(X) and ΩM (X)→ ΩX.

Conclude that the maps PM (X)→ X and P(X)→ X are homotopy equivalent.

Problem 14.5 Show that ΩMX is a topological monoid and that the homotopy
equivalence ΩMX → ΩX is an H-map.
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Composing Infinite Collections of Homotopies. We have discussed
this already, but now we have a different point of view available. A homo-
topy H : A× I → X is adjoint to a map Ĥ : A→ Path(X). More generally,
a homotopy indexed on the interval [0, a] corresponds to an eventually con-
stant homotopy Ĥ : A→ PathM (X), given explicitly by

Ĥ(x) =
(
H|{x}×[0,a], a

)
.

This is nice and compatible with rigid concatenation of homotopies.
Let H1,H2, . . . be an infinite collection of homotopies. Their infinite

concatenation defines a function H : X × [0,∞)→ Y , which has an adjoint
H̃ : X → map([0,∞), Y ). If there is a continuous function z : X → [0,∞)
such that Hn|x×I is constant if n ≥ z(x), Then we may define

Ĥ : X → PathM (X)

by the rule
Ĥ(x) = (H̃(x), z(x)).

This is a homotopy from H1|X×0 to . . .what?
Define X(n) = z−1([0, n]) ⊆ X. Then we have maps gn : X(n) → Y ;

specifically, gn = H|X(n)×n, the constant part of the homotopy. These maps
extend one another giving a map from the telescope diagram

X(0)→ X(1)→ · · · → X(n)→ X(n + 1)→ · · ·

into Y . If X is the colimit of this telescope diagram, then this gives a map
X → Y , which we interpret as the end of the homotopy.

Problem 14.6 Show that the composite the lift H exists in the diagram

Y I

��
X //

H

11

PM (Y ) // Y [0,1)

and H is a homotopy from f to g.

Exercise 14.7 Compare with our earlier approach.

14.3 The James Construction

The James Construction gives an explicit domain-type construction of the
suspension map X → ΩΣX.
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Definition of the James Construction. We let X be a CW com-
plex with a single 0-cell ∗, and consider the n-fold products Xn for n ≥
0. We consider Xn ⊆ Xn+1 in the usual way: by identifying the point
(x1, x2, . . . , xn) ∈ Xn with the point (x1, x2, . . . , xn, ∗) ∈ Xn+1.

The union of all of the Xn is X∞, the set of all finite sequences of points
of X. Formally, X∞ is the colimit of the diagram

X0 → X1 → X2 → · · · → Xn → Xn+1 → · · · .

And since all the inclusions Xn → Xn+1 are cofibrations, the colimit is
also a homotopy colimit. This is sometimes known as the weak infinite
product.

Now we define an equivalence relation on X∞: two points (x1, . . . , xn)
and (y1, . . . , ym) are equivalent if and only if, after deleting all entries ∗,
they are the exactly the same. For example, if ∗, a, b ∈ X, then

(a, b, ∗, ∗, a, ∗, b) ∼ (∗, ∗, ∗, a, ∗, b, a, ∗, ∗, ∗, ∗, b, ∗, ∗) in X∞.

We let J(X) denote the set of equivalence classes of points in X∞; we of
course have a quotient map q : X∞ → J(X).

Exercise 14.8 Show that J is a functor. Show that if X is a CW complex, then
so is J(X).

Recall that a monoid is an algebraic gadget that satisfies all the rules
for a group, except possibly the rule that every element has an inverse – I
leave it to you to define a monoid object and a monoid homomorphism
in a category C. A topological monoid is automatically an H-space, but an
H-space need not be a topological monoid, since a monoid must be strictly
associative.

Exercise 14.9 If X is a topological monoid, then the functor [ ? , X] takes its
values in the category of monoids.

Proposition 143 For any space X, the map

µ : J(X)× J(X)→ J(X)

given by µ((x1, . . . , xn), (y1, . . . , ym)) = (x1, . . . , xn, y1, . . . , ym) makes J(X)
into a topological monoid.

It is often useful to think about J(X) is as the free monoid generated
by the set X.

Problem 14.10 Show that any map f : X → M , where M is a topological
monoid, extends to a unique monoid map φ : J(X) → M ; and if f is continuous,
then so is φ.
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Filtration of J(X). Inside of J(X) we have the images Jn(X) = q(Xn),
which is the set of all elements of J(X) with at most n nontrivial entries.

Notation From now on, unless we have several spaces floating around,
we’ll simply write J for J(X) and Jn for Jn(X).

These spaces are related to one another by the maps

µ : X × Jn → Jn+1 given by (y, (x1, . . . , xn)) 7→ (y, x1, . . . , xn).

If the multiple use of µ bothers you, call this one µn (n =∞ allowed). The
inclusion map J0 → J1 is simply the inclusion ∗ ↪→ X, which is a cofibration.

Exercise 14.11 In the case n =∞, we get µ : X × J → J . Show that the map
µ∗ : πk(X × J)→ πk(J) is given by µ∗(α, β) = j∗(α) + β, where j : X ↪→ J .

Problem 14.12

(a) Show that there is a categorical pushout square

X × Jn ∪ ∗ × Jn+1 i //

µ∪pr2

��

X × Jn+1

µ

��
Jn+1 � � // Jn+2.

(b) Prove that each inclusion Jn → Jn+1 is a cofibration.

Hint Work by induction using the square you just proved is a pushout,
using Theorem 41.

(c) Conclude that these squares are all homotopy pushout squares.

(d) Show that Jn(X)/Jn−1(X) ∼= X∧n.

Identifying the Suspension Map. The suspension map σ corresponds,
via the inclusion ΩΣX ↪→ ΩMΣX to the map σM : x 7→ (ωx, 1) ∈ PM (X).
Since J(X) is a free monoid on X, and ΩMΣX is a monoid, there is a unique
monoid map e : J(X)→ ΩMΣX such that the diagram

X

σM

��

j

vvmmmmmmmmmmmmmmm
σ

((QQQQQQQQQQQQQQQ

J(X) e // ΩMΣX ΩΣX'
oo

is strictly commutative.

Exercise 14.13 What is e([x1, x2, . . . , xn])?



246 14. Suspension

Now we can state and prove our theorem identifying the inclusion X ↪→
J(X).

Theorem 144 For every CW complex X, the map e is a homotopy equiv-
alence and the diagram

X
j // J(X)

e'
��

X
σM // ΩMΣX

is strictly commutative.

The proof of our theorem amounts to a detailed study of the commtuative
cube

X × J
p2 //

µ

##F
FF

FF
FF

FF

pr1

��

CX × J

%%KKKKKKKKKK

pr1
��

J
ξ //

��

T

q

��

X //

##F
FFFFFFFF CX

%%KKKKKKKKKK

∗ // ΣX.

in which the back and left faces are strong homotopy pullback, and top and
bottom are categorical and homotopy pushouts.

Problem 14.14

(a) Show that the back two vertical squares are strong homotopy pullback
squares.

(b) Show that q is a weak fibration and that the front two squares are
categorical pullback squares.

(c) Show that the front two squares are strong homotopy pullback squares.

Now let us study the space T in greater detail. By construction, we have
T = (CX × J)/ ∼ where

([x, 0], [x1, . . . , xn]) ∼ (∗, [x, x1, . . . , xn]).

Under this identification, the map q is given by

q(([x, t], [x1, . . . , xn]) = [x, t].
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Each point in T , except ∗, has a unique expression in the form ([x, t], [x1, . . . , xn])
with t < 1. Also the map ξ : J → T is given by

ξ([x1, . . . , xn]) = (∗, [x1, . . . , xn]).

Let Tn = Jn × J/ ∼⊆ T . The map H : T × I → T given by

H(([x, t], [x1, . . . , xn]), s) = ([x, (1− s)t + s], [x1, . . . , xn])

deforms the space T in such a way that Tn is compressed, within itself, into
Tn−1 for each n. That is, H is a homotopy from idT to the map d : T → T
given by the formula

d : ([x0, t], [x1, . . . , xn]) 7→ ([x1, 0], [x2, . . . , xn]).

Problem 14.15 Show that d∞, the infinite composite of d with itself, is defined
and constant. Show that infinite composition of H with itself is a homotopy H∞ :
idT ' d∞.

To finish our proof, we study the front square of our cube in more detail.
Since T ' ∗, the map T → ΣX factors through the path fibration PMΣX →
ΣX, and we obtain the diagram

J
ξ //

f

��

T

u
��

ΩMΣX //

��
pullback

PM (ΣX)

@1

��
∗ // ΣX.

Since the front square is a strong homotopy pullback, the map f is a homo-
topy equivalence. But what is this map?

Problem 14.16 Show that the induced map J → ΩMΣX is given by

[x1, . . . , xn] 7→ (ωx1 ? · · · ? ωxn , n).

Explain why this proves Theorem 144.

Hint Since J is the colimit of the Jn ⊆ J , we only need to determine the restriction
of the homotopy to Jn.
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14.4 The James Splitting and the Hilton-Milnor
Theorem

The suspension of the James Construction is easily analyzed, and this gives
valuable information about ΣΩΣX. This is used, for example, in the proof
our version of the Hilton-Milnor Theorem, which describes the loop space
of a wedge.

The James Splitting. This problem gives an explicit formula for ΣΩΣX;
it is called the James splitting of the loop space of a suspension. Histor-
ically, it was derived as a consequence of the work you will do in the next
chapter.

Problem 14.17

(a) Show that the suspension of the inclusion Jn−1(X) ↪→ Jn(X) can be
identified as in the diagram

ΣJn−1(X) // ΣJn(X)

'
��

ΣJn−1(X) � � // ΣJn−1(X) ∨ ΣX∧n.

(b) Show that ΣΩΣX ' Σ
(∨

n≥0 X∧n
)
.

The Hilton-Milnor Theorem. The wedge of two (or more) spaces is fun-
damentally a domain-type object, and so computing the homotopy groups of
a wedge is a fundamentally difficult and interesting problem. In this section,
we work out a way to approach this problem.

We have seen that some apparently indivisible spaces, like ΩSn, actually
break into smaller, more easily understood spaces when they are suspended.
This is quite useful if we are interested in the cohomology of the space (e.g.,
in Problem 17.8(d)). But here we are concerned with homotopy groups of
X ∨ Y , so we instead look at Ω(X ∨ Y ), and look for splittings of this loop
space into a product of smaller, more easily understood spaces.

Problem 14.18 Let

F
i
// E p

// B
σuu

be a fibration sequence, and assume that there is a map σ : B → E such that
p ◦ σ ' 1B (such a map σ is called a homotopy section of the map p).
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(a) Show that the fibration ΩP : ΩE → ΩB also has a section.

(b) Use the maps Ωi and Ωp and the fact that ΩE is an H-space (i.e., you
can multiply elements in ΩE together, and there is an identity element)
to construct a map e : ΩF × ΩB → ΩE.

(c) Show that the diagram

ΩF

1F

��

in1 // ΩF × ΩB

e

��

pr2 // ΩB

1ΩB

��
ΩF

Ωi // ΩE
Ωp // ΩB

commutes; why is it true that e ◦ in1 ' Ωi?

(d) Show that e is a homotopy equivalence, so that ΩE ' ΩF × ΩB. This
is known as a splitting of the loop space ΩE.

Hint The top row of the diagram is also a fibration sequence.

(e) Show that, for every k, πk(E) ∼= πk(F )⊕ πk(B).

Here is another situation in which loop spaces split after looping.

Problem 14.19 Let
F

i // E
p // B

be a fibration sequence, and assume that i : F → E is trivial.

(a) Show that ∂ : ΩB → F has a homotopy section.

Hint Compare with Problem 8.8.

(b) Show that ΩB ' F × ΩE.

(c) Let Sn → Sm → B be a fibration sequence with n < m. prove that
ΩB ' Sn × ΩSm.

The following problem is the bulk of the work needed to prove the Hilton-
Milnor Theorem, which concerns the homotopy groups of a wedge of two
spaces. This approach to the Hilton-Milnor Theorem is due to Gray [?Gray].

Problem 14.20 Let A and B be any two spaces, and consider the collapse map

f : A ∨B → A.

Let F be the homotopy fiber of f .

(a) Show that f has a homotopy section.

(b) Use the cube theorem to determine the homotopy type of F .

(c) Show that Ω(A ∨B) ' ΩA× F .

Let’s study the half-smash products which involve suspensions.
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Exercise 14.21

(a) Show that X o Y = X ∧ Y+.

(b) Show that S1 o Y+ ' Σ(Y ∨ S1).

Hint Draw a picture!

(c) Conclude that ΣX o Y = X ∧ (S1 ∧ Y+) = ΣX ∨ Σ(X ∧ Y )

(d) Conclude that Sm o Sn ' Sm ∨ Sn+m.

Now you can apply Problem 14.20 to a wedge of spheres.

Exercise 14.22 Let m ≤ n

(a) Apply Problem 14.20 to Sm ∨ Sn.

(b) Use the James Splitting for ΩSn to rewrite your answer in terms of the
loop space of another wedge of spheres.

(c) Repeat, always collapsing to the smallest sphere. What happens to the
connectivity of the confusing loop space piece as you repeat the process?

(d) Argue that Ω(Sm∨Sn) is homotopy equivalent to a big product of loop
spaces of spheres of various dimensions.

The list of spheres that show up in this splitting of Ω(Sm ∨ Sn) has
actually been worked out semi-explicitly by Peter Hilton. They may be put
in one-to-one correspondence with a basis for a free graded Lie algebra.

14.5 The Freudenthal Suspension Theorem

Theorem 144 gives, up to homotopy equivalence of maps, an explicit de-
scription of CW structure of the suspension map σ.

Lemma 145 If Y is (k − 1)-connected, then

Jn+1(Y ) = Jn(Y ) ∪ (cells of dimension ≥ k(n + 1)).

In particular, the map σ : Y ↪→ ΩΣY is a (2n− 1)-equivalence.

Problem 14.23 Prove Lemma 145.

This implies the Freudenthal Suspension Theorem.

Theorem 146 Let Y be an (n− 1)-connected space. Then

(a) if dim(X) < 2n − 1, then Σ : [X, Y ] → [ΣX, ΣY ] is an isomor-
phism, and

(b) if dim(X) = 2n− 1, then Σ : [X, Y ]→ [ΣX, ΣY ] is surjective.

The following special case is particularly important.
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Corollary 147 Let Y be an (n− 1)-connected space. Then

(a) Σ : πk(Y )→ πk+1(ΣY ) is an isomorphism for k < 2n− 1, and

(b) Σ : π2n−1(Y )→ π2n(ΣY ) is onto.

Problem 14.24 Prove Theorem 146 and Corollary 147.

We have already shown, using cellular approximations, that conn(ΣX) ≥
conn(X) + 1. Now we are prepared to show that this is an equality for
simply-connected spaces.

Problem 14.25 Show that if X is simply-connected then conn(ΣX) = conn(X)+
1. Does your argument work for path-connected spaces X that are not simply-
connected?

Before getting to the non-simply-connected case, we take a few detours.

Low-Dimensional Homotopy Groups of Spheres. We now determine
the groups πk(Sn) for k ≤ n. This is arguably the most important calcula-
tion in all of homotopy theory. All other calculations are ultimately founded
– at least in part – on this theorem.

Theorem 148 For all n > 0, the suspension map Σ : πn(Sn)→ πn+1(Sn+1)
is an isomorphism, and hence

πn(Sn) =
{

Z · [idSn ] if k = n
0 if k < n.

The groups πk(Sn) for k > n are much more difficult to compute; indeed,
they have only been computed one at a time, and our knowledge of them
peters out around k = n + 70. (There are also periodic phenomena and
global properties that are known, so it’s not a total mystery.)

We’ve already know Theorem 148 in the case n = 1.

Problem 14.26

(a) Suppose Y is a strictly associative H-space. Show that the suspension
map σ : Y → ΩΣY has a left homotopy inverse τ .

(b) Show that Σ : π1(S1)→ π2(S2) is an isomorphism.
(c) Prove Theorem 148.

We may now use Proposition 140 without reservation.
Finally we have a functor that can distinguish between Sn and Dn+1,

and this is good news because it shows that our intuition that Sn 6' ∗ is
accurate.

Exercise 14.27 Generalize and prove Exercise ??.
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Eilenberg-Mac Lane Spaces. We can now show that Eilenberg-Mac Lane
spaces for abelian groups exist.

Problem 14.28

(a) Show that there is an Eilenberg-Mac Lane space of type K(Z, n) for all
n ≥ 1.

(b) Show that for any abelian group G and any n ≥ 1, there is an Eilenberg-
Mac Lane space of type (G, n).

Hint Start with a short exact sequence 0→
⊕

I Z→
⊕

J Z→ G→ 0;
then use Proposition 140.

(c) Show that there is a K(G, n) which is a strictly associative H-space.

Hint Use the Moore loop space.

Problem 14.29 Show that K(Z, n) can be built from Sn by attaching cells of
dimension ≥ n + 2. Thus the inclusion Sn ↪→ K(Z, n) induces an isomorphism
Z → πn(K(Z, n)), and this is the explicit isomorphism we have use when it is
needed.

Suspension in Dimension 1. Recall that the commutator of two ele-
ments x, y ∈ G is the element [x, y] = x−1y−1xy ∈ G. The commutator
subgroup of a group G is the subgroup of G′ ⊆ G generated by all of the
commutators, and the abelianization of G is the quotient map G→ G/G′

(it is the ‘largest abelian quotient’ of G). We also use ‘abelianization’ to
describe any surjective homomorphism G→ H whose kernel is G′.

Proposition 149 The suspension map Σ : π1(X)→ π2(ΣX) is abelianiza-
tion.

Problem 14.30 Prove Proposition 149.
Hint Let A be the abelianization of π1(X) and consider maps X → K(A, 1).

We now deduce that suspension usually, but not always, increases con-
nectivity by one.

Theorem 150 Let f : X → Y , and assume that π1(X) and π1(Y ) are both
abelian. Then

(a) conn(ΣX) = conn(X) + 1, and

(b) conn(Σf) = conn(f) + 1.

Problem 14.31 Prove Theorem 150

Exercise 14.32 Show that if Ab(π1(X)) = 0, then conn(ΣX) ≥ 2 > conn(X)+
1. For each part of Theorem 150, find weaker hypotheses that lead to the same
conclusions.



Chapter 15

Comparing Pushouts and
Pullbacks

In Chapter ?? we used cellular approximations to estimate the connectivity
(target-type) of spaces constructed by domain-type methods. In this chapter
we go even deeper into the domain/target mix by comparing homotopy
pushout squares and homotopy pullback squares. If the square

A //

��

B

��
C // D

is a homotopy pullback square, then we can form the homotopy pushout
P of C ← A → B and consider the induced comparison maps P → D.
We determine the homotopy fiber of these maps, and thereby deduce the
connectivity of the map. We pay particular attention to the special case
in which C = ∗, so the square corresponds to a fiber sequence, and the
comparison map is the canonical map E/F → B.

As you have shown in Problem ??, the fiber of the comparison map
A→ P is the same as the iterated fiber obtained by forming the homotopy
fiber of the induced maps between homotopy fibers of the columns (or rows)
of the square.

We also consider the dual problem. If the square is a homotopy pushout
square, we may form the homotopy pullback Q of C → D ← B and study
the comparison maps A → Q. In the special case C = ∗, we have a cofiber
sequence A → B → D and, if F is the homotopy fiber of B → D, a
comparison map A → F . We identify the suspension of this map, and

253
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estimate its connectivity. This preliminary result is the foundation of our
general result, which is proved by CW induction.

15.1 Comparing Homotopy Pullbacks to Homo-
topy Pushouts

Start with a homotopy pullback square

W //

��
HPB

X

��
Y // Z,

and form the (homotopy) pushout, D, of the diagram Y ← W → X, and
call it D. Then we get a (nonunique) comparison map ξ : D → Z, and we
want to estimate – or determine – its connectivity. This is complicated by
the fact that ξ is not uniquely defined, even up to homotopy.

Exercise 15.1

(a) Show that ξ is well defined up to homotopy equivalence of maps, and
conclude that the homotopy type of the fiber is also well defined. Show
that any two choices of ξ have the same connectivity.

(b) Clearly explain the sense in which the formation of the homotopy fiber
of D → Z is functorial.

(c) Dualize the previous two parts.

Now we have honest questions: what is the (common) homotopy fiber
of the induced maps ξ : D → Z? And how highly connected is it?

We now lay the groundwork for our inductive approach to the problem
of estimating how close a homotopy pushout square is to being a homotopy
pullback square. We need to relate the homotopy fibers of the squares in a
composition.

Problem 15.2 Consider the diagram

A //

��

//

/.-,()*+I

B //

��
76540123II

C

��
X // Y // Z.

Let P(I) be the homotopy pullback of square (I), let ξ(I) : A → P(I) be the com-
parison map, and write F(I) for its homotopy fiber. Similarly, let ξ(II) : B → P(II)

be the comparison map for square (II), with homotopy fiber F(II). Finally, let
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ζ : A → Q be the comparison map for the composite square and write G for its
fiber.

(a) Show that there is a factorization

A

ξ(I) !!B
BB

BB
BB

B
ζ // Q

P(I).

θ

==||||||||

(b) Show that there is a fiber sequence F(I) → G→ F(II).

(c) Discuss the relationships between the connectivities of the three iterated
fibers.

15.2 From Homotopy Pullback to Homotopy Pushout

Here we resolve our first problem: if a square is a homotopy pullback square,
then to what extent can it be treated also as a homotopy pushout square?

Theorem 151 If X → Z is an n-equivalence and Y → Z is an m-equivalence,
then D → Z is an (n + m)-equivalence.

Problem 15.3 Pull back from the fibration PZ → Z, to construct a cube whose
base is our homotopy pushout square.

(a) Determine the spaces and maps in the top of the cube.

(b) Identify the homotopy type of the fiber F of ξ : D → Z. Show that
your identification is functorial.

(c) Prove Theorem 151.

Ganea’s Fiber-Cofiber Construction. The most important special case
of Theorem 151 is when the homotopy pullback square we start with cor-
responds to a fibration sequence F → E → B. Given F → E → B we
construct the diagram

F //

��

E

��

��

∗ //

--

E/F
g

''N
NNNNNN

B
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The map g : E/F → B constructed in this way is known as Ganea’s fiber-
cofiber construction on p : E → B. We can go a step further and convert
g to a fibration G(p) : G(E) → B; this is called the Ganea construction
on p.

Problem 15.4 Determine the homotopy fiber of the map g in terms of the
spaces F,E and B, and show that your identification is functorial.

Problem 15.5 Apply the fiber-cofiber construction to the fibration sequence
ΩX → PX → X.

(a) Show that the result is naturally homotopy equivalent to the map λ :
ΣΩX → X adjoint to idΩX .

Hint You can embed CΩX into PX using the map (ω, t) 7→ ωt, where

ωt(s) =
{

ω(s) if s ≤ t
ω(t) if s ≥ t.

(b) What is the connectivity of λ?

Now we can prove a dual to the Freudenthal Suspension Theorem.

Theorem 152 Suppose X is an (n−1)-connected CW complex and πk(Y ) =
0 for k ≥ 2n− 2. Then the looping map

Ω : [X, Y ]→ [ΩX, ΩY ]

is an bijective. If πk(Y ) = 0 for k ≥ 2n− 1, then Ω is surjective.

Problem 15.6 Prove Theorem 152.

Comparing the Fiber of f to Its Cofiber. We can use Ganea’s con-
struction to compare the fiber of a map with its cofiber. Let f : A → B
with cofiber C and fiber F . Then we may construct the diagram

F // A // A/F

g

��

// ΣF

φ

��
A

f // B // C.

in which the rows are cofiber sequences.

Theorem 153 If B is (b−1)-connected and f is a (c−1)-equivalence, then

(a) the comparison map φ : ΣF → C is a (b + c− 1)-equivalence.

(b) if b ≥ 1 then C and ΣF have the same connectivity.
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Problem 15.7 With the setup above,

(a) What is the connectivity of g?

(b) Prove Theorem 153.

Hint Use Problem 123.

Exercise 15.8 What can you say if b = 1?

Theorem 153 very nearly tells us that conn(C) = conn(F ) + 1. What it
actually guarantees is that conn(C) ≥ conn(ΣF ) + 1.

Problem 15.9 What conditions must you impose on the map f and the spaces
A and B to be able to conclude conn(ΣF ) = conn(F ) + 1?

Corollary 154 if π1(A) is abelian, then f : A → B is an n-equivalence if
and only if Σf is an (n + 1)-equivalence.

Problem 15.10 Prove Corollary 154.

15.3 The Blakers-Massey Cofiber Theorem

Now we come to the dual question: how close is a homotopy pushout square
to being a homotopy pullback square? This is a more difficult question be-
cause we do not have a dual to the Second Cube Theorem. In this section,
we will not pursue the full result, but instead we will concentrate on compar-
ing a given cofiber sequence to a fiber sequence. This has a very satisfying
and useful answer: not only can we estimate the connectivity of the fiber of
φ, we can determine the homotopy type of the map Σφ. We will use this in
the next section to derive the full Blakers-Massey Theorem.

If X → Y → Z is a cofiber sequence, then it is homotopy equivalent to
another sequence of the form

A
i // B

q // C

where i : A ↪→ B is a cofibration, C = B/A, and q : B → C is the canonical
quotient map. Let F = Fq be the homotopy fiber of q, which means that we
have converted q : B → C to a fibration p : B → C and F = p−1(∗). Thus
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we have a homotopy commutative diagram

A

ξ

��

// B

'
��

// C

��
F // B //

��

B/F

��
B // C.

This diagram already contains all that we need to estimate the connectivity
of the comparison map A→ F .

Problem 15.11

(a) Show that Σξ has a left homotopy inverse, so that ΣA is a retract of
ΣF .

(b) Determine the connectivity of B/F → C, ΣF → ΣA and ΣA→ ΣF .

Next we will determine the homotopy type of the map Σξ.

Theorem 155 With the setup above, the map Σξ can be naturally identi-
fied as in the diagram

ΣA
Σξ // ΣF

'
��

ΣA
in1 // ΣA ∨ (A∗ΩC).

If A is (a − 1)-connected and C is (c − 1)-connected, then the comparison
map ξ is (a + c− 2)-connected.

Problem 15.12

(a) Using the Second Cube Theorem, show that there is a homotopy pushout
square of the form

A× ΩC
θ //

pr2

��

F

��
ΩC // ∗.

(b) Show that the comparison map ξ : A→ F factors as

A
ξ //

$$H
HHHHHHHH F

A× ΩC.

θ

::vvvvvvvvv
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(c) Prove Theorem 155.

Exercise 15.13 Clearly write down what it means for the identification in The-
orem 155 to be natural. Verify that it is natural.

Fiber of Suspension vs. Suspension of Fiber. Let f : A→ B, let Ff

be its homotopy fiber and let C be its cofiber. Also suspend f and let FΣf

be its homotopy fiber. Then we can ask: how do ΣFf and FΣf compare?
To answer the question, we need to construct a map from one to the other;
then we can attempt to estimate the connectivity of the map.

The construction of the map is a straightforward combination of the
comparison maps we have been studying: it is the vertical composite in the
middle of the diagram

Ff //

��

∗

��

// ΣFf

ξ

��
A

f // B // C

ζ
��

// ΣA
Σf // ΣB

FΣf // ΣA
Σf // ΣB

Proposition 156 If B is (b− 1)-connected and f is a (c− 1)-equivalence,
then the comparison map ζ ◦ ξ : ΣFf → FΣf is a (b + c− 2)-equivalence.

Problem 15.14 Prove Proposition 156.

The Blakers-Massey Exact Sequence of a Cofibration. The Blakers-
Massey theorem gives us a kind-of-lengthy exact sequence for the homotopy
groups of a cofiber sequence.

Problem 15.15 Let A→ B → C be a cofiber sequence, in which A is (a− 1)-
connected and C is (c− 1)-connected. Show that there is an exact sequence

πa+c−2(A)→ πa+c−2(B)→ πa+c−2(C)→ πa+c−3(A)→ · · ·

· · · → π1(C)→ π0(A)→ π0(b)→ π0(C).

Problem 15.16 What is πn(M(Z/a, n))? Assuming the values for πk(Sn) given
in the section on Moore spaces, determine πn+1(M(Z/z, n)) (for n > 2).
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15.4 Blakers-Massey Square Comparison

Now we are equipped to study the extent to which a homotopy pushout
square is a homotopy pullback square. Start with

A //

��
HPO

B

��
C // D,

form the homotopy pullback P , and the comparison map ξ : A → P . Let
F be the homotopy fiber of A → B and let G be the homotopy fiber of
C → D. Then the homotopy fiber of F → G is the same as the homotopy
fiber of ξ : A→ P , so we estimate this.

We begin with a special case.

Problem 15.17 Suppose there is cofiber sequence Z → A→ B, where conn(A→
B) = conn(Z) + 1.

(a) Show that there is a cofiber sequence Z → C → D.

(b) Identify the suspension ΣF → ΣG of the induced map of homotopy
fibers.

(c) Show that if F and G are simply-connected, then

conn(A→ P ) ≥ conn(A→ B) + conn(A→ C)− 2.

Check for fencepost er-
ror. Thus, the best we can hope for in general is the following Theorem.

Theorem 157 If

A //

��
HPO

B

��
C // D,

is a homotopy pullback squares in which A → B is an n-equivalence and
A→ C is an m-equivalence, where (at least one of?) n, m ≥ 2, then

conn(A→ P ) ≥ n + m− 2.

The requirement that at least one of n, m ≥ 2 is not much of a loss, since
if it fails, the conclusion is only that the induced map is a 0-equivalence,
which is automatically true for maps of path-connected spaces.

Problem 15.18
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(a) Suppose f and g are weakly equivalent maps; show their homotopy
fibers are weakly equivalent, and in particular, they have the same
connectivity.

(b) Show that we can replace A → B with an inclusion of a CW complex
into a larger CW complex built by attaching cells of dimension at least
n + 1.

Let Ak be the kth step in the construction of B from A. Then D is
likewise built in stages Ck from C, and we have a pointwise k-equivalence
of squares

A

��@
@@

@@
@@

@

��

// Ak

��

!!B
BB

BB
BB

B

B

��

// B

��

C //

��@
@@

@@
@@

@ Ck

!!B
BB

BB
BB

B

D // D.

Problem 15.19

(a) Show that the squares

Ak
//

��

B

��
Ck

// D

are homotopy pushout squares.

(b) Show that if one square maps by a pointwise k-equivalence into another,
then the induced map of iterated fibers is a (k − 2)-equivalence.

Problem 15.20 Prove Theorem 157.

Exercise 15.21 To what extent can the simply-connected hypothesis in Theo-
rem 157 be removed or relaxed?

15.5 Pairs and Triads

To Do:

1. Discuss notation and theorems; history.
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2. Discuss generalization to cubes; put forward as challenge; discuss the
tricky part.

3. Use to prove Barratt/Hopkins/Bousfield.

15.6 Projects

Section Subsets. (This can be a project) A fibration p : E → B identifies
certain important subsets: those subsets U ⊆ B over which which a section
sU : U → E exists. The Ganea construction has a very useful property in
this regard.

Problem 15.22 Show that if U ⊆ B, then the Ganea construction q : E/F → B
has a homotopy section over U if and only if

U = V ∪ C

where p : E → B has a section over V and the inclusion i : C ↪→ B is nullhomotopic.

Let p0 : G0(X) → X be the path fibration P(X) → X. Inductively
define pn+1 : Gn+1(X) → X to be the result of applying the Ganea con-
struction to pn : Gn(X)→ X.

Problem 15.23

(a) Show that cat(X) ≤ n if and only if pn has a section.

(b) Suppose X is (n − 1)-connected and d-dimensional. How large can
cat(X) possibly be?
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Chapter 16

Some Computations in
Homotopy Theory

Having now set up the fundamentals of Homotopy Theory, we now begin to
apply it. In this chapter we do some explicit computations involving homo-
topy sets [X, Y ], and apply those calculations to prove topological theorems.

We begin by studying the degree of a reflection, and then of the antipodal
map. We use this to prove results about fixed points of self-maps of spheres.
We also determine the degree of the twisting homeomorphism Sn ∧ Sm →
Sm ∧ Sn, which appears ubiquitously in Algebraic Topology in the form of
the Milnor Sign Convention.

We show that maps from one wedge of n-spheres to another are fully de-
scribed by certain integer matrices, and use this fact to produce an example
of a noncontractible CW complex X whose suspension is trivial. Then we
study Moore spaces.

In the final two sections, we define the smash product pairing of ho-
motopy groups, and use it to determine the smallest nontrivial homotopy
group of a smash product. This is applied to define certain maps between
Eilenberg-Mac Lane spaces that will be crucial in our development of coho-
mology algebras in the next chapter.
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16.1 The Degree of a Reflection

The degree of a map Sn → Sn was first defined by L. E. J. Brouwer in 1910.
A map f : Sn → Sn induces a map

πn(Sn)
f∗ // πn(Sn)

Z · [idSn ] // Z · [idSn ]

which is multiplication by some integer d, which we call the degree of f .
On the face of it, this definition applies only to pointed maps, but it can be
easily extended to unpointed maps.

prob:UnpointedDegree
Problem 16.1 Show that the forgetful map [Sn, Sn]→ 〈Sn, Sn〉 is bijective for
n ≥ 1, so degree makes sense for unpointed maps, too.

Degree behaves well with respect to standard operations.

Problem 16.2

(a) What is the degree of f + g?
(b) What is the degree of f ◦ g?

Now we come to our first interesting computation: the degree of a re-
flection.prob:ReflectionDegree
Problem 16.3

(a) Let P0, P1 ⊆ Rn+1 be hyperplanes through the origin, let R0, R1 : Sn →
Sn be the reflections through P1 and P2, respectively. Show that R0

and R1 are freely homotopic (i.e., they are homotopic as unpointed
maps).

(b) What is the degree of a reflection?
(c) The antipodal map is the map α : Sn → Sn given by α(x) = −x.

Express it in terms of reflections and determine its degree.
(d) For which n is α ' idSn?

Some Topological Applications. Our knowledge of the degree of a re-
flection, together with some simple topology, leads to some important con-
clusions about self-maps of spheres.

Problem 16.4

(a) Let x, y ∈ Sn and assume that x 6= −y. Write down an explicit
parametrization for the shortest arc on the sphere joining x to y. What
happens when x = −y?
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(b) Suppose f : Sn → Sn is a map so that f(x) 6= −x for every x ∈ Sn.
Show that f ' idSn .

(c) Suppose f : Sn → Sn is a map with no fixed points (i.e. such that
f(x) 6= x for every x). Show that f ' α.

Now you can derive some nice and surprising results. The first concerns
fixed point free maps.

thm:abc
Theorem 158 (??) If f : S2n → S2n has no fixed points, then there is some
point x ∈ S2n such that f(x) = −x.

Problem 16.5

(a) Prove Theorem 158.
(b) Find examples of maps S2n+1 → S2n+1 without fixed points and with

f(x) 6= −x for all x.

Vector Fields on Spheres. A vector field on Sn ⊆ Rn+1 is a function
v : Sn → Rn+1 such that v(x) is tangent to Sn at the point x.

Exercise 16.6 Show that a function v : Sn → Rn+1 is a vector field if and only
if v(x) ⊥ x for every x ∈ Sn.

thm:VectorFieldonSpheres
Theorem 159 There is an everywhere nonzero vector field on Sn ⊆ Rn+1

if and only if n is odd.

Problem 16.7

(a) If n = 2k − 1 is odd, then Sn ⊆ Rn+1 ∼= Ck. Use this to construct a
nonzero vector field on Sn.

(b) Show that Sn has a nonzero vector field if and only if there is a function
f : Sn → Sn such that f(x) ⊥ x for all x ∈ Sn.

(c) Show that if Sn has a nonzero vector field, then n must be odd.

The Milnor Sign Convention. Let T : Sn∧Sm → Sm∧Sn be the twist
map that interchanges smash factors. We identify Sn ∧ Sm with Sn+m by
iterating the homeomorphism ΣSn ∼= Sn+1 of Chapter ??. Thus we obtain
standard homeomorphisms

Sn ∧ Sm ∼= (S1)∧n ∧ (S1)∧m ∼= (S1)∧(n+m) ∼= Sm ∧ Sn.

Thus we have a commutative square

Sn ∧ Sm T //

∼=
��

Sm ∧ Sn

∼=
��

Sn+m
eT // Sn+m,
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and we define the degree of T to be the degree of the corresponding map T̃ .
thm:MilnorSignConvention

Theorem 160 The degree of T : Sn ∧ Sm → Sm ∧ Sn is (−1)nm.

The full statement of Theorem 160 follows easily from the case n = m =
1.

Problem 16.8

(a) Think of S1 as the quotient of I by identifying the endpoints. Then
S1∧S1 is a quotient of I×I by a certain equivalence relation. Describe
the map T in terms of the square I × I.

(b) Show that, under the identification of part (b), the map T : S2 → S2

is reflection about a certain plane containing the x-axis.

(c) Prove Theorem 160 in the case n = m = 1, and derive the full state-
ment.

Theorem 160 explains why algebraic operations derived from the smash
product introduce signs. The general convention, called the Milnor sign
convention, is that when two things x and y with dimensions |x| and |y|
are moved past one another, a sign (−1)|x|·|y| must be introduced, as we
must do, for example when forming the tensor product of graded modules
(see Appendix ??). This commutativity formula is also called graded com-
mutativity; when all the algebra in sight is graded (i.e., elements x have
dimensions |x| associated to them), the rule xy = (−1)|x|·|y|yx is referred to
simply as commutativity.

16.2 Maps Between Wedges of Spheres

In this section, we completely determine the set of all homotopy classes of
maps

∨
I Sn →

∨
J Sn for n ≥ 2 and explicitly describe their compositions.

The case n = 1 is trickier, because the groups involved are nonabelian, and
our conclusions are not as strong.

We will identify the maps between simply-connected wedges of n-spheres
with certain groups of matrices. Write MI×J (R) for the set of all matrices
whose entries are in the ring R and are indexed on the product set I × J .1

For any f :
∨

i∈I Sn →
∨

j∈J Sn, we can form the map fij : Sn → Sn by the

1This might give you pause when I or J (or both!) are infinite; but all such a matrix
is is a function A : I × J → R.
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diagram

Sn

inj

��

fij // Sn

∨
j∈J Sn f //

∨
i∈I Sn

qi

OO

where qi is the map which is trivial on all spheres except the ith one, and it
is the identity on that sphere. The map fij represents an element of πn(Sn),
which has a degree. We define a matrix A = A(f) : I × J → Z by setting
A(i, j) = deg(fij).

Problem 16.9 Show that the matrix A(f) ∈ MI×J (Z) has only finitely many
nonzero entries in each row.

We write MI×J (R) for the (additive) subgroup of MI×J (R) consisting
of those matrices with only finitely many nonzero entries in each row.

prop:WedgeSphereMaps
Proposition 161 The function

A :
[∨

J Sn,
∨
I Sn

]
→MI×J (Z)

is an isomorphism of (additive) abelian groups.

Problem 16.10

(a) Show that the inclusion in :
∨
I Sn →

∏
I Sn of the wedge into the

weak product2 is a (2n− 1)-equivalence.

(b) Prove Proposition 161.

Problem 16.11

(a) Determine πn(
∨
I Sn).

(b) Show that the map[∨
J Sn,

∨
I Sn

]
→ Hom

(
πn

(∨
J Sn

)
, πn (

∨
I Sn)

)
is an isomorphism, so that f ' g if and only if f∗ = g∗

Problem 16.12 If I = J , then we can compose elements of [
∨
I Sn,

∨
I Sn] with

each other. Show that this makes the additive group [
∨
I Sn,

∨
I Sn] into a ring,

and verify that α : [
∨
I Sn,

∨
I Sn] → MI,I(Z) is a ring isomorphism (including

verifying that MI,I(Z) is a ring).

2the colimit of the finite products
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The Non-Simply-Connected Case. Now we want to study maps f :∨
J S1 →

∨
I S1. Since the domain of f is a sum, f is determined by

the maps fj = f ◦ inj : S1 →
∨
I S1. But now, in contrast with the simply-

connected case, the target cannot be replaced with a product, so our analysis
stops here: f is determined by the J -tuple

(f ◦ in1, f ◦ in2, . . .) ∈
∏
J

π1

(∨
I S1

)
.

In this formula, each map f ◦ inj is an element of π1(
∨
I S1). Since this

is a free group on generators {ini | i ∈ I}, the element f ◦ inj has a unique
expression as a reduced word in the symbols {ini, in−1

i | i ∈ I}. This is about
as far as we can push the argument in this case.

If we suspend f , the factors in our word commute, so we can collect
terms and add the exponents.

Problem 16.13 The Klein bottle K is the space obtained from the square I×I
by gluing the edges as indicated in the picture.need picture!

(a) Show that K is the cofiber of a map S1 → S1 ∨ S1. Describe this map
explicitly as an element of the free group π1(S1 ∨ S1) = F (a, b).

(b) Give a presentation for π1(K). Is this group abelian?

(c) Determine the homotopy type of ΣK. What is π2(ΣK)?

This approach can be used to to show that there are indeed monsters.
We take for granted that the group

G = 〈a, b, c, d | bab−1a−2, cbc−1b−2, dcd−1c−2, ada−1d−2〉

is nontrivial [???].3
prob:TrivialSuspension

Problem 16.14 Write a, b, c and d for the inclusions in1, in2, in3 and in4 ∈
π1(

∨4
1 S1), and set

r1 = bab−1a−2, r2 = cbc−1b−2, r3 = dcd−1c−2 and r4 = ada−1d−2.

Let f :
∨4

1 S1 →
∨4

1 S1 be the map given by the 4-tuple (r1, r2, r3, r4), and let X
be its cofiber.

3From Bob Bruner: MR0038348 (12,390c) 20.0X Higman, Graham. A finitely generated
infinite simple group. J. London Math. Soc. 26, (1951). 61–64.

Suppose that the group G is generated by elements a, b, c, d subject to the relations:

ab = a2, bc = b2, cd = c2 and da = d2

This group G is shown to be infinite and to be without normal subgroups of finite index,
except G. As a finitely generated group, G possesses maximal normal subgroups N 6= G;
and it is clear that G/N is an infinite simple group.
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(a) Show that X 6' ∗.
(b) Show that ΣX ' ∗.

Problem 16.15 Show that for each n, there is a path-connected CW complex
Yn such that Yn is not simply-connected but ΣYn is n-connected but not (n + 1)-
connected.

Problem 16.16 Show that if ΣX ' ∗, then for any path-connected CW complex
Y , X ∧ Y ' ∗.

Problem 16.17 Give an example of a homotopy pushout square

A //

��

B

��
C // D

in which B → D is a homotopy equivalence and A→ C is not a homotopy equiva-
lence.

16.3 Moore Spaces

We have discussed Moore spaces for cyclic groups in Section ??. In this
section we develop a more general theory, in which the Moore spaces occupy
a position that is (nearly) dual to that of Eilenberg-Mac Lane spaces.

Definition of Moore Spaces. Let G be an abelian group with free res-
olution

0 // F1
d // F0

// G // 0 ,

where F0 =
⊕

I Z and F1 =
⊕

J Z. From our study of maps between
wedges of spheres, we see that there is a unique homotopy class of maps
δ :

∨
J Sn →

∨
I Sn whose induced on πn is d : F1 → F0. We study its

cofiber Mn(G).

Problem 16.18 Determine πk(Mn(G)) for k ≤ n.
prob:StableMooreGroups

Problem 16.19 Show that for k ≤ 2n− 2, there are exact sequences

0 // G⊗ πk(Sn) // πk(Mn(G)) // Tor(G, πk−1(Sn)) // 0.

In what sense are they natural?
thm:MooreSpacesDefined

Theorem 162 The space Mn(G) depends only on the number n and the
group G, and not on the choice of free resolution of G.



272 16. Some Computations in Homotopy Theory

To prove Theorem 162, suppose 0→ H1 → H0 → G→ 0 is another free
resolution of the group G. Realize the map H1 → H0 as a map ε : V1 → V0

of wedges of spheres, and let N be its cofiber.

Problem 16.20

(a) Show that there is a commutative square

W1

��

// W0

��
V1

// V0.

(b) Prove Theorem 162 by realizing the square of part (a) using maps of
wedges of spheres.

Since the homotopy type of the cofiber only depends on the dimension
n and the group G, we denote it Mn(G). This spaces is called the Moore
space of type (G, n).

Problem 16.21 Show that Mn(G) is a suspension (where n ≥ 2).

Exercise 16.22 Discuss the issues involved in defining M1(G).
prop:MooreSkeleta

Proposition 163 If X is (n− 1)-connected with πn(X) = G, then

(a) The map φ : [Mn(H), X] → Hom(H,G) given by φ : f 7→ πn(f)
is surjective, and

(b) X has an (n + 1)-skeleton of the form Xn+1 = Mn(G) ∨
∨

Sn+1.

Problem 16.23 Prove Proposition 163.

Exercise 16.24 What do you need to know about H to know that φ is bijec-
tive? Why is this result different from the corresponding one (Proposition ?? for
Eilenberg-Mac Lane spaces?

The next problem generalizes the result of Section ??.
prop:MooreSpaceUCT

Proposition 164 Show that there are natural exact sequences

0 // πn+1(X)⊗G // [Mn(G), X] // Tor(πn(X), G) // 0.

Problem 16.25 Prove Proposition 164 by applying the functor [ ? , X] to a
cofiber sequence that defines Mn(G).

The groups [Mn(G), X] are sometimes called the homotopy groups of X
with coefficients in G, and denoted

πn+1(X;G) = [Mn(G), X].
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Since, for fixed X, the groups in this sequence are contravariant functors
of G, Hilton used the notation πn+1(G;X) for these groups, and called G
the contraficients; this didn’t really catch on. The index shifting here has
led a number of authors – including the eponymous Moore – to use the
notation Pn+1(G) for what we call Mn(G); with this notation, πn(X;G) =
[Pn(G), X].

Contractible Smash Products. In the previous section, we built an
example of a noncontractible space X with S1 ∧X ' ∗. The construction
depended on strange nonabelian features of the fundamental group π1(X).
Since things seem to behave much more nicely with simply-connected spaces
(the homotopy groups are abelian, for instance), it might seem reasonable
to guess that if X and Y are simply-connected and not contractible then
X ∧ Y is not contractible either. We finish this section by showing that
simply connected spaces can have a contractible smash product.

Problem 16.26 Let N = M(Z/p, n) and M = M(Z/q, m), where p and q are
two distinct prime numbers.

(a) Since M is a suspension, [M,M ] has a natural group structure. Show
that (p · idSn) ∧ idM is homotopic to p · idΣnM .

(b) Show that if k ≤ 2(n + m) − 1, then the map πk(ΣnM) → πk(ΣnM)
induced by p · idΣnM is given by multiplication by p. How much of an
equivalence is it?

(c) Show that N ∧M ' ∗, so that in which

conn(N ∧M) > conn(N) + conn(M) + 1.

(d) Give an example of a sequence A→ B → C which is simultaneously a
fiber sequence and a cofiber sequence.

Later we will see that, for simply-connected spaces, this kind of algebraic
incompatibility is the only way to have a contractible smash product.

16.4 Homotopy Groups of a Smash Product

Let X and Y be any two spaces. We can take any two elements α ∈ πn(X)
and β ∈ πm(Y ) (so α : Sn → X and β : Sm → Y ) and smash them together
to give us a map

α ∧ β : Sn ∧ Sm → X ∧ Y.

Using our standard homeomorphism Sn ∧ Sm ∼= Sn+m, we can view α ∧ β
as an element of πn+m(X ∧ Y ). We have defined a function (map of pointed
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sets)
πn(X)× πm(Y )→ πn+m(X ∧ Y ),

which we call the smash product pairing of homotopy groups. It is called
an external product because the product of two elements does not land
back inside the same collection of homotopy groups that they came from.

Problem 16.27 Check that the homotopy class of α ∧ β only depends on the
homotopy classes of α and β, and that the smash product is natural with respect
to both variables.

Algebraic Properties of the Smash Product. The smash product
operation is bilinear, associative and (graded) commutative. Proving bilin-
earity boils down to the distributivity law for smashes of maps over wedges
of maps.

prob:dist
Problem 16.28 Let α : A→ X, β : B → Y and γ : C → Z. Then the diagram

A ∧ (B ∨ C)
α∧(β∨γ) //

∼=
��

X ∧ (Y ∨ Z)

∼=
��

(A ∧B) ∨ (A ∧ C)
(α∧β)∨(α∧γ) // (X ∧ Y ) ∨ (X ∧ Z)

is commutative.prop:SmashBilinear
Proposition 165 The smash product defines a natural group homomor-
phism

∧ : πn(X)⊗ πm(Y )→ πn+m(X ∧ Y ).

Let F be the free abelian group generated by the symbols α⊗β with α ∈
πn(X) and β ∈ πm(Y ). Let R be the subgroup generated by the relations
so that F/R = πn(X) ⊗ πm(Y ). We can define ∧ : F → πn+m(X ∧ Y ) by
the rule ∧(α⊗ β) = α ∧ β. To show that it induces a homomorphism from
the tensor product, we just have to show that R ⊆ ker(∧), or equivalently,
that ∧ is linear in each coordinate.

Problem 16.29 Verify Proposition 165.

The smash product operation is also commutative, in the graded sense.
prop:GradedComm

Proposition 166 For any X and Y , the diagram

πn(X)⊗ πm(Y ) ∧ //

(−1)nmτ
��

πn+m(X ∧ Y )

T∗
��

πm(Y )⊗ πn(X) ∧ // πn+m(Y ∧X)
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commutes.

Problem 16.30 Prove Proposition 166.

Nondegeneracy. So far, nothing we have said guarantees that this smash
product pairing is nontrivial – it might be that α∧ β ' ∗ for every α and β
as far as we know! But this is actually far from true — indeed, the tensor
product models the smash product in low dimensions.

prop:PiSmash
Proposition 167 Suppose X is (n−1)-connected and Y is (m−1)-connected,
where m,n ≥ 1 and πn(X) and πm(Y ) are abelian groups. Then the smash
product map

∧ : πn(X)⊗ πm(Y )→ πn+m(X ∧ Y ).

is a natural isomorphism.

Problem 16.31

(a) Show that if X = S1 then ∧ : π1(X)⊗πm(Y )→ πm+1(S1∧Y ) is simply
the suspension homomorphism, and verify the proposition in this case.

(b) Verify the proposition for X = Sn.

(c) Verify the proposition for X = Mn(G).

Hint Use the cofiber sequence that defines Mn(G).

(d) Prove Proposition 167.

16.5 Smash Products of Eilenberg-MacLane Spaces

We use our study of smash products to build some maps involving Eilenberg-
Mac Lane spaces. Proposition 167 gives an isomorphism

πn+m(K(G, n) ∧K(H,m)) ∼= G⊗H

which we use to relate Eilenberg-Mac Lane spaces for G, H and G⊗H.
Let n, m ≥ 1 and let G and H be abelian groups. According to Exercise

??, K(G, n)∧K(H,m) is (n+m−1)-connected, and according to Proposition
167, πn+m(K(G, n)∧K(H,m)) ∼= G⊗H. Proposition 140, ensures that there
is a unique map

c : K(G, n) ∧K(H,m)→ K(G⊗H,n + m)

which induces the composite isomorphism

πn+m(K(G, n) ∧K(H,m))
∼= // G⊗H

∼= // πn+m(K(G⊗H,n + m))
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given by combining Proposition 167 with the isomorphisms πn(K(G, n)) ∼=
G, πm(K(H,m)) ∼= H and πn+m(K(G ⊗H,n + m) ∼= G ⊗H that come as
part of the structure of Eilenberg-Mac Lane spaces. Now let

T : K(G, n) ∧K(H,m)→ K(H,m) ∧K(G, n)

be the twist map, and consider the diagram

K(G, n) ∧K(H,m)

T
��

// K(G⊗H,n + m)

t
��

K(H,m) ∧K(G, n) // K(H ⊗G, n + m).

Since K(G, n)∧K(H,m) contains the (n+m+1)-skeleton of K(G⊗H,n+m),
we can apply Proposition 137 and conclude that there is a unique map
t : K(G⊗H,n + m)→ K(G⊗H,n + m) making the diagram commute.

Problem 16.32 Study the associativity of the maps c.
prob:EMTwist

Problem 16.33 According to Proposition 140, the map t corresponds to a ho-
momorphism φ : G⊗H → H⊗G. Show that φ = (−1)nmτ , where τ is the unsigned
twist map τ(α⊗ β) = β ⊗ α.

Disconnected Eilenberg-Mac Lane Spaces. First of all, if G is an
abelian group, then we define K(G, 0) to be the set G, with the discrete
topology. Then K(G, 0) is automatically a CW complex, and it is automat-
ically a group object in hT∗, because it is a group!

Since K(G, 0) is just a big wedge of copies of S0, one for each nonidentity
element of G, when we form the smash product K(G, 0) ∧K(H,n) we get

K(G, 0) ∧K(H,n) =

 ∨
g 6=1∈G

S0

 ∧K(H,m)) =
∨

g 6=1∈G

K(H,m).

Applying πm to this space yields
⊕

H, and not G⊗H.
Nevertheless, we would like to have a map

c : K(G, 0) ∧K(H,m)→ K(G⊗H,m).

Since we have K(G, 0) ∧K(H,m) written as a wedge, we just need to de-
fine c on each wedge summand – in other words, we need to define maps
K(H,m)→ K(G⊗H,m), one for each nonidentity element g ∈ G. But the
answer is right in front of us! If g ∈ G, then we can define

φg : H → G⊗H by the formula πg(h) = g ⊗ h.
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Since we know that

[K(G, n),K(G⊗H,n)] ∼= hom(G, G⊗H),

there is a unique homotopy class cg ∈ [K(G, n),K(G ⊗ H,n)] such that
(cg)∗ = φg. We define

c = (cg | g ∈ G− {1}) : K(G, 0) ∧K(H,m)→ K(G⊗H,m).

This is the map we want. I’ll leave it to you to check that the same con-
struction works equally well to define a nice map K(G, n) ∧ K(H, 0) →
K(G⊗H,n).

Ring Structures and Eilenberg-MacLane Spaces. Now let R be a
ring. Since the multiplication R × R → R is bilinear, it defines a new map
from the tensor product, R ⊗ R → R, which corresponds to a homotopy
class

m : K(R⊗R,n)→ K(R,n).

We need to understand the composite map (call it µ)

K(R, 0) ∧K(R,n) c // K(R⊗R,n) m // K(R,n).

Since K(R, 0) ∧K(R,n) =
∨

r 6=0∈R K(R,n), we just need to determine the
restriction of µ to the rth summand.

prob:RingEML
Problem 16.34 If r ∈ R, then multiplication by r defines a homomorphism
φr : R→ R, and hence a map fr : K(R,n)→ K(R,n). Show that the composite

K(R,n)
inr // K(R, 0) ∧K(R,n) c // K(R⊗R,n) m // K(R,n)

is homotopic to fr.

Finally, we mention that if R has a multiplicative identity element, then
φ1 = id and so fr ' id, which means that the diagram

K(R,n)
in1 //

id **TTTTTTTTTTTTTTTTT K(R, 0) ∧K(R,n)

m◦c
��

K(R,n)

is homotopy commutative.
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Chapter 17

Cohomology

In this chapter we introduce an extremely powerful approach to the study
of homotopy theory, namely cohomology theories. A cohomology theory
is a collection of functors that are related to one another via the suspen-
sion operation. The first, and most important, example is called ordinary
cohomology, which is defined in terms of Eilenberg-Mac Lane spaces.

We construct a multiplicative structure involving cohomology theories
which, when we use coefficients in a ring R, yields an R-algebra structure on
the cohomology of spaces. We related cohomology with various coefficients
and prove a simple result about the cohomology of a product (smash or
cartesian) of two spaces.

17.1 Cohomology

Eilenberg-MacLane spaces are good spaces to map into, in contrast to
spheres, Moore spaces, etc. This suggests that the sets [X, K(G, n)] de-
serve a special notation, and they do.

defn:OrdinaryCohomology
Definition 168 Let G be an abelian group. The nth cohomology of X
with coefficients in G is the abelian group

H̃n(X;G) = [X, K(G, n)].

It is convenient to define H̃n(X;G) = 0 for all n < 0.

We use the notation H̃∗(X;G) to denote the whole collection of coho-
mology groups. An element u ∈ H̃n(X;G) is said to be an n-dimensional
cohomology class. The dimension of u ∈ H̃∗(X;G) is denoted |u|.

279
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Intuitively, H̃n(X;G) measures the n-dimensional features of X. This
suggests, in particular, that H̃0(X;G) depends only on the path components
of X.

Exercise 17.1 Show that H̃0(X;G) ∼= G × G × · · · × G, where the number of
factors is one less than the number of path components of X.

The fundamental properties of cohomology were laid down by Eilenberg
and Steenrod in their book [?Eilenberg-Steenrod]. These are known as
the Eilenberg-Steenrod axioms. Let us say that a functor F : T → C is
a homotopy functor if whenever f ' g, F (f) = F (g).

Exercise 17.2 Show that if F is a homotopy functor, and X ' Y , then F (X) ∼=
F (Y ).

Here are the main properties of cohomology.
thm:cohoprop

Theorem 169 For any abelian group G,

(a) H̃n( ? ; G) is a contravariant homotopy functor T∗ → abG.
(b) There is a natural isomorphism H̃n( ? ; G) ∼= H̃n+1(Σ ? ;G).

(c) Let A → B → C be a cofiber sequence. Then there is a natural
long exact1 sequence

· · · → H̃n(C)→ H̃n(B)→ H̃n(A)→ H̃n+1(C)→ · · · .

(Here we’re beginning to use the usual convention: don’t write
down the group G unless you need to; also, the maps are the only
reasonable ones, so we omit their labels).

The list of properties given by Eilenberg and Steenrod is significantly
longer, but this is because the language of categories and functors was new
at the time of their formulation, so there were axioms explicitly laying out
the functoriality and naturality.

Problem 17.3 Prove Theorem 169, being especially careful to explain what it
means for the long exact sequence of part (c) to be natural.

Exercise 17.4 Show that parts Theorem 169(c) implies Theorem 169(b).

Any sequence of functors {h̃n} satisfying the properties of Theorem 169
is called a cohomology theory. The graded abelian group h̃∗(S0) is know
as the coefficients of the cohomology theory h̃∗. If this graded group is
concentrated only in degree 0 (i.e. h̃k(S0) = 0 for k 6= 0), then h̃∗ is known

1There is no need to worry about the ±f that appear in the long cofiber sequence
because ker(−f∗) = ker(f∗) and Im(−f∗) = Im(f∗).
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as an ordinary cohomology theory. We will show later that ordinary
cohomology theories are essentially determined by their coefficient group
h̃0(S0).

Cohomology theories are well suited to studying domain-type spaces. In
particular, the cohomology of a homotopy pushout is comparatively easy to
compute.

Problem 17.5 (Mayer-Vietoris Sequence) Let

A
i //

j

��

B

k

��
C

l // D

be a homotopy pushout square, and let h̃∗ be a cohomology theory. Show that
there is a natural long exact sequence

· · · // h̃n(D)
(i∗,j∗) // h̃n(B)⊕ h̃n(C)

(l∗,k∗) // h̃n(A) // h̃n+1(D) // · · · .

Problem 17.6 Let’s do some computation.

(a) Show that

H̃n(Sk;G) =
{

G if n = k
0 otherwise.

(b) Consider the space CP2 = S2 ∪D4 and show

H̃n(CP2;G) =
{

G if n = 2 or 4
0 otherwise.

Now we study the relationship between the cells of a CW complex and
its cohomology groups.

prob:CohoCells
Problem 17.7

(a) Show that the map Xn+1 → X induces an isomorphism

H̃n(X;G)→ H̃n(Xn+1;G).

(b) Let X be a CW complex with no cells of dimension m. Show that
H̃m(X;G) = 0.

Hint It is enough to check it for Xm+1. Work by induction on the
skeleta of X, using the long exact sequence of the cofiber sequence∨

Sn → Xn → Xn+1.

(c) Assume that X is an (n − 1)-connected CW complex. Show that
H̃k(X;G) = 0 for k < n.
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(d) Suppose dim(X) < n. Show that H̃n(X;G) = 0.
prob:CohoCells

Problem 17.8 Let X be a CW complex.

(a) Show that the map X → X/Xn−2 induces an isomorphism

H̃n(X/Xn−2;G)→ H̃n(X;G).

(b) Show that H̃n(X;G) ∼= H̃n(Xn+1/Xn−2;G).

(c) Assume that X is a CW complex with cells only in dimensions that are
divisible by 4. Describe the cohomology groups H̃m(X; Z). Can there
be any elements of finite order in these cohomology groups?

Working backwards, we can derive some topological information about
a space from knowledge of its cohomology.

Problem 17.9

(a) Show that any CW decomposition of CP2 must be at least 4-dimensional.

(b) Compute the cohomology of the space constructed in Problem 16.14.

(c) Let n ≥ 2, and determine H∗(ΩSn+1;G). What can you say about the
dimension of ΩSn+1?

Problem 17.10 Let p be a prime number.

(a) Compute H̃∗(Mn(Z/p); Z).

(b) Now compute H̃∗(Mn(Z/p); Z/p).

Cohomology for Unpointed Spaces. For cohomology of unpointed
spaces, we define

Hn(X;G) = H̃n(X+;G) ∼= 〈X, K(G, n)〉.

The cohomology theory H̃n is called reduced cohomology, and Hn is
called the unreduced cohomology.

Problem 17.11 Show that if X is a pointed space and n ≥ 1, then

H̃n(X;G) ∼= Hn(X;G) = H̃n(X+;G).

Detecting Connectivity with Cohomology. The J. H. C. Whitehead
Theorem tells us that a map f : X → Y between two CW complexes is an
homotopy equivalence if and only if the induced maps f∗ : πk(X) → πk(Y )
are isomorphisms for all k. For simply-connected spaces, we can make a
similar conclusion by studying the induced maps on cohomology.
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prop:CohoConn
Proposition 170 If X is simply-connected, then the following are equiva-
lent

1. X is (n− 1)-connected and not n-connected

2. H̃k(X;G) = 0 for all k < n and all abelian groups G, and H̃n(X;G) 6=
0 for some group G.

Problem 17.12 Prove Proposition 170.

We can determine the connectivity of a map by applying Proposition
170 to its cofiber. thm:CohoJHCW
Theorem 171 Let X and Y be simply-connected CW complexes, and let
f : X → Y . The following are equivalent

1. If f∗ : H̃k(Y ;G) → H̃k(X;G) is an isomorphism for every value of
k < n and is injective for k = n, no matter what coefficient group G
is used

2. f is an n-equivalence.

Problem 17.13 Prove Theorem 171.
Hint What can you say about Cf?

The Wedge Axiom. Let us consider the cohomology of a wedge
∨
J Xj .

The inclusions inj : Xj ↪→
∨
J Xj induce maps h̃n(

∨
J Xj) → h̃n(Xj) and

hence a canonical comparison map

w : h̃∗
(∨

J Xj

) ∼= //∏
J h̃∗(Xj).

Exercise 17.14 Explain how to interpret w as a natural transformation.

Problem 17.15

(a) Show that if J is finite, the map w is an isomorphism, no matter what
cohomology theory h̃∗ is used.

(b) Show that in our collection of examples (H̃n(X;G) = [X, K(G, n)]),
the map w is an isomorphism for all wedges, finite or infinite.

A cohomology theory h̃∗ satisfies the wedge axiom if for any (finite or
infinite) wedge

∨
J Xj , the canonical comparison map w is an isomorphism.

There are cohomology theories that do not satisfy the Wedge Axiom (for
infinite wedges).
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Consider the telescope diagram

X0
f0 // X1

f1 // · · · fn−1 // Xn
fn // Xn+1

fn+1 // · · · .

The shift map for this diagram is the map

shift :
∨

Xn →
∨

Xn

whose restriction to Xn is the composite Xn
fn // Xn+1

� � in

n+1
//
∨

Xn.

prob:WedgePushout
Problem 17.16 Let X be the homotopy colimit of the telescope diagram

X0 → X1 → · · · → Xn → Xn+1 → · · · .

Show that X is the homotopy pushout in the square

(
∨

Xn) ∨ (
∨

Xn)
(id,shift) //

fold
��

HPO

∨
Xn

��∨
Xn

// X.

Hint This is a homotopy version of Problem 2.34.

Problem 17.17 Now consider the map of telescopes

X0
//

��

X1
//

��

· · · // Xn
//

��

Xn+1
//

��

· · ·

Y0
// Y1

// · · · // Yn
// Yn+1

// · · · .

with induced map f : X → Y of homotopy colimits. Let h̃∗ be a cohomology theory
that satisfies the Wedge Axiom, and assume that the induced maps h̃∗(Yn) →
h̃∗(Xn) are isomorphisms for all n. Show that f∗ : h̃∗(Y ) → h̃∗(X) is also an
isomorphism.

17.2 Transformations of Cohomology Theories

A natural transformation T : h̃∗ → k̃∗ of cohomology theories is a sequence
of natural transformations Tn : h̃n → k̃n such that for any cofiber sequence
A→ B → C, the diagram

· · · // h̃n(B)

��

// h̃n(A) //

Tn

��

h̃n+1(C)

Tn+1

��

// h̃n+1(B) //

��

· · ·

· · · // k̃n(B) // k̃n(A) // k̃n+1(C) // h̃n+1(B) // · · ·
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commutes. The commutativity of most of this diagram is handled by the
fact that each T : h̃n → k̃n is a natural transformation in the ordinary
sense; but for the center square to commute, T must be compatible with the
natural transformation

h̃n(domain( ? ))→ h̃n+1(cofiber( ? ))

(of functors map(T∗) → abG) that is implicit in the statement that the
long exact sequence of a cofiber sequence is functorial.

prob:CohoIsoSphere
Problem 17.18 Let T : h̃∗ → k̃∗ be a natural transformation of cohomology
theories. Show that the following are equivalent:

(a) T : h̃∗(Sn)→ k̃∗(Sn) is an isomorphism for some n.

(b) T : h̃∗(Sn)→ k̃∗(Sn) is an isomorphism for all n.

(c) T is an isomorphism for all finite CW complexes.

We can improve the conclusion of Problem 17.18 if our cohomology the-
ories satisfy the Wedge Axiom.

Problem 17.19 Suppose h̃∗ and k̃∗ are cohomology theories that satisfy the
wedge axiom, and let T : h̃∗ → k̃∗ be a natural transformation of cohomology
theories which is an isomorphism on spheres. Show that T is an isomorphism on
all CW complexes.

Hint Use Problem 17.17.

17.3 The External Cohomology Product

Using the smash product, we introduce a multiplicative structure into coho-
mology. The external product of the classes u and v will be denoted u • v.

Cohomology classes u ∈ H̃n(X;G) and v ∈ H̃m(Y ;H) are homotopy
classes of maps

u : X → K(G, n) and v : Y → K(H,m).

Then u • v ∈ H̃n+m(X ∧ Y ;G⊗H) is the map defined by the diagram

X ∧ Y
u∧v //

u•v ++

K(G, n) ∧K(H,m)

c

��
K(G⊗H,n + m).
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The external product defines a map (of pointed sets)

H̃n(X;G)× H̃m(Y, H)→ H̃n+m(X ∧ Y ;G⊗H)

for every n and m. Notice that

|u • v| = |u|+ |v|.

The first thing to do is to establish the basic formal properties that this
product.

prop:CohoProdProps
Proposition 172 The external product defines group homomorphisms

∧ : H̃n(X;G)⊗ H̃m(Y ;H)→ H̃n+m(X ∧ Y ;G⊗H).

These homomorphisms are (graded) commutative in the sense that2

u • v = (−1)|u||v|v • u,

and associative in the sense that

(u • v) • w = u • (v • w).

Problem 17.20 Prove Proposition 172.

You’ll note that if u ∈ H̃4(X; Z/a) and v ∈ H̃9(X; Z/a), for exam-
ple, then there is ambiguity about the dimension of the element u + v ∈
H̃∗(X; Z/a). For this reason, we will usually assume that each element we
write down is homogeneous, i.e., that it is an element of H̃n(X; Z/a) for
some n (in fact, we this will be a standing assumption whenever it is not ex-
plicitly stated otherwise). Since H̃∗(X; Z/a) is generated by such elements,
it is rarely necessary to worry about the other ones.

Although the external cohomology product was defined in terms of smash
products, it is also very useful in studying the cohomology ordinary Carte-
sian products of spaces. In fact, since

X+ ∧ Y+ = (X × Y )+,

we have

Hn(X;G)⊗Hm(Y ;H) ∧ // Hn+m(X × Y ;G⊗H)

H̃n(X+;G)⊗ H̃m(Y+H)
∧ // H̃n+m(X+ ∧ Y+;G⊗H).

2Strictly speaking, u • v ∈ eH∗(X ∧ Y ; G ⊗ H) = [X ∧ Y, K(G ⊗ H, n + m)], and
v • u ∈ [Y ∧ X, K(H ⊗ G, n + m)]. These different, but isomorphic, homotopy sets are
related by the homotopy equivalences t and T discussed in the last section. Part (b) of
Proposition 172 really means that t∗(u • v) = (−1)nmT ∗(v • u).
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17.4 Cohomology Rings

In this section we use the (reduced) diagonal map to convert the external
product to an internal product; when we use ring coefficients, this endows
H∗(X) with the structure of a graded R-algebra.

In the special case X = Y , the external product gives us a map

H̃∗(X;G)⊗ H̃∗(X;H)→ H̃∗(X ∧X;G⊗H).

Let’s go one step further: from H̃∗(X ∧X;G ⊗H) to H∗(X;G ⊗H). For
this we need a map X → X ∧X. Luckily, we have just such a map waiting
for us. Recall that the diagonal map is ∆ : X → X×X given by x 7→ (x, x).
The reduced diagonal map is the map ∆ in the diagram

X
∆ //

∆ **

X ×X

∧
��

X ∧X,

where I am using the symbol ∧ : X ×X → X ∧X to denote the standard
quotient map. Then ∆∗ : H̃∗(X ∧X)→ H̃∗(X), and we can define the cup
product of u ∈ H̃∗(X;G) and v ∈ H̃∗(X;H) to be

u · v = ∆∗(u • v) ∈ H̃∗(X;G⊗H).

In terms of a diagram, the cup product of u and v is

X
∆ //

u·v
,,

X ∧X
u∧v // K(G, n) ∧K(H,m)

c

��
K(G⊗H,n + m).

The cup product is a homomorphism

H̃n(X;G)⊗ H̃m(X;H)→ H̃n+m(X;G⊗H),

which is still an external product, because the coefficient groups change.
In order to get an internal product, we need the coefficient group to

be a ring. If R is a ring, then the multipication map defines a function
R ⊗ R → R, and therefore a map m : K(R ⊗ R, n) → K(R,n). Therefore,
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we can throw this map into the mix to get an internal product

H̃n(X;R)⊗ H̃m(X;R)

�� ++
H̃n+m(X ∧X;R⊗R)

m∗ // H̃n+m(X ∧X;R)
∆̄∗
// H̃∗(X;R).

This internal cup product is given by the formula

u · v = ∆̄∗ m∗(u • v) ∈ H̃∗(X;R),

or, in terms of a diagram, the cup product of u and v is given by

X
∆ //

u·v
..

X ∧X
u∧v // K(R,n) ∧K(R,m) // K(R⊗R,n + m)

r

��
K(R,n + m).

R-Module Structure. Let R be a ring and let X be a pointed space.
Then the map X+ → ∗+ which collapses X to a point induces a homomor-
phism

R = H0(∗;R)→ H0(X;R),

and the cup product defines a homomorphism

R⊗Hn(X;R) ↪→ H0(X;R)⊗Hn(X;R)→ Hn(X;R),

which we will denote by r ⊗ u 7→ r · u.
The internal product inherits the basic algebraic properties of the exter-

nal product. Thus we have the following structure theorem.
thm:CohoAlgebra

Theorem 173 The cup product is R-bilinear, so defines a map

H∗(X;R)⊗R H∗(X;R)→ H∗(X;R)

which gives H∗(X;R) the structure of a graded commutative R-algebra,
which is unital if R is.

Problem 17.21

(a) Derive Theorem 173 from Proposition 172.

(b) Let H̃∗ be a commutative graded ring, and let x ∈ H̃n. Show that if
n = |x| is odd, then 2x2 = 0.
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Why Cup Product? When the internal cohomology product was first
introduced, the notation for it was u ^ v, using the ‘cup’ symbol, which is
why the the product is, even today, called the cup product.

17.5 Variation of Coefficients

In this section we study the relationships between cohomology of X with
different coefficient groups (or rings).

prob:CoefficientExactSequence
Problem 17.22 Show that if 0 → A → B → C → 0 is a short exact sequence
of abelian groups, then there is a long exact sequence

· · · → H̃n(X;A)→ H̃n(X;B)→ H̃n(X;C)→ H̃n+1(X;A)→ · · ·

which is natural in both X and the sequence.

Universal Coefficients Theorem. The Universal Coefficients Theorem
allows us to compute the cohomology with respect to G, given the cohomol-
ogy with respect to Z. It can be generalized to compute the cohomology
with respect to the R-module M given the cohomology with respect to R.

Theorem 174 (Universal Coefficients Theorem) Suppose either

1. G is a finitely generated abelian group, or

2. X is of finite type3

Then there are natural exact sequences

0→ H̃n(X; Z)⊗G→ H̃n(X;G)→ Tor(H̃n−1(X; Z), G)→ 0

for each n.

Problem 17.23

(a) Let 0→ F1 → F0 → G→ 0 be a free resolution of the group G, and use
Problem 17.22 to produce a long exact sequence of cohomology groups
in various coefficients. Cut the long exact sequence into a system of
interlocking short exact sequences as in Problem ??.

(b) Show that if either

1. F is a finitely generated free abelian group, or
2. Xn+1 is a finite complex,

then there is a natural isomorphism H̃n(X;F ) ∼= H̃n(X; Z)⊗ F .

3i.e., X has a CW decomposition with only finitely many cells in each dimension.
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(c) Use part (b) to identify the groups in the short sequences of part (a)
and so prove the Universal Coefficients Theorem.

Exercise 17.24 Suppose M is an R-module, where R is a PID.

(a) Show that there is a free resolution 0 → F1 → F0 → M → 0 of R-
modules.

(b) Show that there are Universal Coefficient sequences with Z replaced
with R and G replaced with M .

Problem 17.25 Suppose X is a simply-connected space with H̃∗(X; Z) = 0.

(a) Show that H̃∗(X;G) = 0 for all abelian groups G.

(b) Show that X ' ∗.

Problem 17.26 Suppose H̃∗(X; Z) is a free abelian group. Show that H̃∗(X;G) ∼=
H̃∗(X; Z)⊗G.

Field Coefficients and Connectivity. Field coefficients are particularly
easy to deal with – by comparison with, for example, integer coefficients
– and so it is worth seeing what we can learn by studying spaces using
cohomology with coefficients in a field.

Exercise 17.27 Show that an abelian group V is a rational vector space if and
only if the map V → V given by multiplication by p is an isomorphism for every
prime p.

prob:CohoVanishFields
Problem 17.28 Suppose H̃∗(X; Z/p) = 0 for all primes p.

(a) Show that H̃∗(X; Z) is a graded rational vector space.

(b) Show that if, in addition, H̃∗(X; Q) = 0 then H̃∗(X; Z) = 0.

Some authors interpret Z/p with p = 0 as Q. With this convention, the
conclusion of Problem 17.28 can be restated as saying that if H̃∗(X; Z/p) = 0
for all p ≥ 0, then H̃∗(X; Z) = 0.

We can improve this result from detecting contractibility to detecting
connectivity.

prop:FieldDetection
Proposition 175 If X is simply-connected, then the following are equiva-
lent:

1. H̃k(X; Z/p) = 0 for p ≥ 0 and all k < n

2. X is (n− 1)-connected.

Problem 17.29 Prove Proposition 175.

We can get rid of the requirement that we check every group G.
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Problem 17.30

(a) Let f : X → Y , where X and Y are simply connected. Assume that
f∗ : H̃k(Y ; Z)→ H̃k(X; Z) is an isomorphism for all k ≤ n. Show that
f∗ : H̃k(Y ;G)→ H̃k(X;G) is an isomorphism for all abelian groups G
and all k < n.

Hint Use the fibration sequence K(F1, n)→ K(F0, n)→ K(G, n) and
the Five Lemma.

(b) Give an example of a space with H̃k(X; Z) = 0 for k ≤ n, but X only
(n− 1)-connected.

Contractible Smash Products. Now we investigate the algebraic rela-
tions between the cohomology of X and Y if X ∧ Y ' ∗.
Problem 17.31 Let X and Y be connected CW complexes.

(a) Show that X ∧ Y is simply-connected.

(b) Suppose that for every prime p ≥ 0, at least one of H∗(X; Z/p) and
H∗(Y ; Z/p) is trivial, and show that X ∧ Y ' ∗.

(c) On the other hand, show that if there is even one prime p for which
H∗(X; Z/p) and H∗(Y ; Z/p) are both nontrivial, then X ∧ Y 6' ∗.

17.6 A Simple Künneth Theorem

In algebraic topology, any theorem that gives a formula for the cohomology
(of whatever kind) of a product of spaces is referred to as a Künneth theorem.
In this section, we prove a version of the Künneth theorem, which shows
how to compute the cohomology of X × Y once you know H∗(X;R) and
H∗(Y ;R), under the assumption that H∗(Y ;R) is a free R-module (which
is automatically true if R is a field). This is certainly a restricted statement,
but it is nevertheless enourmously useful.

Throughout this section, we will write R to denote a ring with a unit
element. An R-module M is free over R if it is isomorphic to a big direct
sum of copies of R. For example, Z⊕ Z is a free Z-module, and Z/8⊕ Z/8
is a free Z/8-module.

Building Cohomology Theories. We outline two methods of building
new cohomology theories from known ones. If A∗ is a graded abelian group,
then we write ΣmA∗ for the graded group with (ΣmA∗)m = An−m.

Problem 17.32 Let h̃∗ and k̃∗ be cohomology theories. Is this true for infinite
sums of cohomology theories?
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(a) Show that h̃∗ ⊕ k̃∗ is also a cohomology theory.

(b) Show that, for fixed m, ˜̀n( ? ) = h̃n−m( ? ) is also a cohomology theory.

(c) Suppose h̃∗ is a cohomology theory which takes its values in the category
of graded R-modules. Show that for any free graded R-module A∗,
h̃∗( ? )⊗R A∗ is also a cohomology theory.

The Cohomology of a Product. We know that

H̃∗(Sn;R) =
{

R if ∗ = n
0 otherwise,

which is a free graded R-module in any case. We also have isomorphisms

H̃k(X;R)→ R⊗R H̃k(X;R) and H̃k(X;R)→ H̃k+1(ΣX;R).

Problem 17.33 By going back through the definitions, show that the diagram

H̃∗(X;R)

∼=
��

∼=

++
R⊗R H̃k(X;R)

∼= // H̃1(S1;R)⊗R H̃k(X;R) // H̃k+1(ΣX;R)

is commutative. Conclude that in general, the external product

H̃∗(Sn;R)⊗R H̃∗(X;R)→ H̃∗(ΣnX;R)

can be identified with the suspension isomorphism.4

If M is a free R-module and A → B → C is an exact sequence of R-
modules, then A⊗R M → B ⊗R M → C ⊗R M is also exact. When R is a
field, then all modules are free, and tensor product is particularly nice and
friendly.

Exercise 17.34 Concoct an example of an exact sequence of finite abelian
groups A → B → C and another finite abelian group M with the property that
A⊗M → B ⊗M → C ⊗M is not exact.

Finally, we should be more precise about the tensor products of graded
abelian groups and graded rings. So let’s say H∗ and K∗ are two graded
abelian groups. Then we would like to say that H∗ ⊗K∗ is also a graded
abelian group, and here’s how we do it:

(H∗ ⊗K∗)n =
⊕

i+j=n

H i ⊗Kj .

4It is possible that a ±1 will emerge when you work through this problem; be careful,
but don’t worry.
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This should remind you of the way the i-cells in X and the j-cells in Y give
rise to n-cells in X ∧ Y . If H∗ and K∗ are graded rings, then we define the
multiplication on H∗ ⊗K∗ by the rule

(h1 ⊗ k1) · (h2 ⊗ k2) = (−1)|k1||h2|(h1h2 ⊗ k1k2).

Problem 17.35 Verify that the external product defines a homomorphism of
graded rings

H̃∗(X;R)⊗R H̃∗(Y ;R)→ H̃∗(X ∧ Y ;R).

Our goal is to show that this map is actually an isomorphism of graded
rings in many cases, including the case where R is a field.

thm:Kunneth1
Theorem 176 Let X and Y be CW complexes, and assume that H̃∗(Y ;R)
is a free R-module. Then the external product defines an isomorphism of
graded rings

H̃∗(X;R)⊗R H̃∗(Y ;R)→ H̃∗(X ∧ Y ;R).

Problem 17.36

(a) Let Y be any space, and define functors Kn( ? ) = H̃n( ? ∧ Y ;R) Show
that the functors Kn constitute a cohomology theory.

(b) Suppose that H̃∗(Y ;R) is a free R-module, and define

L∗( ? ) = H̃∗(X;R)⊗R H̃∗(Y ;R)

Show that the functors Ln constitute a cohomology theory.

(c) Show that the external cohomology product defines a natural trans-
formation Φ : L∗ → K∗; and show that Φ : L∗(Sn) → K∗(Sn) is an
isomorphism for each n.

(d) Prove Theorem 176.

We immediately derive the unpointed version, which tells us about the
cohomology of a product.

cor:Kunneth2
Corollary 177 Let X and Y be CW complexes, and assume that H̃∗(Y ;R)
is a free R-module. Then the external product defines an isomorphism of
graded rings

H∗(X;R)⊗R H∗(Y ;R)→ H∗(X × Y ;R).

Let’s do some computations.
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Products of Spheres. We know that H∗(Sn;R) = ΛR(xn), an exterior
algebra on a unit element 1 ∈ H0(Sn;R) and xn ∈ Hn(Sn;R), subject to
the single relation x2

n = 0.
prob:ProdSphereCoho

Problem 17.37 s

(a) Give a complete description of H∗(Sn1 × Sn2 ;R).

(b) More generally, describe H∗(
∏k

i=1 Sni ;R).

(c) Let P =

k factors︷ ︸︸ ︷
Sn × Sn × · · · × Sn, and let u1, u2, . . . , uk ∈ Hn(P ;R) be the

generators corresponding to the various spheres. Evaluate

(u1 + u2 + · · ·+ uk)k.

Cohomology of the Loop Space of a Sphere. In Problem ?? you used
the James splitting to compute the cohomology groups of ΩSn+1. Since
the James construction relates ΩSn+1 to products of spheres, whose coho-
mology algebras we understand, we can make a study of cup products in
H∗(ΩSn+1;R).

Choose generators yk ∈ Hnk(ΩSn+1;R) ∼= R. Then yk · xl = ck,l yk+l for
some coefficient ck,l ∈ R. How can we determine these coefficients?

prob:JamesData
Problem 17.38

(a) Show that there is a (homotopy) pushout square

T k−1(Sn) //

in

��

Jk−1(Sn)

��
Sn × · · · × Sn

qk // Jk(Sn)

(b) Show that the map Sn × · · · × Sn → Jk(Sn) induces an isomorphism
in Hkn( ? ).

Hint Take cofibers of the vertical maps.
(c) Show that q∗k : Hnk(Jk(Sn);R)→ Hnk(Sn × · · · × Sn;R) is an isomor-

phism.
(d) Show that q∗1 : Hn(J(Sn);R) → Hn(Sn × · · · × Sn;R) is given by

y1 7→ x1 + · · ·+ xk.prob:CohoLoopSpheres1
Problem 17.39 Let n be even. We want to determine any and all algebraic
relations among the various generators yi ∈ Hni(Jk(Sn); Z) ∼= Z.

(a) Because Hnk(ΩSn+1; Z) ∼= Z · yk, we know that yk = ck yk, for some
coefficient ck ∈ Z. Determine the integer ck.5

5Up to a sign – you can, if you like, go back and redefine the generators yk so that
each of the coefficients ck is ≥ 0.
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(b) Use part (c) to determine the coefficient ck,l in the equation

yk · yl = ck,l yk+l.

(c) Summarize what you have learned by giving a complete description of
the ring structure on H∗(ΩSn+1; Z).



296 17. Cohomology



Chapter 18

Projective Spaces

Projective spaces (for R, C and H) are among the most important examples
in algebraic topology, coming in right after spheres. In this chapter we’re
going to take a careful look at projective spaces.

Interpret as space of lines.

18.1 Definitions

Write F to denote either of the fields R, C or the skew field1 H (H denotes the
quaternions, and it is R4 with a certain noncommutative multiplication).

Let d be the dimension of F, so d is either 1, 2 or 4. Then the set of all
x ∈ F with |x| = 1 is the standard unit sphere Sd−1. The multiplication in
F respects length, i.e.,

|gx| = |g| · |x| for all g ∈ F, x ∈ Fn+1.

Therefore Sd−1 is a group under multiplication, and it acts by multiplication
on Fn+1 for all n. Inside of Fn+1 is the unit sphere

Snd+(d−1) = {x ∈ Fn+1 | |x| = 1}.

If g ∈ Sd−1 and x ∈ Snd+(d−1) then g · x ∈ Snd+(d−1) too, which means that
the group Sd−1 acts on the space Snd+(d−1).

1A skew field is a ring in which every element has a multiplicative inverse, but, unlike
an ordinary field, the multiplication is not required to be commutative.

297
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Definition 178 The nth projective space for F is the orbit space2

FPn = Snd+(d−1)/(action of Sd−1).

We will write [x1, . . . , xn+1] ∈ FPn to denote the equivalence class of
(x1, . . . , xn+1) ∈ Snd+(d−1). There is, of course, a canonical identification
map

qn : Snd+(d−1) → FPn

given by the formula (x1, . . . , xn+1) 7→ [x1, . . . , xn+1]. The description of
points in FPn in this way is called representation by homogeneous coor-
dinates.

Exercise 18.1 Show that FP0 = ∗.

The inclusions Fn → Fn+1 given by x 7→ (x, 0) respect the action of
Sd−1, and so they give rise to commutative diagrams:

Snd−1 //

qn−1

��

S(n+1)d−1

qn

��
FPn−1 // FPn

where the horizontal maps just take x 7→ (x, 0) and [x]→ [x, 0]. These maps
fit into a commutative ladder

Sd−1 //

q0

��

S2d−1

qn

��

// · · · // Snd−1 //

qn−1

��

S(n+1)d−1

qn

��

// · · ·

FP0 // FP1 // · · · // FPn−1 // FPn // · · ·

The two horizontal maps in this are cofibrations (as we will see in the next
section), and so the colimits of the rows

S∞ =
⋃

Snd−1 and FP∞ =
⋃

FPn,

are also homotopy colimts. Alternatively,

FP∞ = S∞/(action of Sd−1).

The projective spaces are extremely important examples in homotopy
theory, so we are going to study them in some detail in this chapter.

2That is, we can define an equivalence relation on Snd+(d−1) by setting x ∼ y if there
is a g ∈ Sd−1 such that g · x = y; the orbit space is the set of ∼-equivalence classes
Snd+(d−1)/ ∼.
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Theorem 179 For each F and each 0 ≤ n ≤ ∞, the map

qn : Snd+(d−1) → FPn

is a fibration whose fiber is Sd−1.

Problem 18.2 Prove Theorem 179.

Hint You’ve already done the case n <∞.

Problem 18.3 Show that the square

Snd+(d−1) //

qn

��

S∞

q∞

��
FPn // FP∞

is a homotopy pullback square.

Problem 18.4

(a) Show that S∞ ' ∗.
(b) Determine the homotopy fiber of FPn ↪→ FP∞?

(c) Show that ΩFP∞ ' Sd−1.

(d) Show that RP∞ = K(Z/2, 1).

(e) Show that CP∞ = K(Z, 2).

(f) What can you say about HP∞?

Problem 18.5 Show that CPn → CP∞ generates H2(CPn; Z) and RPn → RP∞

generates H1(RPn; Z/2).

For the finite-dimensional projective spaces, we can still express their ho-
motopy groups in terms of the homotopy groups of spheres. This is because
the fibration sequence Sd−1 → Snd+(d−1) → FPn splits after it is looped
once.

Problem 18.6 Show that for each n ≥ 1, Ω(FPn) ' Sd−1 × Ω(Snd+(d−1)).

These loop space splittings tell us something about the homotopy groups
of projective spaces.

Corollary 180

(a) πk(FPn) ∼= πk−1(Sd−1)⊕ πk(Snd+(d−1)) for F = C or H.

(b) πk(RPn) ∼= πk(Sn) for k > 1

(c) π1(RPn) ∼= Z/2.
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Problem 18.7 Prove Proposition ?? and Corollary 180 using Problem 14.19.
What does Corollary 180 say about the homotopy groups of spheres in the case
n = 1?

Problem 18.8 Let in : FPn ↪→ FP∞. Show that

Snd+(d−1)
qn // FPn

in // FP∞

is a fibration sequence.
Hint Let F → FPn be the fiber of in and construct a commutative triangle

Snd+(d−1)

qn

((RRRRRRRRRRRRRR

ξ

��
F // FPn.

Show that ξ induces isomorphisms on π∗.

18.2 Cellular Decomposition of FPn

We will show that the projective spaces are CW complexes by explicitly
working out extremely efficient CW decompositions for them.

Inside of Snd+(d−1) ⊆ Fn+1 is the subset

E = {(x1, . . . , xn+1) ∈ Snd+(d−1) |xn+1 ∈ R≥0}.

Problem 18.9 Show that each x ∈ Snd+(d−1) with xk 6= 0 is equivalent to a
unique element of Snd+(d−1) with xk ∈ R≥0.

Problem 18.10 Let Dnd ⊆ Fn be the standard nd-dimensional disk, and define
f : Ddn → E by the formula f(x) = (x,

√
1− |x|2).

(a) Show that f is a homeomorphism.

(b) Show that the boundary of E is the standard (nd− 1)-sphere Sdn−1 ⊆
Fn × 0 ⊆ Fn+1.

Problem 18.11 Referring to the action of Sd−1 on Snd+(d−1), let’s say x ∼ y if
and only if x and y are in the same orbit.

(a) Show that every x ∈ Snd+(d−1) is ∼-equivalent to a point in E; conclude
that the quotient map qn|E : E → FPn is surjective.

(b) Show that if x = (x1, . . . , xn+1) with xn+1 6= 0, then x is equivalent to
a unique point in the interior of E; conclude that qn|int(E) is injective.

These problems contain all the hard work in the construction of our CW
decompositions of FPn.
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Theorem 181 For every n, FPn = FPn−1 ∪qn−1 Dnd.

Problem 18.12 Prove Theorem 181.

This gives us the inductive step in the CW decomposition of FPn. Here
is the conclusion.

Corollary 182 For each n, FPn has a CW decomposition of the form

FPn = ∗ ∪Dd ∪D2d ∪D3d ∪ · · · ∪Dnd.

Corollary 183 If m ≤ n, then FPm is a subcomplex of FPn.

Corollary 184 If m ≤ n, then the inclusion FPm ↪→ FPn is a cofibration.

Problem 18.13

(a) What is FP1?

(b) Use the fibration sequence Sd−1 → S2d−1 → FP1 to learn something
new about the higher homotopy groups of some spheres.

As you know well, as soon as you know the cellular structure of a space,
you can get some information about its cohomology.

Problem 18.14

(a) Determine the cohomology (with coefficient group Z) of CPn and HPn.

(b) Can you do the same for RPn? Explain.

(c) How does your answer in (a) change if the coefficient group is an arbi-
trary group abelian G?

18.3 Collapse Maps for RPn

When it comes to calculating the cohomology of real projective spaces, we
need to work by induction on our cone decomposition:

S0

q0

��

S1

q1

��

S2

q2

��

Sn−1

qn−1

��
RP0 // RP1 // RP2 // · · · // RPn−1 // RPn.

The resulting exact sequences don’t simply fall apart for us, so we’ll need
to determine some of the maps in the sequence. Start by writing our cone
decomposition of RPn vertically in the left column of the following dia-
gram. Then extend the ‘L-shaped’ cofiber sequences to long zig-zag cofiber
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sequences, and weave them together, resulting in the diagram

...

��

...

��
Sn−1 // RPn−1 //

��

Sn−1 // ΣRPn−2 //

��

Sn−1 // · · ·

Sn
qn

//

δn
n j &&

c a _ ] \ Y W T P

RPn
jn

//

��

Sn
Σqn−1

//

Σδn−1
m i ''

a _ ] \ Z X U Q

ΣRPn−1
Σjn−1

//

��

Sn // · · ·

Sn+1 // RPn+1 //

��

Sn+1 // ΣRPn //

��

Sn+1 // · · ·

...
...

in which the dotted zig-zag is cofiber sequence mentioned above, and the
other zig-zags are the cofiber sequences for other values of n.

Lemma 185 The map δn = jn ◦ qn : Sn → Sn has degree 1 + (−1)n+1.
That is, deg(δn) = 0 if n is even, and deg(δn) = 2 if n is odd.3

Problem 18.15 Prove Lemma 185 as follows.

(a) Show that there a map β : Sn ∨ Sn → Sn so that the solid arrows in

Sn−1 //

��

RPn−1

��
Sn

qn //

φ

��
δn

))

RPn

jn

��
Sn ∨ Sn

β // Sn

form a strictly commutative diagram, where the vertical maps are cofiber
sequences and so φ is the pinch map that we used to define the group
structure on πn(X).

(b) Since β ∈ [Sn∨Sn, Sn] ∼= [Sn, Sn]× [Sn, Sn], we can write β = (β1, β2).
Show that δn = [β1] + [β2].

(c) Show that β1 and β2 are homeomorphisms (it is enough to show that
they are bijective). Conclude that |deg(β1)| = |deg(β2)| = 1.

3If we choose our generator for Hn(Sn; Z) differently, then the map will have degree 0
or −2, respectively, but this has no practical effect on our applications.
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(d) Show that β2 = a ◦ β1, where a : Sn → Sn is the antipodal map.
Conclude that deg(β2) = (−1)n+1 deg(β1), and hence

deg(δn) = ±(1 + (−1)n+1).

Hint Think of Sn as Σ0S
n−1 (the unreduced suspension of Sn−1), so

a point of Sn has the form [x, t], where x ∈ Sn−1 and t ∈ I. What is
the antipode of the point [x, t]?

Now choose a coefficient group G, and apply the functor Hn( ? ; G) to
the big diagram of spaces we constructed above to obtain

...
...

0 0oo

OO

0oo 0oo

OO

0oo

Hn(Sn) Hn(RPn)

OO

q∗n

oo Hn(Sn)
j∗n

oo

δ∗n = 0 or 2Uvv
_abdfi

Hn(ΣRPn)

OO

q∗n−1

oo Hn(ΣSn−1)

δ∗n−1= 2 or 0Uvv
_abdfi

j∗n−1

oo

Hn(Sn+1) Hn(RPn+1)

OO

oo 0oo Hn(ΣRPn)

OO

oo 0oo

...

OO

...

OO

(Why are we justified in labeling the second curved arrow δ∗n−1 instead of
(Σδn−1)∗?) There is a lot of information hidden in this diagram. Your next
problem is to tease out some of it.

Problem 18.16

(a) Show that j∗n : Hn(Sn;G)→ Hn(RPn;G) is surjective. Conclude that
Hn(RPn) ∼= Hn(Sn)

ker(j∗n)

(b) Show that Im(q∗n) = Im(δ∗n) and Im(q∗n−1) = Im(δ∗n−1).

(c) Determine Hn(RPn;G) in terms of G; your answer will depend on
whether n is even or odd.

Problem 18.17 Here are some more useful bits of information about this dia-
gram

(a) Show that Hn(RPn+1;G)→ Hn(RPn;G) is injective.

(b) Show that q∗n is either the zero map or multiplication by 2.
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(c) If G = Z/2, show that j∗n is injective, no matter what n is.

Here is the promised calculation.

Proposition 186 The cohomology of RPn is given by

Hk(RPn;G) =


G if k = 0
G⊗ Z/2 if 1 ≤ k < n, k even
Tor(G, Z/2) if 1 ≤ k < n, k odd

Hn(RPn;G) =
{

G if n is odd
G⊗ Z/2 if n is even.

Problem 18.18 Prove Proposition ??.

Hint Use induction.

Exercise 18.19 Work out H∗(RPn; Z) and H∗(RPn; Z/2).

We will come back to this approach to calculation in much greater gen-
erality in later chapters. The following exercise hints at the broader impor-
tance of our work in this section.

Exercise 18.20 Referring to the large diagram of cohomology groups we con-
structed,

(a) show that δ∗n ◦ δ∗n−1 = 0, so that Im(δ∗n−1) ⊆ ker(δ∗n);

(b) show that Hk(RPn+1) ∼= ker(δ∗n)
Im(δ∗n−1)

.

18.4 The Diagonal Map in FPn

We have successfully determined the cohomology groups of the projective
spaces, but what about their ring structure? Our next goal is to determine
the cohomology ring structure for FPn. Since cup products in H∗(X) are
defined in terms of the diagonal map ∆ : X → X×X, we need to study the
diagonal map in FPn.

We begin by studying the diagonal map for a disk. It will simplify
our work considerably if, instead of using the standard round disk, we can
instead work with cubes, so our first job is to establish the required notation.
Write JR = D1 = [−1, 1]. Then we have a homeomorphism

σ : Dn → Jn
R
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given by radial scaling4. Now Sn−1 maps homeomorphically to boundary of
Jn

R , which is

Sn−1 ∼= {x ∈ Jn
R |xi = ±1 for at least one i}.

This homeomorphism has the property that σ(−x) = −σ(x) for all x ∈ Dn,
i.e., it respects the antipodal action.

Now fix s, t ∈ N such that s + t = n. Then Jn
R = Js

R × J t
R, and we can

write elements of Jn
R in the form (x, y) with x ∈ Js

R and y ∈ J t
R. For clarity

later, we’ll let 0s ∈ Rs and 0t ∈ Rt denote the origins.

Some Notation. It is customary to define the product of pairs (X, A)
and (Y, B) to be the pair (X×Y, X×B∪A×Y ). However, as you can easily
check, this is not the categorical product in the category of pairs.5 Actually,
the importance of this construction is that it fits into the exponential law. In
the study of category theory constructions like this have come to be denoted
by ⊗, since the tensor product plays the same role in an exponential law for
R-modules. But this seems to be a bit of a stretch for students just learning
about tensor products, and because it applies a typically algebraic notation
to spaces. So I’m going to use some new notation for the product pair:

(X, A) � (Y, B) = (X × Y, X ×B ∪A× Y ).

This notation was handy, not in use for anything that I have seen, and
evokes the standard picture of the location of the subspace X ×B ∪A× Y
inside of X × Y .

Now let us consider the diagram of pairs

(Jn
R , ∗) ∆ // (Jn

R , ∗) � (Jn
R , ∗)

u

��
(Jn

R , ∗) //

r

��

(Jn
R , Ss−1 × 0t) � (Jn

R , 0s × St−1)

(Jn
R , Sn−1)

ξ // (Js
R × 0t, Ss−1 × 0t) � (0s × J t

R, 0s × St−1)

i

OO

where Js
R is identified with the first s coordinates, and J t

R with the last t.
Our goal is to show that there is a homeomorphism ξ which renders the

4Write down the formula!
5Exercise: Check it! What is the product in the category of pairs?
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diagram commutative up to a homotopy of pairs. In fact, it is easy to define
this map and homotopy; here you go:

ξ(x, y) = ((x, 0), (0, y)) and H((x, y), t) = ((x, ty), (tx, y)).

Problem 18.21

(a) Show that H : u ◦∆ ' i ◦ ξ ◦ r.
(b) Show that H is a homotopy of pairs.
(c) Show that H respects the antipodal action.

Now we can use our homeomorphism σ to make the same conclusions
about the ordinary round disks.

lem:RPnDiagonalHomotopy
Lemma 187 There is map ζ : (Dn, Sn−1) → (Ds, Ss−1) × (Dt, St−1) such
that in the diagram

(Dn, ∗) ∆ // (Dn, ∗) � (Dn, ∗)

��
(Dn, ∗) d //

r

��

(Dn, Ss−1) � (Dn, St−1)

(Dn, Sn−1)
ζ // (Ds, Ss−1) � (Dt, St−1)

i

OO

there is a homotopy K : i ◦ ζ ◦ r ' d such that

1. K is a homotopy of pairs,

2. ζ is a homeomorphism of pairs, and

3. For each t, K(−x, t) = −K(x, t).
Exercise 18.22 Prove Lemma 187 in full detail.

Now consider the characteristic maps Dn → RPn that we discussed in
the construction of CW decompositions for projective spaces. If we apply
them to each disk in the diagram of Lemma 187, we obtain the following
diagram of pairs

(RPn, ∗) ∆ //

��

(RPn, ∗) � (RPn, ∗)

��

(RPn, ∗) //

��

(RPn, RPs−1) � (RPn, R̂P
t−1

)

(RPn, RPn−1) // (RPs, RPs−1) � (R̂P
t
, R̂P

t−1
)

OO
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which is commutative up to a homotopy of pairs, because the homotopy of
Lemma 187 respects the S0 action.6 Now collapse the pairs to get

RPn ∆̄ // RPn ∧ RPn

��

RPn

jn

��

// (RPn/RPs−1) ∧ (RPn/R̂P
t−1

)

Sn
∼= // Sn.

OO

The commutativity of this diagram is the key to our understanding of the
cup product in H∗(RPn).

prob:RPnZ2stuff
Problem 18.23 Using Z/2 coefficients, show that

(a) j∗n : Hn(Sn)→ Hn(RPn) is an isomorphism.

(b) Let n ≤ m. Show that the inclusion RPn ↪→ RPm induces isomorphisms

Hk(RPm)→ Hk(RPn) for k ≤ n.

Theorem 188 H∗(RPn; Z/2) ∼= (Z/2)[x1]/(xn+1
1 ).

We know that Hk(RPn; Z/2) ∼= Z/2 for 0 ≤ k ≤ n; let xk be the unique
nonzero element of this group.

To prove the theorem, we just have to show that xsxt = xs+t. Because
of the Problem 18.23, it suffices to verify this in the cohomology of RPn,
where n = s + t.

Problem 18.24 Write Ks = K(Z/2, s) and Kt = K(Z/2, t), so that xs and xt

are homotopy classes of maps xs : RPn → Ks and xt : RPn → Kt.

(a) Show that xs factors through a map x̄s : RPn/RPs−1 → Ks and xt

factors through a map x̄t : RPn/R̂P
t−1
→ Kt.

6Remember that RPt−1 ⊆ RPn is the set of points with the form

[x1, x2, . . . , xt, 0, 0, . . . , 0]; the notation cRP
t−1

is supposed to indicate that typical ele-
ments have the form [0, 0, . . . , 0, x1, x2, . . . , xt].
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(b) Prove Theorem 188 by studying the diagram

RPn ∆̄ // RPn ∧ RPn

��

xs∧xt //

xs•xt

((
Ks ∧Kt

// Kn

RPn

jn

��

// (RPn/RPs−1) ∧ (RPn/RPt−1)
x̄s∧x̄t // Ks ∧Kt

// Kn

Sn
∼= // Sn.

OO

w

44

Ring Structure in H∗(CPn) and H∗(HPn). The argument given in this
section is easily adapted to the other projective spaces, with the added bonus
that it is not necessary to impose any restrictions on the coefficients. We
set

JC = {x ∈ C | |x| ≤ 1} and JH = {x ∈ H | |x| ≤ 1},

which are (or are homeomorphic to) D2 and D4, respectively. The constuc-
tions of homotopies involving these disks should proceed exactly as before,
leading to the following conclusion.

Theorem 189 For any n, including ∞, and any commutative ring R with
unit,

(a) H∗(CPn;R) ∼= R[x]/(xn+1), where |x| = 2.

(b) H∗(HPn;R) ∼= R[x]/(xn+1), where |x| = 4.

If R is a ring with the property that 1 + 1 = 0, then

(c) H∗(RPn;R) ∼= R[x]/(xn+1), where |x| = 1.

Problem 18.25 Prove Theorem 189.

18.5 Algebra Structures on Rn and Cn

Let F denote either R or C. If F ⊆ A is a normed F-algebra, then we have
a multiplication map

A×A→ A.

with the following properties:

1. there is an identity element e ∈ A
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2. µ respects length, in that |x · y| = |x||y| for any x, y ∈ A, and

3. µ commutes with scalars: (cx) · y = x · (cy) = c(x · y) for any x, y ∈ A
and a ∈ F.

We know that we can define such multiplications on R, R2 = C and R4 = H.
For what other values of n is there an algebra structure on Rn?

Since these are contractible spaces, it would be understandable if you
thought that homotopy theory could have no application to the study of
such things. But the rigid algebraic structure allows us to derive strong
conditions on the dimensions of A.

Problem 18.26 Suppose µ : A× A → A is such a multiplication, and suppose
that A is n-dimensional over F.

(a) Show that µ restricts to a multiplication µ : Snd−1 × Snd−1 → Snd−1

such that the diagram

Snd−1 ∨ Snd−1

in

��

fold

))SSSSSSSSSSSSSSS

Snd−1 × Snd−1
µ

// Snd−1

commutes – i.e., Sn−1 must be an H-space.

(b) Show that there is a multiplication µ : FPn−1 × FPn−1 → FPn−1 such
that the diagram

FPn−1 ∨ FPn−1

in

��

fold

))TTTTTTTTTTTTTTTT

FPn−1 × FPn−1
µ

// FPn−1

commutes – i.e., FPn−1 must be an H-space.

(c) Apply what you know about the cohomology algebra H∗(FPn−1) to
obtain a diagram of graded rings and ring homomorphisms.

(d) By studying µ ∗ (x1)n, where x1 generates H1(FPn−1), determine nu-
merical conditions on n under which such a diagram exists. Conclude
that there is no multiplication µ : Fn × Fn → Fn unless n is . . . what?

Your result implies the Fundamental Theorem of Algebra.7

Theorem 190 (Fundamental Theorem of Algebra) The field C is alge-
braically closed.

7Proof idea due to Bob Bruner.
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Problem 18.27

(a) Show that if C is not algebraically closed, then there exists a finite-
dimensional normed C-algebra.

(b) Prove Theorem 190.

18.6 The Borsuk-Ulam Theorem

A map f : Sm → Sn is an odd map if f(−x) = −x for all x ∈ Sm. We can
use our understanding of H∗(RPn) to constrain the dimensions n and m for
which an odd map can exist.

Theorem 191 Let f : Sm → Sn be an odd map. Then m ≤ n.

Problem 18.28 Let f : Sm → Sn be an odd map.

(a) Show that the solid arrow part of the diagram

Sm

qn

��

f // Sn

qn

��
RPm

φ //

g

66

RPn

commutes.

(b) Let u1 ∈ H1(RPn; Z/2) be the unique nonzero element, Show that if
φ∗(u1) = 0, then there is a map g making the diagram commute.

(c) Show that g ◦ qn = ±f .8

(d) Show that the formula g ◦ qn = ±f is incompatible with the oddness of
f , and conclude that φ∗(u1) 6= 0.

(e) Prove Theorem 191.

Now we use Theorem 191 to prove the Borsuk-Ulam Theorem.

Theorem 192 If f : Sn → Rn, then there is a point x ∈ Sn such that
f(x) = f(−x).

Problem 18.29 Prove Theorem 192 by studying the function g : Sn → Sn−1

given by

g(x) =
f(x)− f(−x)
|f(x)− f(−x)|

.

8You may use the fact that qn is a covering map, and hence lifts are uniquely determined
by their value on a single point.
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Think about what Theorem 192 says when n = 2. Given two maps
f, g : S2 → R, you can define (f, g) : S2 → R2, and so there must be at least
one point x ∈ S2 such that both f(x) = f(−x) and g(x) = g(−x). If we
identify S2 with the surface of the Earth, and let

f(x) = temperature at x and g(x) = pressure at x,

then we see that the Borsuk-Ulam theorem guarantees that, at any given
time, there are two antipodal points on the Earth with exactly the same
temperature and pressure.

The Ham Sandwich Theorem. Suppose you have a ham sandwich –
that is, three sets, B1, B2 and H ⊆ R3, which represent the bread (top and
bottom slice) and the ham, and you want to cut it neatly in half. That is,
you want to divide each of the regions B1, B2 and H into two pieces of equal
volume. The question is this: can you cut the ham and the bread with a
single knife slice? More precisely, is there a single plane which divides each
of B1, B2 and H into two pieces with equal volume?

The answer to this question is given by the Ham sandwich theorem.

Theorem 193 Let A1, . . . , An be (measurable) subsets of Rn. Then there
is an (n− 1)-dimensional plane through the origin which bisects each of the
sets Ai into two pieces of equal volume (measure).

Problem 18.30 For each x ∈ Sn, let πx ⊆ Rn denote the (n − 1)-dimensional
subspace perpendicular to x. Then πx divides Rn into two half-spaces: H+

x , which
contains x, and H−

x , which contains −x. For each i = 1, . . . , n, define a function
fi : Sn → R by setting

fi(x) = measure of Ai ∩H+
x .

Then define f = (f1, . . . , fn) : Sn → Rn. Prove Theorem 193 by applying the
Borsuk-Ulam theorem to the function f .
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Chapter 19

Uniqueness of Cohomology

Consider how we defined cohomology. First we constructed, with great
effort, the sequence of spaces K(G, n), and then we defined H̃n(X;G) =
[X, K(G, n)]. Since ΩK(G, n + 1) ' K(G, n), we were able to prove that
cofiber sequences give rise to long exact sequences in cohomology, etc.

Now suppose I give you a cohomology theory h̃∗, without telling you
how it is constructed or defined. Wouldn’t it be nice if there were spaces
L(n) and natural isomorphisms h̃n(X) ∼= [X, L(n)]? That this is actually
the case is the content of the famous Brown Representability Theorem.
We use the Brown Representability theorem to show that for each abelian
group G, there is a unique ordinary cohomology theory, on the category of
CW complexes, with coefficients G.

We reprove this result by showing how to compute the ordinary coho-
mology of a CW complex using chain complexes.

Then we introduce homology theories, which are just like cohomol-
ogy theories, but covariant. Many authors make the sloppy assertion that
homology is dual to cohomology. In the sense that we have been using the
term ‘dual,’ this is false. homology works well with domains, not targets.
Thus we again have exact sequences from cofiber sequences, not fiber se-
quences. Thus, homology and cohomology cannot be dual in the sense of
model categories. But there is an algebraic duality between them: we show
how to view cohomology classes as functions defined on homology classes,
and this leads to a map H∗(X)→ Hom(H∗(X), Z) from the cohomology of
X to the ‘dual of H∗(X).’

We finish by establishing the Hurewicz theorem: if X is (n−1)-connected
then πn(X) ∼= Hn(X) (for n ≥ 2).

313
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19.1 Brown Representability and the Uniqueness
of Ordinary Cohomology

We discussed representable functors in some detail in Chapter ??. The
Brown Representability Theorem gives conditions under which a homotopy
functor F : T∗ → abG is representable.

Here are two properties that a homotopy functor F : T∗ → abG might
satisfy:

1. Wedge Axiom. If {Xα} is any set of spaces, the natural comparison
map F (

∨
Xα)→

∏
F (Xα) is an isomorphism.

2. Mayer-Vietoris Axiom. Apply F to a homotopy pushout square like
so:

A
i //

f

��

B

j

��

F (A) F (B)i∗oo

C
g // D F (C)

f∗

OO

F (D).

j∗

OO

g∗oo

For any pair of elements u ∈ F (B) and v ∈ F (C) such that f∗(u) =
i∗(v), there is an element w ∈ F (D) such that g∗(w) = v and j∗(w) =
u. Pictorially:

t u�oo

v
_

OO

w.�oo _

OO

These two properties are enough to guarantee representability of the functor
F , at least for CW complexes.

thm:Brown
Theorem 194 (Brown Representability) If F : hT∗ → abG is a contravari-
ant homotopy functor that satisfies the Wedge and Mayer-Vietoris axioms,
then

(a) there is a CW complex E and an element e ∈ F (E) such that the
map

Φ : [X, E]→ F (X) given by f 7→ f∗(e)

is a natural isomorphism on the category of CW complexes, and

(b) the space E and the element e ∈ F (E) are unique up to homotopy
in the sense that if E′ and e′ ∈ F (E) are another CW complex and
element which represent F , then there is a homotopy equivalence,
unique up to homotopy, g : E → E′ such that g∗(e′) = e.
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The element e ∈ F (E) is called a fundamental class for the functor F .
prob:Brown5Lemma

Problem 19.1 Let F be a homotopy functor satisfying the Wedge and Mayer-
Vietoris properties.

(a) Show that if E is a space as in Theorem 194, then E is an abelian
H-space.

(b) Show that if A→ B → C be a cofiber sequence, then the sequence

F (C)← F (B)← F (A)← F (ΣC)← F (ΣB)

is exact.

(c) Show that if E and e ∈ F (E) are such that Φ : [Sn, E] → F (Sn) is an
isomorphism for all n, then Φ is an isomorphism for all CW complexes.

Problem 19.1 reduces the proof of Theorem 194 to showing that F can
be represented for spheres. Our plan is to construct E skeleton by skeleton,
with elements en ∈ F (En) that represent F on spheres of dimension at most
n. We start by setting E−1 = ∗ and e−1 = 0 ∈ F (E−1).

Problem 19.2 Suppose we are given En and en ∈ F (En) such that the trans-
formation Φ : [Sk, En] → F (Sk) given by Φ(f) = f∗(en) is an isomorphism for
k < n and surjective for k = n.

(a) Let ker(Φ) = {gβ |β ∈ J } and define Ẽn+1 by the (homotopy) pushout
square ∨

J Sn (gβ) //

in

��
HPO

En

��∨
J Dn+1 // Ẽn+1.

Show that there is an element ẽn+1 ∈ F (Ẽn+1) such that Φ : [Sk, Ẽn+1]→
F (Sk) is an isomorphism for all k ≤ n.

(b) Construct the space En+1 and the element en+1 ∈ F (En+1) so that, in
addition, [Sn+1, En+1]→ F (Sn+1) is surjective.

(c) Now we set E = colim En, which is a CW complex by construction.
Show that there is an element e ∈ F (E) such that the inclusion En ↪→ E
induces e 7→ en.

Hint Express E as a (homotopy) pushout involving the spaces En.

(d) Prove Theorem 194(a).

The proof of Theorem 194(b) follows the typical pattern of proving
uniqueness in category theory.

Problem 19.3 Suppose e ∈ F (E) and e′ ∈ F (E′) both represent F for all CW
complexes X.
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(a) Find maps f : E → E′ and g : E′ → E such that g∗(e) = e′ and
f∗(e′) = e.

(b) Prove Theorem 194(b) by showing that f and g are inverse homotopy
equivalences.

The Wedge Axiom might be a little much to assume; what can we prove
without it?

Exercise 19.4 Suppose F (n) is a finitely generated abelian group for each n.
Show that the functor F can be represented on the category of finite CW complexes.
What can you say about the representing space? Is it unique?

Representation of Cohomology Theories. Theorem 194 applies to a
very general class of functors, but we are primarily interested in the functors
that constitute a cohomology theory.

prob:CohoRepr
Problem 19.5 Let h̃∗ be a cohomology theory satisfying the Wedge Axiom.

(a) Show that each functor h̃n satisfies the Mayer-Vietoris property, and
hence is representable by a space E(n).

(b) Show that ΩE(n + 1) ' E(n).At least weakly equiva-
lent.

Hint Use the Yoneda Lemma.

Problem 19.5 implies that the representing spaces E(n) are infinite loop
spaces.

An extremely important consequence of this theorem is that ordinary
cohomology theories are completely determined by their coefficient groups,
at least as long as you plug in CW complexes.

cor:OrdinaryUnique
Corollary 195 Two reduced ordinary cohomology theories H̃∗ and J̃∗ with
the same coefficient group G are naturally equivalent on the category CW.

Problem 19.6 Prove Corollary 195.

Hint Describe the spaces that represent the homotopy functors H̃n and J̃n.

Exercise 19.7 Criticize the following argument:

If h̃∗ and k̃∗ have the same coefficient groups, then their represent-
ing spaces have the same homotopy groups, and hence are homotopy
equivalent. Therefore all cohomology theories – ordinary or not – are
determined by their coefficient groups.

Exercise 19.8 What can you say about cohomology theories which do not
satisfy the Wedge Axiom?
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19.2 Uniqueness via the Cellular Complex

Our goal here is to show how to use chain complexes to compute the co-
homology of a CW complex. We will rederive the uniqueness of ordinary
cohomology from this approach, but its real importance will become ap-
parent only later, when certain algebraic topological constructions involving
fibrations will result in recognizable chain complexes.

Throughout this section we will work with a reduced ordinary cohomol-
ogy H̃∗ with coefficients in an abelian group G. In particular, it could be
that H̃n(X) = [X, K(G, n)]; but our argument will work equally well with
any ordinary cohomology theory.

We will show that, no matter what H̃∗ is, it can be calculated via chain
complexes, at least for finite complexes. A CW complex X comes with a
cone decomposition∨

S0

��

∨
S1

��

∨
Sn

��

∨
Sn+1

��
X0

// X1
// · · · // Xn

// Xn+1
// · · ·

in which each ‘L-shaped’ sequence
∨

Sn → Xn → Xn+1 is a cofiber sequence.
Just as we did in our study of RPn, we extend these sequences to obtain a
diagram of long interwoven cofiber sequences

...

��

...

��∨
Sn−1 // Xn−1

//

��

Xn−1/Xn−2
// ΣXn−2

//

��

Σ(Xn−2/Xn−3) // · · ·

∨
Sn //

δn−1 &&
Xn

//

��

Xn/Xn−1
//

δn

77
ΣXn−1

//

��

Σ(Xn−1/Xn−2) // · · ·

∨
Sn+1 // Xn+1

//

��

Xn+1/Xn
// ΣXn

//

��

Σ(Xn/Xn−1) // · · ·

...
....

The quotient Xn/Xn−1 is a wedge of n-spheres, one for each n-cell of X,
and Σ(Xn−1/Xn−2) is also a wedge of n-spheres, but this time there is one
for each (n− 1)-cell of X.
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Exercise 19.9 Show that the big diagram above is functorial on the category
of CW complexes and cellular maps.

Now Xn/Xn−1 is a wedge of n-spheres, one for each n-cell of X. The
quotients qi : Xn/Xn−1 → Sn

i to the ith summand define an isomorophism

Cn(X) = H̃n(Xn/Xn−1) ∼=
∏

n-cells
of X

G.

Then the maps δn define maps dn : Cn(X)→ Cn+1(X) given by the diagram

Cn+1(X) Cn(X)dn
oo

H̃n+1(Xn+1/Xn) H̃n+1(Σ(Xn/Xn−1))
δ∗noo H̃n(Xn/Xn−1)

∼=oo

We write C∗(X) for the sequence of groups Cn(X) and the homomorphisms
dn between them.

Problem 19.10 Show that dn+1 ◦ dn = 0, so that the maps dn : Cn(X) →
Cn+1(X) make C∗(X) into a cochain complex.

Exercise 19.11

(a) Use two different cellular decompositions for S1 to construct two dif-
ferent chain complexes for S1. Then compute the cohomology groups
of these chain complexes.

(b) Find a cellular homeomorphism from one of your decompositions to
the other, and explain how it induces a chain map of chain complexes.
What is the induced map on the (algebraic) cohomology of the chain
complexes?

(c) Find a cellular map of degree 2, and determine the induced map on
chain complexes, and then on the (algebraic) cohomology of the chain
complexes.

We want to know that, for any space X, the cochain complex we have
constructed depends only on the CW decomposition of the space X, and not
on the choice of cohomology theory. As we have already shown, the group
Cn(X) depends only on X – specifically, the number of cells that X has in
dimension n. It remains to study the coboundary map dn.

Since dn is essentially δ∗n, we need to study the map δ∗n; and since δn :
Xn+1/Xn → Σ(Xn/Xn−1), it is a map from one wedge of spheres to another

δn :
∨

(n + 1)-cells
of X

Sn+1 →
∨

n-cells
of X

Sn+1.
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Maps from one wedge of n-spheres to another are described by the integer
matrix Dn which simply records the degrees of its coordinate functions.

prob:CellularNaturality
Problem 19.12

(a) We say that a CW complex has finite type if the given CW decompo-
sition has only finitely many cells in each dimension. Show that if X
is of finite type, then δ∗n is determined by the (finite) matrix DT

n , the
transpose of Dn.

(b) Show that if H̃∗ satisfies the Wedge Axiom, the finite type hypothesis
is unnecessary.

(c) Show that if f : X → Y is a cellular map, then f induces a chain map
f∗ : C∗(Y )→ C∗(X) and hence a map f∗ : H̃∗(Y )→ H̃∗(X). Conclude
that H∗(C∗( ? )) is a functor on the category of CW complexes and
cellular maps.

Here is our situation: let CW be the category of pointed finite CW
complexes and cellular maps, let Chain be the category of chain complexes,
and let i : CW ↪→ T be the inclusion functor. Then we have a diagram of
categories and functors

CW
C∗
��

i // T∗
eH∗

��
Chain

H∗
// abG∗.

(where abG∗ is the category of graded abelian groups). We will show that –
for any ordinary cohomology theory – the diagram commutes up to natural
isomorphism.

Now let’s prove that the algebraic homology of the cochain complex
C∗(X) is actually isomorphic to the mysterious cohomology H̃∗(X).

thm:UniqueCohomology
Theorem 196 For any reduced ordinary cohomology theory H̃∗, there is
a natural isomorphism Φ : H̃∗( ? ) → H∗(C∗( ? )) defined on the category of
finite CW complex and cellular maps. If H̃∗ satisfies the Wedge Axiom then
Φ is an isomorphism for all CW complexes.

The proof involves a careful investigation of the following diagram, which
is obtained by applying H̃n to the large diagram of cofiber sequences that
we constructed above.
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H̃n(X)

θ

��
H̃n−1(Xn) //

��

H̃n (Xn+1/Xn) // H̃n(Xn+1)

φ

��
H̃n−1 (Xn−1/Xn−2)

δ //
dn−1

**
H̃n−1(Xn−1)

γ //

��

H̃n (Xn/Xn−1)
β //

dn
55

H̃n(Xn)
α //

��

H̃n+1 (Xn+1/Xn)

H̃n−1(Xn−2) // H̃n−1(Xn−1/Xn−2) // H̃n(Xn−1).

Before moving on to the meat of the proof, you should simplify this diagram
as much as possible.

exer:Hom1
Exercise 19.13 Identify all groups in this diagram which are automatically
zero. Which maps are necessarily onto? Which are one-to-one?

From our main diagram, let us separate out the following two maps:

Cn(X) = H̃n(Xn/Xn−1)
β // H̃n(Xn) H̃n(X).

φ◦θoo

Let Zn = ker(dn) and Bn = Im(dn−1), so that

Bn ⊆ Zn ⊆ H̃n(Xn/Xn−1) = Cn(X)

and Hn(C∗(X)) = Zn/Bn.
prob:Hom2

Problem 19.14

(a) Show that Bn = ker(β). Conclude that H̃n(C∗(X)) ∼= β(Zn).
(b) Show that β(Zn) = ker(α).

(c) Show that if X is a finite CW complex, then ker(α) ∼= H̃n(X).

(d) Show that if H̃∗ satisfies the cohomology wedge axiom (W ∗) then
ker(α) ∼= H̃n(X) for every CW complex X.

(e) Prove Theorem 196.

Problem 19.15 Use Theorem 196 to reprove Corollary 195.

19.3 Homology Theories

In this section we introduce homology theories, which are very similar to
cohomology theories, but covariant. Whether or not such functors exist is
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actually quite mysterious, because so far, every construction that has worked
well with cofibrations, pushouts, etc. has been contravariant.

Definition 197 A (reduced) homology theory h̃∗ is a sequence of covari-
ant homotopy functors

h̃n : T∗ → abG

such that

(a) there is a natural isomorphism h̃n ◦ Σ→ h̃n−1.

(b) if A→ B → C is a cofiber sequence, then the sequence

h̃n(A) // h̃n(B) // h̃n(C)

is exact.

To each reduced homology theory defined on T∗, there is a correspond-
ing unreduced homology theory h∗ defined on T◦ by the rule h∗(X) =
h̃∗(X+). The exactness property for the unreduced homology of a cofiber
sequence is that

hn(A) // hn(B) // h̃n(C)

should be exact for each n.

Problem 19.16 Show that if h̃∗ is a homology theory, then each cofiber sequence
gives rise naturally to a long exact sequence

· · · // h̃n(A) // h̃n(B) // h̃n(C) // h̃n−1(A) // · · · .

Problem 19.17 Do the homotopy groups πn( ? ) define a homology theory?

Let’s consider the homology of a wedge. The inclusions inj : Xj ↪→∨
J Xj induce maps h̃∗(Xj)→ h̃∗(

∨
J Xj) and hence a natural transforma-

tion
w :

⊕
J

h̃∗(Xj)→ h̃∗
(∨

J Xj

)
For finite wedges, w is an isomorphism, but just as for cohomology, a ho-
mology theory does not automatically behave well with respect to infinite
wedges. The theory h̃∗ satisfies the homology Wedge Axiom if w is an
isomorphism for every wedge, infinite or finite.

The graded abelian group h̃∗(S0) is called the coefficient group for or, maybe, the efficient
group?the homology theory h̃. If the coefficients are simply the abelian group G

concentrated in dimension 0, then then h̃∗ is called an ordinary homology
theory with coefficients G.
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Now let X be a CW complex and let H̃∗ be a reduced ordinary homology
theory. Just as in the previous section, we can construct a chain complex
C∗(X) by setting Cn(X) = Hn(Xn/Xn−1) with differential given by (δn)∗.

The homology of X can be reconstructed from its chain complex.

Theorem 198 Let H̃∗ be a reduced ordinary homology theory, and let
C∗(X) be the corresponding cellular chain complex. Then there is a natural
isomorphism

Φ : H̃∗( ? ) // H∗(C∗( ? )),

of functors defined on the category of finite CW complex and cellular maps.
If H̃∗ satisfies the homology Wedge Axiom then the functor H∗(C∗( ? )) can
be extended to the category of all CW complexes, and Φ remains an iso-
morphism.

Corollary 199 Any two homology theories with the same group of coeffi-
cients are naturally isomorphic on the category of finite CW complexes and
cellular maps.

This was quite an important theoretical result at the time it was dis-
covered (the early 1940’s). At that time, people were very excited about
homology, and many topologists constructed their own homology theories
to suit their particular purposes. In order to connect their work to that of
other people, they needed to relate their homology to that of their friends.
These proofs could be omitted once it was shown that there is really only
one (ordinary) homology theory with coefficient group G.

Problem 19.18 Prove Theorem 198 and Corollary 199

19.4 Some Examples of Homology Theories

We have plenty of experience with cohomology theories, but we have not
yet seen a homology theory. Could it be that we have a definition without
examples?

19.4.1 Stabilization of Maps

The Freudenthal Suspension Theorem implies that repeating the suspension
operation can change a given homotopy group finitely many times.

Problem 19.19 Show that for any space X the suspension maps Σ : πn+t(ΣtX)→
πn+t+1(Σt+1X) are isomorphisms for all sufficiently large t. How large is ‘suffiently
large?’
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We say that the sequence of groups

πn(X)→ πn+1(ΣX)→ · · · → πn+t(ΣtX)→ πn+t+1(Σt+1X)→ · · ·

stabilizes for large t. This makes it easy to compute the colimit of the
sequence: it is just the group that the sequence settles down on. It is called
the nth stable homotopy group of X. We denote it by πS

n (X), so that

πS
n (X) = colim

(
· · · → πn+t(ΣtX)→ πn+t+1(Σt+1X)→ · · ·

)
.

There is a canonical map Σ∞ : πn(X) → πS
n (X) which just takes α to the

element represented by Σtα, where t is large enough, or larger.
It will be convenient to establish some additional notation for suspension.

Suppose we suspend t times, and then do the rest of the infinite suspension,
like so:

πn(X)
Σt

//

Σ∞

**
πn+t(ΣtX)

Σ∞−t

// πS
n (X).

We call the boxed map Σ∞−t instead of Σ∞ because, by our definition, the
target of Σ∞ : πn+t(ΣtX)→ πS

n+t(Σ
tX), is πS

n+t(Σ
tX), not πS

n (X).

Theorem 200 The stable homotopy groups πS
∗ ( ? ) define a homology the-

ory that satisfies the homology wedge axiom.

Since πS
n is clearly a homotopy functor, you can prove the theorem by

checking that πS
∗ satisfies the two defining properties of a homology theory.

Problem 19.20

(a) Construct a natural isomorphism sX : πS
n+1(ΣX)→ πS

n (X).

(b) Show that, if A→ B → C is a cofiber sequence, then

πS
n (A) // πS

n (B) // πS
n (C)

is exact.

Hint Since you are trying to get an exact sequence using a cofiber
sequence in the target, you should use Theorem ??.

Stable homotopy groups were originally introduced as a ‘first approxima-
tion’ to ordinary homotopy groups. Since then, the idea of ‘working stably,’
i.e., assuming that all spaces have been suspended so much that further
suspension has no effect besides increasing indices, has taken on a life of its
own. Let’s look at one more example.
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Problem 19.21 Show that for any finite-dimensional CW complex A, the func-
tors

h̃n(X) = colim
(
· · · → [Σt(ΣnA),ΣtX]→ [Σt+1(ΣnA),Σt+1X]→ · · ·

)
constitute a homology theory. Notice that it makes perfect sense to plug in nega-
tive values for n!

19.4.2 Ordinary Homology

Stable homotopy groups are very nice, but they are also very complicated. It
is known that the coefficient groups πS

∗ (S0) are nonzero for infinitely many
values of ∗, so πS

∗ is very far from being an ordinary homology theory.
Fix an abelian coefficient group G. For each t, let λt : ΣK(G, t) →

K(G, t+1) be the adjoint of the identity map K(G, t)→ K(G, t) ' ΩK(G, t+
1). Now we define τt = (idX ∧ λt)∗ ◦ Σ, as in the diagram

πn+t(X ∧K(G, t)) Σ //

τt ,,

πn+t+1(X ∧ ΣK(G, t))

(idX∧λt)∗
��

πn+t+1(X ∧K(G, t + 1)).

Problem 19.22

(a) Show that the map ΣK(G, t)→ K(G, t + 1) is a (2t− 1)-equivalence.

Hint What are the homotopy groups of K(G, t + 1)? What can you
say about the homotopy groups of ΣK(G, t)?

(b) Show that, for fixed n and large enough t, the composite map

τt : πn+t(X ∧K(G, t))→ πn+t+1(X ∧K(G, t + 1))

is an isomorphism.

Hint The first map, Σ, can be analyzed using the Freudenthal Suspen-
sion theorem; for the second one, what can you say about the cofiber
of idX ∧ λt?

It follows from this exercise that the sequence of groups eventually be-
comes constant. We’ll use the notation

H̃n(X;G) = colim
(
· · · → πn+t(X ∧K(G, t))

τt // πn+t+1(X ∧K(G, t + 1))→ · · ·
)

to denote the limit group. This is called the homology of X with coefficients
in the group G. It remains to show that the functors H̃∗ actually do define
a homology theory.
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Problem 19.23

(a) Show that H̃n( ? ; G) is a functor.

(b) Construct a natural isomorphism s : H̃n(ΣX;G)→ H̃n−1(X;G).

(c) Show that, if A→ B → C is a cofiber sequence, then

H̃n(A;G) // H̃n(B;G) // H̃n(C;G)

is exact.

Hint Use the fact that A∧K → B ∧K → C ∧K is a cofiber sequence
and Problem ??.

(d) Determine H̃k(Sn;G) for all k.

You have proved the following.

Theorem 201 The functors H̃∗ define a reduced ordinary homology theory
with coefficients in the group G.

Homology Generators. We end this section by choosing a particular
generator for the group H̃n(Sn; Z) ∼= Z. We constructed K(Z, n) by killing
all the higher homotopy groups in the space Sn; thus K(Z, n) comes with a
map in : Sn → K(Z, n) which induces an isomorphism

(in)∗ : πn(Sn)→ πn(K(Z, n)) = H̃n(Sn; Z).

The group πn(Sn) is generated by idSn : Sn → Sn, and so πn(K(Z, n)) is
generated by (in)∗(id) = in. This is our preferred generator for Hn(Sn; Z).
For homology, we have

πn+t(Sn ∧K(Z, t)) ∼= Z is generated by id ∧ it,

which is our preferred generator; we will call it sn ∈ Hn(Sn).

Problem 19.24 Show that the composite isomorphism

Σ : Hn(Sn; Z)
∼= // Hn+1(ΣSn; Z)

∼= // Hn+1(Sn+1; Z)

carries sn to sn+1.

19.5 Generalization

We have shown that any cohomology theory is represented by a sequence of
spaces E(n) together with homotopy equivalences E(n)→ ΩE(n+1). In our
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construction of ordinary homology, we used the representing spaces for or-
dinary cohomology (the Eilenberg-Mac Lane spaces), but the maps we used
were the adjoints ΣE(n)→ E(n+1), which are not homotopy equivalences.
In the late 1950’s G.W. Whitehead and Lima made the big conceptual leap:
the homotopy equivalence is immaterial to the construction!

If we omit the condition of homotopy equivalence, we are led to the
concept of a spectrum. A spectrum is a collection E = {E(n), εn}, where
εn : ΣE(n)→ E(n + 1) is an arbitrary map.

Given a spectrum E, we can define, for each space X, maps

[ΣtX, E(n + t)] //

Σ ))SSSSSSSSSSSSSS
[Σt+1X, E(n + t + 1)]

[Σt+1X, ΣE(n + t)]
(εn+t)∗

44jjjjjjjjjjjjjjjj

and

[Sn+t, E(t) ∧X] //

Σ ))TTTTTTTTTTTTTTT
[Σn+t+1X, E(t + 1)]

[Sn+t+1X, ΣE(t) ∧X]
(εt∧idX)∗

44iiiiiiiiiiiiiiii

Then we may define

Ẽn(X) = colim
(
· · · → [ΣtX, E(n + t)]→ [Σt+1X, ΣE(n + t)]→ · · ·

)
, and

Ẽn(X) = colim
(
· · · → [Sn+t, E(t) ∧X]→ [Sn+t+1X, ΣE(t) ∧X]→ · · ·

)
.

The second formula is reminiscent of our definition for ordinary homology.
prob:SpectralHomology1

Problem 19.25 Let E be a spectrum.

(a) Show that Ẽ∗ and Ẽ∗ are homotopy functors.

(b) Construct natural isomorphisms Ẽn+1 ◦ Σ→ Ẽn and Ẽn+1 ◦ Σ→ Ẽn.
thm:SpectralHomology

Theorem 202 The functors Ẽn and the isomorphisms of Problem ?? con-
stitute a homology theory, and similarly Ẽ∗ is a cohomology theory.

Problem 19.26 Prove Theorem 202 by showing that a cofiber sequence A →
B → C gives rise to a exact sequences

Ẽn(A)→ Ẽn(B)→ Ẽn(C) and Ẽn(A)← Ẽn(B)← Ẽn(C).

Hint A colimit of exact sequences of abelian groups is again exact.
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If we are given a cohomology theory h̃∗, we can apply the Brown Repre-
sentability Theorem to obtain a spectrumE that represents h̃∗ in the sense
that h̃n( ? ) ∼= [ ? , E(n)]. Now we have a new cohomology theory related to
E, namely Ẽ∗.

Problem 19.27 Show that the theories h̃∗ and Ẽ∗ are naturally equivalent on
the category of finite CW complexes.

There is a version of the Brown Representability theorem for homology,
which says that every homology theory can be constructed from a spectrum
as above. Thus we have correpsondences

{cohomology theories} ←→ {spectra} ←→ {homology theories}.
Exercise 19.28 Show that homology theories are in bijective correspondence
with cohomology theories (defined on the category of finite CW complexes).

19.6 Relating Homology to Cohomology

We have seen that each homology theory h̃∗ gives rise to a unique corre-
sponding cohomology theory h̃∗, and vice versa. This suggests that it might
be possible to compute h̃∗(X) from h̃∗ (or the reverse). We show how to
treat ordinary cohomology classes as functions defined on ordinary homol-
ogy. We then state, and sketch a proof of, a universal coefficient theorem
relating cohomology to homology. This is the result underlying the algebraic
duality between homology and cohomology.

Let u ∈ H̃k(X;A) and α ∈ H̃n(X;B). Thus u is a homotopy class of
maps X → K(A, k) and α is represented by a map

α : Sn+t → X ∧K(B, t)

for sufficiently large t. We define u(α) to be the class represented by the
composition

Sn+t α //

u(α)

&&

X ∧K(B, t)

∆X∧id
��

(X ∧X) ∧K(B, t)

id∧u∧id
��

X ∧ (K(A, k) ∧K(B, t))

id∧µ
��

X ∧K(A⊗B, k + t).
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Notice that u(α) ∈ H̃n−k(X;A⊗B), so the cohomology class u ∈ H̃k(X;A)
defines a function

u : H̃n(X;B)→ Hn−k(X;A⊗B).

The rule (u, α) 7→ u(α) is usually denoted

(u, α) 7→ 〈u, α〉

(especially in the case n = k), and it defines a function

H̃k(X;A)× H̃n(X;B)→ H̃n−k(X;A⊗B).

We want to understand this function.

Problem 19.29 Show that 〈 ? , ? 〉 is natural in both variables. That is, suppose
f : X → Y , u ∈ H̃∗(Y ), α ∈ H̃∗(X). Then we can form

〈u, f∗(α)〉 ∈ Hn−k(Y ) and 〈f∗(u), α〉 ∈ Hn−k(X).

Show that f∗(〈f∗(u), α〉) = 〈u, f∗(α)〉.

Problem 19.30 Show that φ is bilinear, so that it induces a map

〈 ? , ? 〉 : H̃k(X;A)⊗ H̃n(X;B)→ H̃n−k(X;A⊗B).

Clearly we can plug in X+ for X, and so we get a map

〈 ? , ? 〉 : Hn(X;A)⊗Hn(X;B)→ Hn−k(X;A⊗B).

defined and natural for unpointed spaces.

The Case n = k. We work now in the unpointed context, and specialize
to the case n = k (and X is path-connected). In this case our map has the
form

〈 ? , ? 〉 : Hn(X;R)⊗Hn(X;R)→ H0(X;R⊗R) ∼= R.

Furthermore, if f : X → Y , then the induced map on H0 is simply the
identity on R, so that naturality reduces to

〈f∗(u), α〉 = 〈u, f∗(α)〉.

Thus, the rule u 7→ 〈u, ? 〉 defines a homomorphism

u : Hn(X;R)→ HomR(Hn(X;R), R).
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Theorem 203 If R is a field, then the natural transformation

u : Hn(X;R)→ HomR(Hn(X;R), R)

is an isomorphism for all finite CW complexes X.

Problem 19.31 Suppose R is a field.

(a) Show that h̃n(X) = HomR(Hn(X), R) is a cohomology theory defined
on the category of finite CW complexes.

(b) Show that u is a natural transformation of homology theories.

(c) Prove Theorem 203.

Problem 19.32 Can you weaken the hypotheses in Theorem 203? What if R
is an ordinary ring but you know Hn(X;R) is a free R-module?

19.7 The Hurewicz Theorem

We finish this chapter with an account of the celebrated Hurewicz theorem,
which relates ordinary homology to homotopy groups.

We want to relate π∗(X) and H̃∗(X; Z), which means finding a map
joining them. If α ∈ πn(X) then α : Sn → X, and so it induces a map

α∗ : H̃n(Sn; Z)→ H̃n(X; Z).

If we apply this induced map to the canonical generator sn ∈ H̃n(Sn; Z) ∼= Z,
we get an element α∗(sn) ∈ H̃n(X; Z). The function

H : πn(X)→ H̃n(X; Z) given by H(α) = α∗(sn)

is called the Hurewicz map.
We begin by observing that the Hurewicz map is essentially a stable

gadget.

Problem 19.33

(a) Show that the diagram

πn(X) Σ //

H
��

πn+1(ΣX)

H
��

H̃n(X; Z)
Σ
∼=

// H̃n+1(ΣX; Z)

is commutative.
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(b) Show that there is a map HS : πS
n (X) → H̃n(X; Z) which makes the

diagram

πn(X) Σ∞ //

H ((QQQQQQQQQQQQQ πS
n (X)

HS

��
H̃n(X; Z)

commute.

The map HS is called the stable Hurewicz map.

Problem 19.34 Let α ∈ πS
n (X), and let t be large enough that there are iso-

morphisms

Σ∞−t : πn+t(X ∧ St)
∼= // πS

n (X)

and
Σ∞−t : πn+t(X ∧K(Z, t))

∼= // H̃n(X; Z).

Let it : St → K(Z, t) be the inclusion of the bottom cell, as discussed above. Show
that the Hurewicz map can be identified with (idX ∧ it)∗ in the sense that the
diagram

πn+t(X ∧ St) Σ∞−t

∼=
//

(idX∧it)∗

��

πS
n (X)

HS

��
πn+t(X ∧K(Z, t)) Σ∞−t

∼=
// H̃n(X; Z)

commutes.

Problem 19.34 immediately implies the following basic result.

Proposition 204 The Hurewicz map H : πn(X)→ H̃n(X; Z) and the sta-
ble Hurewicz map HS : πS

n (X) → H̃n(X; Z) define natural transformations
of functors T∗ → G.
Exercise 19.35 Prove it.

Now we come to the Hurewicz theorem.

Theorem 205 Let X, be an (n− 1)-connected space. Then

(a) For any n,

i. The stable Hurewicz map HS : πS
n (X) → H̃n(X; Z) is an

isomorphism, and

ii. HS : πS
n+1(X)→ Hn+1(X; Z) is onto.

(b) If n > 1 then
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i. H : πn(X)→ Hn(X; Z) is an isomorphism, and

ii. H : πn+1(X)→ Hn+1(X; Z) is onto.

iii. The Hurewicz map π1(X)→ H1(X; Z) is abelianization.

Problem 19.36 Prove Theorem 205 as follows.

(a) Let f : A → B be a (t + 1)-equivalence between simply-connected
spaces. How much of an equivalence is idX ∧ f : X ∧A→ X ∧B?

(b) Show that, in the notation of Problem 19.34, the map idX ∧ it is a
(t + 1)-equivalence.

(c) Prove Theorem 205 for n > 1

(d) Prove the n = 1 case by studying the diagram

π1(X)

Σ

��

// H1(X)

Σ

��
π2(ΣX) // H2(ΣX).
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Chapter 20

Applications of Cohomology
Rings

20.1 Computations

In this section you will strengthen your cohomological muscles by computing
some examples.

Problem 20.1 Compute the cohomology ring of FPn/FPk−1, using as coeffi-
cients Z and Z/n for n ∈ N.

Surfaces. A surface is a 2-dimensional manifold. There is a complete
classification of the compact surfaces, in terms of an operation called the
connected sum. If M and N are 2-dimensional manifolds, then we may
cut small disks out of each, leaving compact manifolds M and N , each
having boundary S1. Now form the (homotopy) pushout diagram

S1 //

��

M

��
N //M#N.

The space M#N is a compact 2-manifold without boundary, and it is called
the connected sum of M and N . The classification of compact surfaces is

Every orientable surface is a connected sum of finitely many tori
S1 × S1, and every nonorientable surface is a connected sum of
an orientable surface and RP2.

333
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You should take this result for granted for the purposes of these problems.
Note that the classification, as stated, does not assert that the manifolds on
this list are pairwise nonhomeomorphic to each other.

Problem 20.2 Let T = S1 × S1 be the torus, and let T be the space obtained
by deleting the interior of a small disk from T . Let j : S1 → T be the inclusion of
the boundary of the disk.

(a) Show that j is not nullhomotopic, but its suspension is trivial.1

(b) Show that the induced maps j∗ : H∗(S1) → H∗(T ) and j∗ : H∗(T ) →
H∗(S1) are trivial for all coefficients.

Problem 20.3 Determine the cohomology ring H∗(M ; Z), where M is an ori-
entable compact 2-manifold. Show that if M and N are connected sums of different
numbers of tori, then they are not homotopy equivalent, so there are no repetitions
in the list of orientable 2-manifolds.

Problem 20.4 Determine the cohomology ring H∗(M ; Z/2), where M is a
nonorientable compact 2-manifold. Show that if M and N are connected sums
of different numbers of tori, then they are not homotopy equivalent, so there are
no repetitions in the list of nonorientable 2-manifolds.

Problem 20.5 The Klein bottle K is one of the spaces on the list; which one?

Euler Characteristic. Let X be a finite-dimensional space such that
Hn(X; Z) is finitely generated for each n. Then we define the Euler char-
acteristic of X to be

χ(X) =
∞∑

k=0

(−1)k dimF(Hk(X; Z/p))

where p is any prime.

Problem 20.6 Show that surfaces are classified by their Euler characteristic.

Problem 20.7 What is the Euler characteristic of a Moore space?

It is a bit funny that we have not attempted to assert any control over
the prime p used to compute the Euler characteristic. To see that the choice
is immaterial, we need to take a brief algebraic detour, and define the Euler
characteristic of a free graded R-module A∗ by setting

χ(A∗) =
∞∑

k=0

(−1)k dimR(Ak).

1You may take for granted that, because of the homogeneity of a manifold, if j1 and
j2 are obtained by the deletion of different disks, then they are homotopy equivalent to
one another.
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Problem 20.8 Show that if C∗ is a chain complex, then

χ(C∗) = χ(H∗(C∗)).

Problem 20.9 Show that χ(X) is independent of the choice of prime.

Problem 20.10 Show that if X is a finite CW complex, then

χ(X) =
∞∑

k=0

(−1)k (number of k-cells in X) .

Problem 20.11 Show that χ(X × Y ) = χ(X)χ(Y ).

20.2 Hopf Invariants of Maps S2n−1 → Sn

The Hopf map p : S3 → S2 was first shown to be nontrivial without using
the long exact sequence of a fibration. What did Hopf do? He noticed
that for each x ∈ S2, the preimage p−1(x) is a circle; and furthermore, if
x 6= y ∈ S2, then the circles p−1(x) and p−1(y) are linked. So Hopf defined
a function on maps like this: let f : S3 → S2;

(a) If f is not differentiable, then replace f with a differentiable map
which is homotopic to f ;

(b) Then almost every point x ∈ S2 will have a circle for a preimage,
take any two such ‘nice’ points, and see how many times their
preimages are linked – this number is called the Hopf invariant
of f , and it is denoted h(f).

He proved that h(f) is a well-defined homomorphism π3(S2) → Z, so that
if f ' g, then h(f) = h(g) and, of course, h(∗) = 0. Then since the Hopf
map has h(p) = 1, it must be that p 6' ∗.

About 15 years later, Steenrod recast the Hopf invariant in terms of
cohomology. Let f : S2n−1 → Sn, and let Cf be the cofiber of f . Then
H̃k(Cf ; Z) is nontrivial only in dimensions n and 2n; assign generators xn

and y2n to these groups. Then

x2
n = a · y2n

for some integer a ∈ Z; Steenrod showed that if the generator y is chosen
correctly, a = h(f). We take this cup product formula as our definition of
the Hopf invariant.
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The Hopf Invariant is a Homomorphism. We will follow an argument
due to James and prove that h is a homomorphism.

Proposition 206 The Hopf invariant is a homomorphism π2n−1(Sn)→ Z.

It will be convenient to use a nonstandard formulation of the condition
that a map be a homomorphism.

Problem 20.12 Show that the following are equivalent.

1. h : π2n−1(Sn)→ Z is a homomorphism.

2. if α1 + α2 + α3 = 0 ∈ π2n−1(Sn), then h(α1) + h(α2) + h(α3) = 0 ∈ Z.

You will verify condition (b). So suppose α1 +α2 +α3 = 0 ∈ π2n−1(Sn).
Then we form three spaces,

X1 = Sn ∪α1 D2n, X2 = Sn ∪α2 D2n and X3 = Sn ∪α3 D2n.

We also study the space Y obtained by attaching three disks to Sn, by the
maps α1, α2 and α3. There are natural inclusions Xi ↪→ Y for i = 1, 2, 3.

Let’s write a1 = h(α1), a2 = h(α2 and a3 = h(α3).

Problem 20.13

(a) Determine the cohomology rings H∗(Xi; Z) for i = 1, 2, 3.

(b) Determine the cohomology ring H∗(Y ; Z) and the induced maps H∗(Y ; Z)→
H∗(Xi; Z) for i = 1, 2, 3.

(c) Consider the cofiber sequence

∨3
1 S2n−1

(α1,α2,α3) // Sn // X
q // ∨3

1 S2n,

and show that there is a map f : S2n → X such that q∗(f) is the
three-fold folding map ∇3 ∈ π2n(

∨3
1 S2n).

(d) Prove Proposition 206 by studying the induced map f∗ : H∗(Y ; Z) →
H∗(S2n; Z).

Basic Computations of Hopf Invariants. Let’s do some computations.

Problem 20.14

(a) Show that if n is odd, the Hopf invariant of every map f : S2n−1 → Sn

is zero.

(b) Using what you know about the cup products in H∗(J2(Sn+1)) show
that if n is even, then there is a map f : S2n−1 → Sn with h(f) = 2.
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Your work shows that if n is even, then the image of the Hopf invariant
is either all of Z or else 2Z ⊆ Z. It will be all of Z if and only if there is an
element f ∈ π2n−1(Sn) with Hopf invariant one.

Because CP1 ∼= S2, the canonical quotient map S3 → CP1 defines an
element η ∈ π3(S2).

Problem 20.15

(a) Show that π3(S2) ∼= Z · η.

(b) Show that h : π3(S2)→ Z is an isomorphism.

Problem 20.16 Similarly HP1 ∼= S4 and so the quotient map defines an element
ν ∈ π7(S4). Determine h(ν). Is π7(S4) ∼= Z · ν?

Determining the complete list of values of n for which there a map with
Hopf invariant equal to one was a major problem throughout the 1950’s. It
was finally solved by J. F. Adams in a monumental 100-page paper. There
only maps f ∈ π2n−1(Sn) with Hopf invariant one for n = 1, 2, 4 or 8, and
no other values of n.

The Group πn+1(Sn). We can use our knowledge of π3(S2) together with
our understanding of the suspension homomorphism to determine πn+1(Sn)
for all n.

Problem 20.17

(a) Determine the kernel of Σ : π3(S2)→ π4(S3).

Hint Study the cellular structure of J(S2).

(b) Determine the group πn+1(Sn) for n ≥ 3.

Homology of Eilenberg-Mac Lane Spaces. Since Eilenberg-Mac Lane
spaces are naturally targets, it is difficult and interesting to study maps
out of them. In particular, we might want to study H̃∗(K(G, n)). Interest-
ingly, the homology of Eilenberg-Mac Lane spaces is intimately tied to the
homotopy groups of spheres.

Problem 20.18 Let i : Sn → K(Z, n) be a generator for πn(K(Z, n)) = Z, and
let F be the fiber of i.

(a) Show that Hn+1(K(Z, n); Z) ∼= πn+1(Sn+1).

Hint Show they are both isomorphic to a third group.

(b) Determine Hn+1(K(Z, n); Z).
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20.3 Cohomology and Lusternik-Schnirelmann Cat-
egory

For any space X and any ring R, we define the R-cup length of X to be
the largest integer n for which there is a nontrivial n-fold cup product in
H̃∗(X;R). We’ll denote it cupR(X). The fact that cupR(X) ≤ cat(X) is
one of the most important and most useful estimates in the theory of L-S
category.

Theorem 207 For any space X, cupR(X) ≤ cat(X).

Proposition 208 Let X be a space with cat(X) = n, and let m > n.

(a) Let u0, u1, . . . , um be cohomology classes with uk ∈ H̃nk(X;Gk).
Show that the cup product of these classes is given by the diagram

X
∆̄m+1 //

u0···um --

X ∧ · · · ∧X
u0∧···∧um // K(R,n0) ∧ · · · ∧K(R,nm)

c

��
K(R,n0 + · · ·+ nm).

(b) Show that if u0, u1, . . . , um are cohomology classes with uk ∈
H̃nk(ΣX;R), then

u0 · u1 · · ·um = 0 ∈ H̃n0+···+nm(X;R).

Problem 20.19 Using the Whitehead definition of category and cellular approx-
imation, show that if X is n-dimensional and (k − 1)-connected, then cat(X) ≤ n

k .

Problem 20.20 Determine the L-S category of the following spaces:

(a) Sn1 × Sn2 × · · · × Snk .
(b) FPn/FPk−1

20.4 Moore Spaces

We show that Moore spaces can be characterized by their homology. 2

Problem 20.21

(a) Determine H∗(Mn(G); Z).
(b) Show that if N is any simply-connected CW complex with H∗(N ; Z) ∼=

H∗(Mn(G); Z), then N 'Mn(G).
2Eventually: determine the groups [Mn(Z/a), Mn(Z/b)], which is especially fun in the

case n = 2.
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20.5 Homology Decompositions

We think of CW decompositions and Postnikov decompositions as being
roughly dual to one another. But there is a significant difference: the
Postnikov analysis of a space attaches (or removes) one group at a time,
dimension-by-dimension. But in our CW constructions, we construct each
group in two steps: first we have a map which is surjective on the homotopy
(or homology) groups, and then we attach more disks to render it bijective.
We can actually do a domain-type construction with works group-by-group,
provided X is simply-connected.

An n-homology approximation is a map X(n) → X which induces
an isomorphism on homology for k ≤ n, and Hk(X(n); Z) = 0 for k > n.
A homology decomposition of a space X is a sequence of homology
approximations

X(1)→ X(2)→ · · · .
Problem 20.22 Show that if X is simply-connected and it has a homology
decomposition, then it is the homotopy colimit of the decomposition.

Theorem 209 If X is simply-connected, then X has a homology decom-
position.

Problem 20.23 Let X be (k − 1)-connected, with k ≥ 2.

(a) Show that X has a k-homology approximation.

(b) Suppose inductively that X has an n-homology approximation X(n)→
X, and let F be its fiber.

(c) Show that F is (n−1)-connected, so that it has an n-homology approx-
imation M → F .

(d) Extend the square
M

��

M

��
F // X(n),

by taking cofibers, and use the resulting diagram to prove that X has
an (n + 1)-homology approximation.

Corollary 210 If X is simply-connected and H̃n(X;G) = 0 for all G, then
X has a CW decomposition with no n-cells.

Problem 20.24 Prove Corollary 210.
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Appendix A

Diagram Equivalences of
Maps

Some of our proofs1 have rested on certain very technical results about the
special role played by fibrations and cofibrations in the study of diagram
homotopy equivalences. These results are best proved in the course of a
more general study of the homotopy theory of categories of maps. Since such
a study must be very much more detail-laden than the study of the ordinary
homotopy theory of spaces, we have chosen to present a brief introduction
to the homotopy theory of mapping categories here.

The following discussion rests entirely on the formal properties of fibra-
tions and cofibrations, and as such, it is entirely dualizable. We therefore
restrict our attention to one side or the other, leaving the dual proof to the
reader’s imagination.

A.1 The Main Theorem

We collect here, for convenience, the main theorem of this chapter and an
important corollary that is frequently useful.

Theorem 211 If (f, g) : α ' β is pointwise homotopy equivalence

A
f

'
//

α

��

B

β

��
X

g

'
// Y

1Specifically, the proofs of Theorem ??, Theorem ?? and Theorem 126.
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in map(T ), then

(a) if α and β are cofibrations, then

i. (f, g) is a homotopy equivalence in map(T ), and further,

ii. if we are given a homotopy inverse f̄ for f and homotopies
HA : f̄ ◦ f ' idA and KB : f ◦ f̄ ' idB, then the remaining
map ḡ and homotopies HX : ḡ ◦g ' idX and KY : g ◦ ḡ ' idY

can be found so that

(HA,HX) : (f̄ , ḡ) ◦ (f, g) ' (idA, idX)

and

(KA,KX) : (f, g) ◦ (f̄ , ḡ) ' (idB, idY ).

(b) if α and β are fibrations, then

A. (f, g) is a homotopy equivalence in map(T ), and further,

B. if we are given a homotopy inverse ḡ for g and homotopies
HX : ḡ◦g ' idX and KY : g◦ḡ ' idY , then the remaining
map f̄ and homotopies HA : f̄ ◦f ' idA and KB : f ◦ f̄ '
idB can be found so that

(HA,HX) : (f̄ , ḡ) ◦ (f, g) ' (idA, idX)

and

(KA,KX) : (f, g) ◦ (f̄ , ḡ) ' (idB, idY ).

The following statement, though logically a corollary of Theorem 211, is
actually a lemma used in the proof of the theorem.

Corollary 212 (Lemma 215)

(a) If i : A→ X and j : A→ Y are cofibrations, and f : X → Y is a
homotopy equivalence such that the diagram

A
α

~~~~
~~

~~
~ β

��@
@@

@@
@@

X
f

'
// Y

commutes, then it is also a homotopy equivalence in A↓T .
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(b) If α : X → B and β : A→ Y are cofibrations, and f : X → Y is
a homotopy equivalence such that the diagram

X
f

'
//

α
  A

AA
AA

AA
Y

β~~~~
~~

~~
~

B

commutes, then it is also a homotopy equivalence in T ↓B.

Fibrations that are homotopy equivalent in T ↓B are frequently said to
be fiber homotopy equivalent to one another.

Problem A.1 Let f, g : X → B, and let p : E → B be a fibration. Show that
the pullback fibrations f∗E → X and g∗E → X are fiber homotopy equivalent.

A.2 Homotopy in Mapping Categories

Here we develop a tiny fraction the aforementioned homotopy theory of the
category map(T ) of maps.

A.2.1 The Category of Maps

We will make use of the category of maps in T , which we denote by map(T ).
The objects are maps α : X → Y in T , and whose morphisms α → β are
(strictly) commutative squares

A
f //

α

��

B

β
��

X
g // Y

in T ; we’ll write (f, g) : α → β for such a morphism. We have studied this
category before: it is the diagram category T •→?. Consequently, we can
talk about homotopies of morphisms between maps, pointwise homotopy
equivalence of maps and genuine homotopy equivalence of maps.

The main theorems of this appendix concern homotopy equivalences in
the category map∗(T ), so let’s recall these definitions for this special case.
The product of f ∈ map(T ) with the interval is the map defined by the
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diagram

X × I
prX //

f×I
''PPPPPPPPPPPPP X

f

��
Y

A homotopy of morphisms f, g : α → β in map(T ) is a morphism H :
α × I → β such that H ◦ in0 = f and H ◦ in1 = g. In the category T , a
homotopy is pair of homotopies (HA,HX) that are compatible in the sense
that the diagram

A× I
HA //

α×idI

��

B

β

��
X × I

HX // Y

is strictly commutative. We will refer to HX as a homotopy under HA, and
to HA and HX together as a pair of coherent homotopies. A morphism
(f, g) : α → β is a pointwise homotopy equivalence if f and g are both
homotopy equivalences; it is a homotopy equivalence in map(T ) if there
is (f̄ , ḡ) : β → α and homotopies (in map(T ))

(HA,HX) : (f̄ , ḡ) ◦ (f, g) ' (idA, idX)

and
(KA,KX) : (f, g) ◦ (f̄ , ḡ) ' (idB, idY ).

In the following problem you will establish many useful basic properties
of homotopies in mapping categories.

Problem A.2 Let (f, g) : α→ β, with the notation above.

(a) If α : A→ X is a cofibration, and HA : A× I → B is a homotopy from
f to f̄ , then there exists a homotopy HX : X × I → Y from f to some
other map such that (HA,HX) is a homotopy in map(T ).

(b) If HX is a homotopy under HA and KX is a homotopy under KA, then
HX + KX is a homotopy under HA + KA.

(c) If HX is a homotopy under HA, and H ′
X and H ′

A are the results of
applying the same reparametrization to both homotopies, then H ′

X is
a homotopy under H ′

A.

(d) In particular, if staticf is the static homotopy from A, and (f, g) is
homotopic to (f, g′) under staticf and (f, g′) is homotopic to (f ′, g′′)
under HA, then (f, g) is homotopic to (f ′, g′′) under HA (and similarly
in the reverse order).
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(e) if (f, g) ' (f ′g′) under HA and (f ′, g′) ' (f ′′, g′′) under −HA, then
(f, g) ' (f ′′, g′′) under staticf .

(f) Let α, β, γ ∈ A↓T . Suppose α ' β under HA in map(T ) and β ' γ
under −HA in map(T ), then α ' γ in A↓T .

Exercise A.3 State the duals of the statements in Problem A.2.

A.2.2 Spaces Under A or Over B

We will make use of two other categories of maps: the category of spaces
under A, which is denoted A ↓ T ; and the category of spaces over B,
denoted T ↓B. The objects of A↓T are maps α : A → X in T , and a
morphism from α : A→ X to β : A→ Y is a commutative triangle

A
α

~~~~
~~

~~
~ β

  @
@@

@@
@@

X
f // Y.

The objects of T ↓B are maps X → B and morphisms are again commutative
triangles. We will focus on the category A↓T , but everything we say has a
dual statement valid in T ↓B.

If f : X → Y is a map in T such that the diagram above commutes,
then we’ll say that f : X → Y is a map under A. Two maps f, g : X → Y
under A are homotopic under A if there is a homotopy H : f ' g such
that the diagram

A× I
α×id

zzttttttttt
β◦pr1

""E
EE

EE
EE

EE

X × I
H // Y

is commutative. In other words, each map ft : X → Y is required to be a
map in A↓T from α to β.

A pointwise homotopy equivalence is a map f : X → Y under A which
happens to be a homotopy equivalence. In the presence of a notion of ho-
motopy, we can also define homotopy equivalence in A↓T using homotopies
under A.

There is a forgetful functor A↓T → T which takes i : A→ X to X, and
carries a map f : X → Y (under A) to the same map f , but forgetting the
commutativity of the triangle. There is an isomorphic copy of the category
A↓T contained in map(T ); it is the category of all maps of the form A→ X;
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and morphisms are squares of the form

A
idA //

α

��

A

β
��

X
g // Y.

Homotopies under A correspond to those homotopies in map(T ) of the spe-
cial form (staticid,HX).

Exercise A.4 Interpret the results of Problem A.2 in terms of the categories
A↓T and T ↓B.

Let f : A→ B. Pullback of maps defines a functor

T ↓B → T ↓A

and pushout of maps defines a functor

A↓T → B↓T .

Problem A.5 Show that these functors carry homotopy equivalences to homo-
topy equivalences.
Hint Show it carries cylinders to cylinders.

A.2.3 Mapping Cylinders in Mapping Categories

If (f, g) : α→ β then we may form the mapping cylinders Mf and Mg. The
naturality of the mapping cylinder construction in T gives us the factoriza-
tion

A

α

��

f //

jA ''NNNNNNNNNNNNN B

β

��

Mf

qB

88ppppppppppppp

��

X
g //

jX ''NNNNNNNNNNNNN Y

Mg.

qY

77ppppppppppppp

The map Mf →Mg is called the mapping cylinder of (f, g), and we denote
it by M(f,g). These mapping cylinders enjoy the same formal properties of
the ordinary mapping cylinders in T .
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Problem A.6 Let (f, g) : α→ β in map(T ).

(a) Show that there is a pushout diagram

α

in0

��

(f,g) // β

��
α× I // M(f,g).

(b) Show that there is are inclusions α → M(f,g) and β → M(f,g), and a
deformation retraction M(f,g) → β.

We can do a similar construction in the categories A ↓ T and T ↓ B,
but in this case, the top (or bottom) of the prism is just copies of A (or B)
joined by identity arrows, and not mapping cylinders at all.

We end our discussion of mapping cylinders with an important property
of the mapping cylinders of homotopy equivalences (or, more generally, map-
ping cylinders of maps with left homotopy inverses). Ultimately, Proposition
213 belongs in an earlier chapter, and only Proposition 214 will remain in
this appendix. But for now, we present them both here.

Recall that Q ⊆ X is called a deformation retract of X if there is a
homotopy H : idX ' i ◦ r, where r : X → Q is a retraction (i.e., r|Q = idQ)
and i : Q ↪→ X.

Proposition 213 If f : X → Y has a left homotopy inverse, then X is a
deformation retract of the mapping cylinder Mf .

Proof. First, if X is a deformation retract of Mf , then it is easy to see that
f has a left homotopy inverse – namely, the retraction! The proof of the
converse is more involved.

Let g : Y → X be a left homotopy inverse of f , so that we are given a
homotopy H : X × I → X from g ◦ f to idX . Now consider the diagram

X

f

��

in0 // X × I

�� H

��

Y

g
--

//Mf ,

H

''OOOOOOOOOOOOOO

X

which gives us a new map H : Mf → X. And composition with the inclusion
X ↪→ Mf gives a map J : Mf → Mf . Notice that J |X is the standard
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inclusion x 7→ [x, 1]; we claim that J is homotopic to the identity on Mf by
a homotopy that is constant on X.

We will define an explicit homotopy K : J ' idMf
. At time s ∈ I, we

write Ks([x, t]) for K([x, t], s), and the formula is

Ks([x, t]) =


[H([x, (1− s)t + s]), t] if g ≥ 1− s

[H([x, (1− s)t + s]), 1− s] if g ≤ 1− s.

Now we check

Ks([x, 1]) = [H([x, 1]), 1] = [x, 1]

for all x and s, so when restricted to X ⊆ Mf , K is static at the inclusion
X ↪→Mf . Next, we have

K0([x, t]) = [H([x, t]), 1],

so K0(Mf ) ⊆ X, and

K1([x, t]) = [H([x, 1]), t] = [x, t],

so K1 = idMf
. This proves that ←−K is a deformation of Mf into X, keeping

X pointwise fixed – i.e., a deformation retraction of Mf onto X.

Now we simply observe that this result carries over unchanged to map-
ping cylinders in mapping categories. You can easily formulate what it
means to be a deformation retract under A or over B or in map(T ).

Proposition 214 In map(T ), T ↓ B or A ↓ T , a map (f, g) : α→ β has a
left homotopy equivalence if and only if α is a deformation retract of M(f,g).

Problem A.7 Prove Proposition 214 by verifying that the homotopy K con-
structed in Proposition 213 is a homotopy in map(T ), T ↓ B or A ↓ T .

A.3 Proof of Theorem 211

The proof of Theorem 211(a) is entirely formal, and hence dualizable. In
view of this observation, we will focus on the results that are relevant to
homotopy pushouts.
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A.3.1 Homotopy Inverses Under A

The following lemma will be used to prove our main theorem of the section.

Lemma 215 If f : X → Y is a map in A↓T∗ which is a homotopy equiva-
lence in T∗, then it is also a homotopy equivalence in A↓T∗.

Before beginning the proof of Lemma 215, let’s unwind the definitions
and see exactly what is being asserted here. We are given a strictly commu-
tative diagram

A
α

~~~~
~~

~~
~ β

��@
@@

@@
@@

X
f // Y

in which f is a homotopy equivalence and i and j are cofibrations. The
lemma claims the existence of

• is a homotopy inverse g : Y → X such that the diagram

A
α

~~~~
~~

~~
~ β

��@
@@

@@
@@

X Y
goo

is strictly commutative, and

• homotopies H : g ◦ f ' idX and K : f ◦ g ' idY making the diagrams

A× I
α×id

zzttttttttt
α◦pr1

""F
FF

FF
FF

FF

and

A× I
β◦pr1

""E
EE

EE
EE

EE
β×id

zzttttttttt

X × I
H // X Y × I

K // Y

strictly commutative.

The proof of Lemma 215 will be accomplished in the next two problems.

Problem A.8 In this problem you will reduce the proof of Lemma 215 to the
special case f ' idX .

(a) Show that it suffices to prove that f has a left homotopy inverse under
A.

(b) Show that there is a map γ : Y → X which is a left homotopy inverse
for f in T and which has the additional property that the diagram

A
α

~~~~
~~

~~
~

β

��@
@@

@@
@@

X Y
γoo
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is commutative. Why are you not done with the proof?

(c) Explain why it is sufficient to prove the lemma in the special case f '
idX .

Problem A.9 In this problem, we assume that f ' idX , and prove the lemma.
Let J : f ' idX , and write JA = J ◦ (i× id) : A× I → X.

(a) Starting with idX , extend JA to obtain a new homotopy K : X×I → X
from idX to some other map φ. Verify that this makes sense.

(b) Finish the proof by studying the homotopy (φ ◦ J)−K.

Hint Use Problem A.2(f).

A.3.2 The Proof of Theorem 211

First, let’s get our heads straight: what exactly are we trying to prove?

Exercise A.10 Rewrite the statement of Theorem 211 in the category T . That
is, carefully explain what maps of spaces and what homotopies are asserted to exist,
and how they fit together.

Now we prove the theorem.

Problem A.11 Fix f̄ : B → A and a homotopy HA : f̄ ◦ f ' idA.

(a) Show that there is a homotopy inverse γ in T∗ for g which makes the
square

B
f̄ //

β

��

A

α

��
Y

γ // X

commute.

(b) Show that there is a homotopy under HA from γ ◦ g to some other map
φ.

(c) Show that φ is a homotopy equivalence and that φ ◦ α = φ (so φ is a
map under A).

(d) Show that φ has a a homotopy inverse φ̄ under A.

(e) Show that φ̄ ◦ γ = g is a left homotopy inverse for f under HA.

Problem A.12 Verify the claim that we are free to choose the map ḡ and the
homotopies HX and KX .
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cofibration, 82

composition, 82
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coherent homotopies, 346
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and cells, 281, 282
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external, 285
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ordinary, 281
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commute with adjoint, 40
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commutative, 10, 31, 152
commutativity

graded, 267
commutator, 252
commutator subgroup, 252
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cone decomposition, 163, 301
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Cube Theorem

First, 214
Second, 226

cup length, 338
cup product, 287
CW complex, 53

induction, 184
CW decomposition, 54
CW product, 56
CW replacement, 229

uniqueness, 231
CW structure, 54
cylinder, 64

reduced, 64
cylinder object, 79

deformation retract, 84, 349
degree, 155, 266

of twist map, 267
diagonal functor, 38
diagonal map, 22, 287

reduced, 287
diagram, 9, 36
diagram category, 36
diagram homotopy equivalence, 103
dimension, 53

of a cohomology class, 279
dimension zero, 53
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discrete category, 40

disk, 51
domain, 9, 40
domain type, 21
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dual, 23, 43

Eilenberg-Mac Lane space of type (G, n),
238

Eilenberg-Steenrod axioms, 280
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pairs, 60
pointed, 62

exponential map, 218
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cohomology, 286
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fiber, 95

of trivial map, 138
fiber bundle, 218
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fiber sequence, 96

long sequence, 145
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free, 291
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dual, 256
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fundamental class, 315
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Fundamental Theorem of Algebra, 309
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graded commutativity, 268, 274
graph, 150
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commutative, 32

H-map, 152

H-sapce, 152
half smash

with suspension, 250
half-smash product, 63
Ham sandwich theorem, 311
Hilton-Milnor Theorem, 249
homogeneous, 286
homogeneous coordinates, 298
homology, 324
homology approximation, 339
homology decomposition, 339
homology theories, 313
homology theory, 321
homomorphism, 30
homotopic, 67, 71
homotopic under A, 347
homotopy, 67, 102, 346

pointed, 68
straight-line, 69

homotopy category, 71
pointed, 71

homotopy colimit, 106
pointed vs. unpointed, 148

homotopy commutative, 71
homotopy equivalence, 346
homotopy equivalent, 72, 89

maps, 89
Homotopy Extension Lifting Property,

189
homotopy extension property, 82
homotopy fiber, 96, 233
homotopy functor, 280
homotopy groups, 77

exact sequence of cofibration, 259
homotopy lifting property, 94

relative, 95
homotopy limit, 117
homotopy pullback

commutes with mapping spaces,
139
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composition of squares, 134
iterated, 136

homotopy pullback square, 132
homotopy pushout

commutes with products, 139
composition of squares, 134
iterated, 135

homotopy pushout square, 127
homotopy section, 248
homotopy type, 72
homotopy under, 346
Hopf fibration

complex, 219
real, 218

Hopf invariant, 335
Hurewicz map, 329
Hurewicz theorem, 330

inclusion map, 10
induced, 40
induced map, 58
initial object, 24
into, 279
inverse limit, 45
isomorphism, 293
iterated cofiber, 150
iterated fiber, 150, 253

J.H.C. Whitehead Theorem, 194
James construction, 244, 246
James splitting, 248
join, 158

Künneth theorem, 291

left adjoint, 33
left homotopy, 79
left nice, 105
left nice approximation, 105
length, 163
lifting function, 94

lifting problem, 20
limit, 37, 39

3× 3 diagram, 48
commute with adjoint, 40
naturality, 40
pullback, 42

linear, 202
loop space, 65

group object, 77
LS cover, 165
Lusternik-Schnirelmann category, 153,

165
and cup products, 338

Lusternik-Schnirelmann cover, 165

map
pointed, 60

map under, 347
mapping cone, 91

unpointed, 93
mapping cylinder, 90

in map(T ), 348
unpointed, 93

mapping space, 56
pointed, 61

Mather cube, 211
Mayer-Vietoris cofiber sequence, 151
measured paths, 242
Milnor sign convention, 268
monoid, 244

topological, 244
monoid homomorphism, 244
monoid object, 27, 244
Moore loops, 242
Moore path space, 242
Moore paths, 242
Moore space, 156, 272

cohomology of, 282
morphism

trivial, 25
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morphisms, 11
in pointed category, 26

multiplication, 152

natural, 18
natural transformation, 17, 18

of represented functors, 18
negative, 324
neighborhood deformation retract, 85
north pole, 52
northern hemisphere, 51
nullhomotopic, 72, 73
nullhomotopy, 72
numerable, 213

objects, 11
obstruction, 235
obstruction theory, 235, 236
open n-cell, 55
opposite category, 16
ordinary cohomology, 279
ordinary cohomology theory, 281
ordinary homology theory, 321

pairs, 59
mapping space, 60
product, 60

path, 70
path homotopy, 70
path object, 79
path space, 78, 99
phantom map, 173
pointed category, 25
pointed map, 60
pointed maps, 60
pointed set, 69
pointed sets, 25
pointed space, 60

cofibrant, 83
well pointed, 83

pointwise cofibration, 116

pointwise fibration, 104
pointwise homotopy equivalence, 102

in hT∗, 104
Postnikov approximation, 236
Postnikov section, 229
Postnikov sections, 236
prepullback, 42
prepushout, 43
presentation, 201
principal cofibration, 163
product, 21, 23, 305

flat, 160
infinite weak product, 244
pointed spaces, 61

projections, 21
projective space, 54, 298

cohomology, 301
complex, 219
CW decomposition, 300
diagonal map, 304
real, 54, 218

projective spaces, 297
properly effective, 220
pullback, 41

composition of, 46
fibers, 147
product, 66

pullback square, 42
pushout

cofibers, 147
commutes with cofibers, 147
composition of, 46
of equivalence, 46
wedge, 66

pushout square, 43

quaternionic projective space, 220
quaternions, 297

reduced cohomology, 282
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reduced diagonal, 166
reduced diagonal map, 287
relations, 201
represented functor, 17
retract, 13

of a map, 13
reverse, 71
right adjoint, 33
right homotopy, 79
right nice, 116

shape, 35, 36
shape diagram, 35
shear map, 154
shift map, 45, 174, 284
simplex, 202

boundary, 202
standard, 202

skeleta, 53
skeleton, 53
skew field, 297
small diagrams, 36
small object argument, 209
smash product, 61

bilinear, 274
smash product pairing, 274
southern hemisphere, 52
space, 57, 62
spaces over, 347
spaces under, 347
spectrum, 326
sphere, 51
split, 160
splitting, 249
stabilizes, 323
stable homotopy group, 323
stable Hurewicz map, 330
static homotopy, 70
Stereographic Projection, 220
stereographic projection, 52

strictly commutative, 72
strong deformation retract, 84
strong homotopy pullback square, 140
strong homotopy pushout square, 140
subcomplex, 53
sum, 24, 44
sums, 23
suspension, 63

as natural transformation, 241
functor, 63
of a sphere, 64
reduced, 63
unreduced, 52

target, 9, 40
target type, 21
telescope, 44
telescope diagram, 114
tensor, 157
tensor product, 156, 274
terminal object, 24
topological space, 57, 62
Tor, 157
torsion, 156
tower, 45
trivial, 72
trivial bundle, 218
trivial morphism, 25
twist map, 31, 267

unique, 300
universal phantom map, 174
universal problem, 10
universal property, 21
unreduced cohomology, 282
unreduced homology theory, 321

vector field, 267

weak category, 166
weak equivalence, 185
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and cohomology, 283
weak fibration, 211
weak homotopy equivalence, 185
weak infinite product, 244
weak product, 269
weakly contractible, 194
wedge, 25, 61
Wedge Axiom

homology, 321
wedge axiom, 283
wedge sum, 61
well pointed, 83
Whitehead product, 162

Yoneda Lemma, 19, 241


